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The story so far

First talk by GAbOr [nttps://vodri . elte. hu/seminar/somogyi_20250204. pdz]}

@ Standard Model great but not the final answer!

@ Precision is key!

@ Consider a hadron-hadron collision with the production of a colorless
state X and m jets (e.g. Higgs + jet production @ LHC). Because of
QCD factorization, the cross section of such a process can be
written as

5(pa, pB) Z/ dx, f, a/A Xa»MF)/ dxp fb/B(Xb NF)Uab(Paan MF)

oo
k
ab(Pas Poi E) = > 0o "0 (Pay Pbi i, HF)
k=0

At NKLO: k additional partons emitted compared to Born-level
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https://bodri.elte.hu/seminar/somogyi_20250204.pdf

The story so far

Higher-order computations can generate 2 types of singularities with
different origins

e UV singularities [hard momenta]

k
A
P
R
-~
k-p

[ = == [ oy

— Only relevant for virtual contributions

Sam Van Thurenhout CoLoRFul integrals 3 /42



The story so far

@ IR singularities [soft and/or collinear momental]

k
@ /(_6 §i Bk P
—_— E—

p+k P

1 1 1 1

M ~Y = p—
(p+k)?> 2p-k EpEf1l—cosby,

— Relevant for both virtual and real contributions
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The story so far

JE,NLO = /+2 da?bR Imy2 + /+1 (da?bv + doﬁf) Im+1 +/ (daa\gv + daiz> Im
m m m

Double real (RR) Real-virtual (RV) uble virtual (VV)

® Tree-level squared MEs ® One-loop squared MEs ® Two-loop squared MEs
with (m + 2)-parton with (m + 1)-parton with m-parton kinematics
kinematics kinematics o Explicit poles to 0(8—4)

® No loops, so no explicit ® Explicit poles to O(e~?) * Divergences from
poles ® MEs diverge as one unresolved partons

® MEs diverge as one or parton becomes screened by jet function
two partons become unresolved e Phase space integral is
unresolved ® Phase space integral finite

® Phase space integral divergent, poles up to -
divergent, poles up to 0(e7?)
O(e™*) v

v

o UV divergences treated by renormalization

o IR divergences treated by subtraction

CoLoR" ulNNL
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The story so far

Subtract approximate cross sections that match the point-wise
singularity structure of the partonic cross sections (based on IR
factorization formulae)

/ doRR 0 — / doRR Jio — do R Jpig — dot
+2 +2

+do RR A“J

Ay

RR . . . .
@ do,, " cancels the singularities coming from a single unresolved

emission
RR,A; . .. .
@ do,, "* cancels the singularities coming from a double unresolved

emission

° dO’RR A2 needed to avoid double subtraction in regions of phase space

where single and double limits overlap
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The story so far

Of course, what was subtracted needs to be added back! Furthermore, the
subtraction terms need to be integrated over the momenta of the
unresolved emissions

RR RR,A; RR,A> RR,A12
/+2 {daab Imy2 —doyy) " Imyr —dogy "y + doy, Jm}
m

[ (farsm Y mas [ (a0~ [aofae) o,
m+1 1 m 2 2

These integrations are performed analytically!

o Verify the validity of the subtraction scheme explicitly by checking
analytic pole cancellation between the partonic cross sections and
the approximate ones

@ Better control over the final convolution integrals involving the PDFs
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The story so far

Second talk by POOja Mukherjee [https://bodri.elte.hu/seminar/mukherjee_20250211.pdf].

@ Analytic computation of the (42) master integrals for A, for
color-singlet production (m = 0)
@ Based on IBP reductions and differential equations

@ A prophecy:
+ Details on direct integration method : Sam Van Thurenhout's talk in the future .
The future is now!

A large subset of the subtraction terms is integrated directly by setting up
a parametric representation. Here we focus on Az (again for m = 0).
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Integrating the A;, subtraction terms

From the precise definitions of the Aj» subtraction terms, it turns out that
there are 104 basic integrals to compute!

Luckily, it turns out that the computations follow a certain fixed recipe

2+

< RE(IPE
- B00K ;
.
o7

Plan: Give a generic overview of the necessary steps
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Ai> subtraction terms

Generically in Ajo:

CT = (8ras™)? Singl” M ({B)x: Pa. Pb)I?

