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Introduction

At HL-LHC: Statistical /systematic uncertainties ~ 1%
= Theory needs to keep up!
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PDF scale dependence

Scale evolution of PDFs is set by the DGLAP equation [cribov and Lipatov, 1072],

[Altarelli and Parisi, 1977], [Dokshitzer, 1977]

dfi(x, 1?) /ldy X
= 7Pi' fi R