2 partons removed

To start, we need to define the momentum mapping that characterizes the
factorized matrix element

M N ~ A M _ _
({P} X2 Pas Pb) —2% ({B}Yx+1; Par Bb) —25 ({B}x; Pas Bb)

Map; ,: Single-unresolved momentum mappings (soft, initial-final
collinear, final-final collinear). Symbolically we write

Pa = X1y1pa and Py = Xoyopp
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Integrating the subtraction terms

We now need to integrate the subtraction terms over the phase space of

the unresolved emissions
1

/ cT = /2 dox2({PF Q) 500 o ¢

o @: Total incoming partonic momentum p, + pp

e ®: Partonic flux factor
@ w: Averaging over initial-state colors and spins

w(g) = 2N, w(g) = 2(N2 — 1)(1 - ¢)

Let us now start setting up our integration recipe.
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Step |: Set up a parametric representation of the integral

All momentum mappings employed to define the subtraction terms lead to
an exact factorization of the real emission phase space

dox2({p}x+2) = [d¢2] ® dopx({p}x; Q)

— Convolution of the reduced phase space of mapped momenta with an
integration measure for the unresolved emissions

For example:

1 1 _
doxo({pP}x42: Q) = /O XmdXZ/o dy1 dy> dox({p}x; Q)

X [dg2(p1, P2, X1, X2, Y1, ¥2)]

p1,2: Unresolved momenta
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Step |: Set up a parametric representation of the integral

The unresolved phase space is of the form

a4 _ _
[dg2(p1, P2, X1, X2, y1, ¥2)] = #M(Pf)ﬁs(xl —x1)0(X2 — x2)

dd
X 2m)- 5+(P2)5(}/1 y1)6(72 — y2)

A parametric representation can be derived by choosing a convenient
reference frame, such as the rest frame of the incoming partons.

= Integration over unresolved energies and angles

Often better in practice to rewrite as integration over parameters of the
momentum mapping {x1, X2, 1, 2}
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Step |: Set up a parametric representation of the integral

[do2(p1, p2, X1, X2, ¥1, 2)] = dXidxedyidiif (X1, X2, y1, V2 €)
X (X — x1)0(X2 — x2)0(y1 — ¥1)0(¥2 — y2)

Hence
1 1 1 1
/ CT = / dxq dxo / dyy d)/2/ dx; dxo / dy1 dy2 dos5(Pas Pb)
0 0 0 0
X g(X1, X2, y1, ¥2:€)0(x1 — x1)0 (X2 — x2)0(y1 — y1)0(72 — y2)

- - - _ - - - _ . 0),- - _- _
g(x1, X0, y1,¥2,€) = f(X1, X2, y1, ¥2; €) Slngg )(Xl,Xz,y1,y2)

s (PN _dox(Bxi@) | @ (s 5 a2
27TSE <5ab) } w(3)w(b)P(p, - 5b)‘M5b7X({P}X, Pa, Pb)|

do_ét_)(ﬁav ﬁb) = |:
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Step |: Set up a parametric representation of the integral

Due to the Dirac-delta distributions, the integration over the parameters
of the momentum mapping is trivial: {x1, %, y1,¥2} — {x1, %2, y1, y2}

1 1 1
- / cT = / dxq / dy, dys / 00 35(Pas P)g (X1, 30, 1, y2: €)
0 0 0

Note that now
Pa = x1y1pa and  pp = xa2y2pp -

To simplify the nature of the convolution, we set

xiy1=2z1 and Xy = 2

:>/CT— / dzy dzo dos5(z1pa, 22pb) / Xm dX2
Z1

2
X g(x1,x2,21/x1, 22/ X2; €)
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Step |: Set up a parametric representation of the i

As the cross section is independent of x; and x, the integration over the
latter can be performed once and for all

dx dx:
[CT(z1, 22; E]—/ 1/ 2 g(x1, X2, 21/x1, 22/ %0; €)
zZ] z2

Typically, g(x1,x2, z1/x1,22/x2; €) is a complicated rational function. For

example, setting (z1,22) — (1a,7p) and (x1,x2) — (£a,&p), one particular
integral to evaluate is the following

/ d& / a@&, (12 + M — Ma + Nat€a — Mo + Mamms) "+
o (—€a + Maa — & + MEs + Eabp — Maabs — ’]bfafh + 0aM€alp)

(1 +na —&a+1maa)” (1 — G Hm&) TR =G A m&) T (L — &+ &) T (2 — Ca+ maba — &+ ) 1T
(N0 + 16 — 0216 — Natly — 20 + 20aa + MEZ — 20aMEZ + N2MEZ — 200 + 20aMEb + Nal — 20 + NaTpER)

x {[2 = (L= m)& — (1 = 1a)€a(l — (1 = m)€))I[(1 — &) (1 — (1 = m)&) + Nalm + &a — Ea&p + MEadp)]

X (= (=14 &) A+ &) + (—1 + &) (& — &) + m&o(—1 — & +26) + Na(m + a — € + 7Ih5a5b))}

X(lfna)l 257] (L —m)” 1_25’7;5(1*ga)_ifa_s(l*Eb)_l_sffrl_s(l*fa+7lafa)_£(2*£a+7lafa)_£
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Step II: Treat overlapping singularities

Note that the denominators have non-trivial zeroes. In particular, we need

to deal with overlapping singularities (e.g. £; — 0 and {, — 0 at the
same time)

1
Nanb&ab — Ma€alb + Na€a — Mb&alb + Mpép + §alb — Ea — &b

1 1
Ep(np —1)7 a(ma — 1)

Disentangle using sector decomposition [rcinrich, 200g]

§a—0: &, — 0

— Divide the integration region into sectors with the goal of factorizing
the singularities
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Step II: Treat overlapping singularities

1 1 1 1
1ee e 1 1ee —e 1
dx/ dyx 1"y Eiz/dx/ dyx "y ——|0(x—y)+0(y — x
/0 0 X+y 0 0 x—|—y[L,_)/ L,_Z]

y—ritx xX—rty

1 12 1 tfe 1 1o -1 t*l*{
= dxx—7°° dt + / dyy —°° / dt
/0 /0 1+t ), Jy 1t

= Representation in terms of factorized singularities

Typically a single step of SD does not suffice

= Need to iterate!
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Step II: Treat overlapping singularities

At the end of the iteration: All singularities factorized
— Need to be regularized: Set up subtractions!

1 1 1
a0 o [ ot 1r00 - o)+ [ axxtor(0).

regular per construction f(0)

£

After this: Integral can be evaluated numerically for checks

— Monte Carlo, e.g. using Vegas [iepoge, 1978, Lepage, 1980]

361 1194
7(1/10,2/10; ) = 0 3?52395 ;8 59 > | 45.1866.

To continue with the analytic integration, it would be nice to have an idea
of the function space we expect.
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Intermezzo: What is the expected function space?

Generically, the integrals we encounter are multidimensional integrations
of multivariate rational functions

N(X, t1,t, t3,. .. )

D(X, t1, to, t3, .. )

1
I(x):/ dt; dtpdts ...
0

Let's start with the t; integration. After partial fractioning, we need to

compute
1 dt; /1 dty
o o (t1—f(x, ta,...))"

o Straightforward for n > 1: Rational function

@ Non-trivial for n = 1: Need to introduce a new function, the
logarithm

d1 tl
= log(t1)+C = log(t;1 — f(x, to, . .. C
t1 Og( Oa / 1—f X tz,...) og( ! (X, 2 ))+
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Intermezzo: What is the expected function space?

Next we consider the ty integration. After partial fractioning we need to
compute integrals of the form

log(t2)
/dt2 (b= F0x,13,...))"

@ For n > 1: Rational functions + logarithms, e.g.

/dt2 (log(tz) 1 (alog(tz) 1 N log(a — t2) — Iog(t2)> L c

tg—a)3_72ia (a—t2)2ia—t2 a

@ Non-trivial for n = 1: Need to introduce a new function, the
dilogarithm

Lix(x) = —/OX th log(1 — t)
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Intermezzo: What is the expected function space?

This reasoning continues for the subsequent integrations as well. Hence we
introduce the classical polylogarithms

Lis(x) = /OX % Liy—1(t), Lij(x) = — log(1 — x)

— Obey some nice functional relations

e Li,(1/z) is always related to Li,(z), e.g.
. . 1, 1
Lix(1/z) = — Lix(z) — 5 log®(—2z) — (2, Cn = =
i=1

@ The classical polylogarithm of a square is related to the sum of
polylogarithms of the roots

Lin(22) = 2771 (Lip(2) + Liy(—2))
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Intermezzo: What is the expected function space?

The logarithms and classical polylogarithms discussed above are special
cases of generalized polylogarithms (GPLs) (concharov, 1905]

G(al,...,an;z):/ dt G(ag,...,amt), G(z)=G(z)=1
0 t—a;

G(0:z) = log z, G(a;z) = log (1 — g)

Lip(z / —Ll,, 1(t) = —G(0,...,0,1; 2)
——
n—1
a, = (a1,...,an): Weight vector (each separate a; = letter)

Weight: Nr. of integrations

— Obey some nice functional relations

ColLoRFul integrals 23 / 42
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Intermezzo: What is the expected function space?

@ Shuffle relation

G(3m; 2)G(bp; z) = Z G(Cmtn; 2)

6m+n:5mLUbn

e.g.
G(a;z)G(b,c;z) = G(a,b,c;z) + G(b,a,c;z) + G(b,c, a; z)
e Fibration basis w.r.t. (xi,...,Xp)
Z C G(gl,il;xl)--' G(En,in;xn)
I={i, sin}

such that each weight-vector 3y ;, is independent of x,. E.g.
G(1+x1—y) o), —G(—1;x)+ G(0;y) + G(—y; x)

GL+x1—y) Y% G(1:x) + G(0;x) + G(—x; y)
All this and much more implemented in the PolyLogTools package

[Duhr and Dulat, 2019]

Sam Van Thurenhout ColLoRFul integrals 24 / 42



Step Ill: Preparation of the integrand

As the integration kernels for GPLs are linear, we need to factorize
higher-order polynomials in the denominators & arguments of GPLs

— Typically quadratic or quartic
= Expressions can involve non-integer powers of the integration variables

Rationalize the roots!
Construct suitable transformation of the integration variable to get a
rational expression, automated in the RationalizeRoots package

[Besier et al., 2020]

2np(nat +mp — 1)
Vnane — (L= nb)é6(Ep — n6(ép — 2)) 5 — ” (717721‘2 — 2)ni o

Np(t(2 — nat) — 2npt +mp —2) + 1
nanpt? + (np — 1)?

= /MNalb
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Step Ill: Preparation of the integrand

Next, we perform a partial fraction decomposition with respect to the
integration variable. Surprisingly, this can be a bottleneck in our
computations!

f(Xa, X6 y) = [(*4 FYNL =y +x60)(2 =y +xy) (4 =y + x6e¥)(1 = xa — ¥ + xey)?
X (14X —y 4+ xy)(—4 — 4x, — ¥y + Xpy)(—4x6 — y + xby)
X (—dxs —dxp — y + xpy)(4xa —dxp — y + x0¥)(2+ 2x — y + be)3
X(64+2xp —y +x¥)(2 — 8%, + 2% — y + x6¥)(2 + 4x5 + 2Xp — ¥ + XbY)
X (=1 4+ xa — Xy + xax6¥)(1 + xa — X2y + xax6y)(—2 + 2x5 — Xay + XaXby)
X (2 + 2%, — %2y + xaXp¥)(—xb + XaXo — XaY + Xaxpy)>
X (=4 4+ 2% + 2xaxb — Xa¥ + Xaxpy ) (4 + 2x3 + 2XaX6 — XaY + XaXpy)
x (1 —2x, +x2 =y — Xy + X0y + XaXbYy)

371
X (2be2xaxb+xayfxbyfxaxby+xs}’) }

e Apart: t > 10%s
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Intermezzo: LinApart

o Lead to the development of LinApart [chargeishvili et 1, 2025) (See also
Levente's talk from last week)

© Based on a closed-form expression for the decomposition following
from the residue theorem

o Significant speed-ups w.r.t. available tools such as Apart
— E.g. for f(xa, xp; y) above: t ~ 10?5

o Codes (Mathematica + C) publicly available!

[https://github.com/fekeshazy/LinApart]|

Timing
10* sAlm=4]
102 Alm=3]
Alm=2]
10 ~LA[m=4]
2
- 100 aLA[m=3]
E . «LA[m=2]
= 10
102} 7 g z222 :
107 ey =g
10° em=2
£ 0 am=3
53
& ~ sm=4
107° LinApart/Apart
0 5 10 15 20 25

# of denominators
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Step IV: Perform the integration

Use the GIntegrate command of PolyLogTools, which computes the
primitive function of the integrand

— Algorithmically, based on IBP identities
— Only if the weight-vector is independent of the integration variable!

— Hence need to go to a fibration basis!

Sam Van Thurenhout ColLoRFul integrals 28 / 42



Step V: Repeat

We typically have 1 or 2 integration variables

dx L dx
[CT(z1,22;€)] = / — 726’ (x1,x2,21/x1, 22/%0; €)

Z1 Z2
The result of the integration has poles to O(¢72) and needs to be
computed to O(£°). The general structure is as follows
o The O(£72) part is just rational

o The O(e71) part contains weight-1 GPLs (i.e. logarithms) involving
(roots of ) z; and z.

e Finally, the O(£°) part is the most complicated, with GPLs up to
weight 2.

@ The analytic result was tested numerically for different values of
(21, 22)
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Step VI: Regulate endpoint singularities

Note that we are not quite done with the integration!

1
/CT = / dzi dzp dos5(z1pa, 22pp) [CT (21, 22; €)]
0

Care needs to be taken with the interpretation of this object, as the
integrand generically suffers from endpoint singularities!

— Regularized by subtraction: Subtract all offending limits and add back
integrated expressions
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Step VI: Regulate endpoint singularities

@ Single limits: zz > 1orz —1
L[CT(z1, z0;¢)] = Z(l — 2) it gi(zy; €)

[Lg][CT(ZL 22, 5)] - Z &z + d e

@ Double limit: z1z -1 and zo — 1
Li5[CT(z1, 205 ¢)] = Z(l — 21)3TPE(1 — z) e gy (21 ) 295 €)
[L12][CT(21, Z7, 6)] = ...
@ Overlaps: zy —+1orz —1of Ly
L2L12[CT(Z]_,22; 6)] — Z(l o Zl)ai—i-biE(l _ Z2)Ci+di€gi(5)

i

. _ g,-(g) _ aj+bje
[L2L12][CT(21,22,€)] = ’, o+ d,'<€(1 Zl)
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Step VI: Regulate endpoint singularities

Computation of

1 1
[L12][CT (21, 225 €)] = / dz / dz Z(l — z1)%Thie(1 — z)citdie
0 0 ;

x gi(z1/2z2;€)

non-triviall

Overlapping singularities = SD
Partial fraction
Fibration basis

Integrate

GPL relations for simplifications
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Step VI: Regulate endpoint singularities

The result of [L12][CT(z1, 20; €)] is just a number. For some specific

integrated subtraction term we have

[le][CT(Zl 22'6)] = i — C2 £
e 16e*  4e?

with

1 3 1

£= - —log(2) + —G(0:2) - —G(21)log*(2) -
I 5"(2) 6¢0:2) 6@ s?(2)
1 1 1 1

5(2) - -G (—5:1) GO0:2)G(2:1) + SG(-21)G(0:2)G  —5:1

8(2) B ( 3 ) (0:2)G(2:1) + 2G( )G(0:2) ( 5 )

3(0.0:2) log(2)

(0:2)G(~2,0,1) + ‘lz;w 2)G(-2.2;1)

1 1
1) = 5;G0:2)G(0.~2:1) + G2 1)G(0.0:2)

-1 L) G(0,0:2) - 2G(0:2)6(0,2,1)

G

1Y 1 1 Lo
# (5 1) CO.21) + GG (u -5 1) +5CO:960.~21)

1 1
] 1.2,G(z.v»:u+ﬁ(;< L) G(2

1 1 1

.0:1 —G(21)G | —=.0:1
( 2 )*'u & ( 3 )
(- Y"?l)fi(v‘\f?ZU 1)

1
) - 2G(0:2)G(2.2:1)
1)~ 560:2)G(2.2:1)

1
24
1 1 1
+2G(=2,-2.2,1) + —G(~ _L
FE(2 2.2+ [G(2.0.0:0) - 5

1 1
+5:G(—5:1) GR.21) + —G(0:2
(( 2.1)(( 1)+ 560

1 1 1
~2,2,21) + 5-G(0,-2,0:1) - =G(0,-2,2:1) + —G(0.0, -
516(-22.21) + 5,60, -2,0:1) = 5G(0,2.2:1) + 5G(0.0.-2:1)
3. 1, [ Lo,
+=G(0,0.0:2) - —G(0.0.2:1) - —G(0,2,-2:1) - 2G(0.2,~1:1)
16 12 12 8
+160.2.0:1) + 260.2.21) - G2
3 3 7
> Lo
2,0,-1;1) + 5:6(2,0,0:1)

—2,0;1) — ’il(:(z -2.2:1)

,\
|
e

- JC0:2)G - G
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Step VI: Regulate endpoint singularities

Find more compact form of £ by applying PSLQ [Ferguson and Bailey, 1902]
@ Evaluate &£ to high precision, say 100 digits
o Apply PSLQ using

{43, Lis (5 ) 108°(2). 1082(2) og(3) log(2) g?(3),

log>(3), (2 log(2), &2 Iog(3)}

as a basis. This gives

213
€= 16

which agrees up to (at least) 200 digits.
1 G 26 g (1) 19¢, 5

[L12][CT(21722;E)] - — 5 — 7&‘ - > + =+ Z<2 |0g2(2)

32

- DGlog(2) . log"(2)
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Step VI: Regulate endpoint singularities

The limits can be computed using expansion by regions [sencke and Smirmov, 199]

© Determine regions with non-trivial behaviour when some asymptotic
limit is approached

@ Taylor expand in each region in the appropriate variable
© Integrate the expanded integrands over the full integration range

The first step is the most difficult one. We use the Mathematica package
asy2 . I [Pak and Smirnov, 2011, Jantzen et al., 2012] for the automat|c detel’mination Of the
regions.
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Intermezzo: Determination of the regions

In the context of loop integrals, [pak znd smirmov, 2011] Starts from the
a-representation of the integral, which symbolically corresponds to

Iw/ ﬁdxj-xfj 5(1—ix,'>ua}'b.
j=1 i=1

e U and F: Standard Symanzik polynomials
— Homogeneous in x;, order determined by loop-order (/ for ¢ and
I+ 1 for F)

@ Scaling of (components of) loop momenta > scaling of x;
= Independent of reference frame, momentum routing
= Inherently covariant!

@ In practice: Consider scaling behaviour of product polynomial UF
— Advantage: Asymptotic properties of both factors treated in one
go
— Disadvantage: Can lead to large expressions
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Intermezzo: Determination of the regions

@ Each term corresponds to some vector
p1 P
pPoxit . xp" = (Po, P1,- -5 Pn)

@ [Pk and Smimov, 2011] Shows that the regions correspond to the points of the
convex hull of {UF}

@ The construction of a convex hull from M points in n dimensions is
well-known and solved, e.g., by the quickhull algorithm [sarber et al., 100]
— Divide the set of points into 2 smaller subsets
— Compute their separate convex hulls
— Merge

@ The method was generalized to more general parametric integrals in

[Jantzen et al., 2012].
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Step VI: Regulate endpoint singularities

/CT = /0 dz /0 dz, {[CT(21,22; e)]dos5(z1pas z2Pb)

— Li[CT (21, z2; €)ldo55(pa; 22pb) — L2[CT (21, 225 €)ldo55(21pas Pb)

— (L12[CT(21,22; e)] — LiL13[CT (21, z0; €)] — LaL1o[CT (21, 22; 5)])d055(pa,pb)
+ [L][CT (21, 22; €)ldo55(pay 22pb) + [L2[CT (21, 22; €)]dos5(21pa, Pb)

+ ([le][CT(zl,zz; e)]) — [L1L12][CT (21, 22; €)]

~ [LaLallCT (. 2] ()
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The Ajp integration recipe

The integration of all Ajz (and also others) subtraction terms follows the
steps outlined above
@ Set up a parametric representation of the integral
— Typically leads to complicated multivariate rational function
© Treat overlapping singularities
© Prepare the integrand for integration in terms of GPLs
e Factor higher-order polynomials and rationalize non-integer powers
o Partial fraction
o Fibration basis
Q Integrate
© Repeat steps 3-4 for all integration variables
@ Regulate endpoint singularities
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@ Precision is key!

@ Treat higher-order kinematic divergences using subtraction:
CoLoRFulNNLO

@ Application to color-singlet production in hadron-hadron collisions is
now within reach

@ All integrated subtraction terms have been computed analytically

o Subset of the integrations based on IBP reduction and differential
equations
<o Rest done directly using our integration recipe
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Summary
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* https://github.com/nnlocal/nnlocal.git
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@ Implemented in publicly available code NNLOCAL [pel Duca et al, 2025]

@ For now, the code is proof-of-concept: Gluon fusion Higgs production
in HEFT

@ Quark channels in double real radiation complete, full result will be
available in the near future

https://github.com/nnlocal
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Appendices and references

© Momentum mappings
e LinApart
© Where is the plus-distribution?

@ References

Sam Van Thurenhout CoLoRFul integrals 1/0



Soft mapping

ﬁg: )\rpl;a
ﬁZ: ArPZv
pt = NP, P), pL, nefF,n#r,

Bx = NP, PY", pk

A(P, ,‘5)”1,: Proper Lorentz transformation that takes the massive
momentum P into a momentum of the same mass, P. One specific
representation is

2P+ PY«(P+ P), 2P"P,

AP, P}, = gt -
The value of )\, is fixed by requiring that P2 = P2,
A=1-19
Sab
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Initial-final collinear mapping

p\l; = fa,rpgv

ﬁg = éb,rpgv

pl = N(P,P)" p  withne F.n#r,
i = NP, PY", bk

Here A(P, IS)“V is the same Lorentz transformation as in the soft mapping
and

o Sab — Sbr Sab — SrQ o Sab — Sar Sab — SrQ
ga,r - ) §b,r - .

Sab — Sar Sab Sab — Sbr Sab
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Final-final collinear mapping

ﬁg = (1 - air)pl;7

ﬁg = (1 - Oéir)PZ7

Bl = pi + pt — 2 Q"

ph = ph withne F,nZ i, r,

Px = Px
The value of «j, is fixed by requiring that the parent momentum, j;., be
massless, ,6,-2r =0,

2
L |sine  [%inQ  4sir
2 Sab Sazb Sab
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Consider some proper rational function f(x) = 6y We consider the
decomposition over C such that

n

Q) = JJx —a)™.

i=1

e {a;}"_;: Distinct roots of the polynomial Q(x)
e m;: Multiplicity of the i-th root

Then .
Ci1 Ci2 Cim:
> iz_;(x—af*(x—af)” )

with c;j is the residue of gji(x) = (x — a;Y f(x) at a;

1 dmi—J

i = (8 20) = ¢ lim = ((x— a)™ ()

mj — j)! x=a; dx™mi—J

Sam Van Thurenhout ColLoRFul integrals 5/0



Note that
m; /
x —a;)"f(x) = x
( I) H X _ ak)mk
k;él
is independent of a; = simply set x — a; to write ¢;; directly in terms of

the roots,
n

o — 1 dml_J I H
T e MG G
k;él
Hence, f(x) can be expressed as

f(x) = ZZ X—a,

I].j].

1 qmi—J
_ZZ X—a,)f(m,—J)‘da’"' IH(al—ak
k;él

i=1 j=1
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Note: (x — a;) ™/ is related to the (j — 1)-st derivative of (x — a;)~! with
respect to aj, _
I S |
(x—a,-)f (j*l)!da{:_lea,"

Substituting, one sees that the summation over j corresponds to the
general Leibniz rule for the (m; — 1)-st derivative of a product of two
functions,

n 1

(ai — ak)™«

? 1 dmi—1 al
F(x) = i
) ; (mi =P da =t | x - a; Pt

ki

— Can be implemented directly in high-level language (e.g. Wolfram
Mathematica)
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For low-level language (e.g. C): Resolve differentiation

Sl s (7)1

it ja=m

=1 j_ gy tjott it Hin= mi—1

" ﬁ my +jx—1 (—l)j“
Pt .jk (al- — ak)mk+jk
k#i

Jit Ji is removed from the set of indices
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So far dealt with proper rational functions. So what about improper
ones? Take f(x) = Q( y with /> deg Q. We write
m—1
F(x) = x'~(mDZ > m

; =
Q(x)
m = deg Q(x) = >_7_; m;: Degree of the denominator Q(x)

Second factor = proper rational function by construction = can apply
formula derived above

The resulting expression contains only rational functions of the form
g(x) = W’ and we implement the polynomial division symbolically

g(X):pz_f’(p_il >a” a=iyi 4 Z <> — g)Pa

i=0 i=p—q+1
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So what do we gain with our implementation?

How do we measure complexity of a rational function?

The number of distinct denominator factors.

The complexity of each individual denominator. In fact, even
considering only linear denominators of the form x — a;, the roots a;
may be functions of further variables and symbolic constants.

The multiplicity of the denominator factors.

The polynomial order of the numerator.
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LinApart

10°
102
10!

10°

Time [s]

10°

Ratio

Sam Van Thurenhout

sA[m=
oAlm=
oAlm=
=4]
=3]
=2]

«LA[m
=LA[m
oLA[m

4]
3]
2]

em=2
sm=3
sm=4

LinApart/Apart |

10 15 20 25
# of denominators
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LinApart

1010
10°
108
107

106

Memory [bytes]

10°

10*

Ratio
=
o
I8
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Memory usage

sAlm=
cAlm=
oAlm=
=4]
=3]
=2]

ALA[m
sLA[m
eLA[m

4]
3]
2]

em=2
sm=3
am=4

LinApart/Apart |

0 5 10 15 20 25
# of denominators
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LinApart

Timing
10° | 1]-Alk=2]
102 + 1|oAlk=1]
oAk =0]
— 100 1|+ LAk =2]
o 10| ||aLALKk=1]
g «LA[k=0]
B o107t f |
1072 ¢ 1
1073 L
100 | ‘ ‘ ‘ ‘ Alek=0
% 103 | 1|wk=1
[ sk=2
1078 | LinApart/Apart |
0 10 20 30 40 50

# of denominators
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Memory usage

101 | 1]-Alk=2]
109 + | |eAlk=1]
™ oA[k=0]
[} L i
g 10° “LA[k =2]
= 07l | |=LATk=1]
%* «LA[k=0]
106 L
5
= 105} :
104 57
o 100 [Reeeqoo, .. 1 'I;:(l)
g 07 | .k:2
1074 | LinApart/Apart |

0 10 20 30 40 50
# of denominators
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f(Xas X3 y) = [(*4 VA =y + )2 -y +xy) (4 — ¥y +xy)(1 — xa — y + xy)°
X (=14 xa—y + xy)(—4 — 4xo — y + xoy)(—4X — ¥ + Xb¥)
X (—d4xs —dxp —y + xpy)(dxa —dxp — y + x6¥)(2 +2xp — y + )Q,_y)3
X (642x —y +x¥)(2 — 4%+ 2x — ¥ + Xpy)(2 4+ 4x5 + 2%, — ¥ + XbY)
X (=14 xa — xay + XxaxXpy (1 4+ X2 — xay + Xaxpy ) (=2 + 2% — Xay + XaXby)
X (24 2% — Xa¥ + XaXo¥ ) (—Xb + XoXo — Xa¥ + XaXpy)?
X (—4 + 25 + 2xaxp — XaY + XaXby ) (4 + 2X5 + 2XaXb — XaY + XaXby)
X (1= 2% + X2 — ¥ — Xa) + XbY + XaXby)

371
X (2xb — 2XaXp + XaY — XpY — XaXpy + Xg}’) }

e Apart: t > 10%s
e LinApart: t ~ 10 ?s
Codes (Mathematica + C) publicly available! ueeps://gitnu. con/eresnazy/Lintpart)
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Where is the plus-distribution?

1
/ dn. { Z(1a, 16; €)| MO (12pa, 15P6) P~ La Z(112, 05; €)M O (pa, nops)
0

L2 T (3 ) M 170) P51 na)}

1
= / dns {[LaI(na’ 1; €) + { (12, 0bs €)—La Z (1, 15 €) Y| M (n2pa, 150) |
0

— La Z(na, 15; €)M (pa, 15P5) >+ 1La Z (1 €)| MO (pa, mops) F6(1 — na)}

1
= [ ann LT ) {10 1) P MO i )
0

[La Z(na,mpie)] , IMO (112pa m6p5) 2

1
+ / A1ja ILa Z(0s; )| MO (s, 70) 26(1 — 1)
0
1
+/ Ana [Z(0ay 63 €) — La Z(0ay 5 €)] MO (02Pa, bps) 2
0
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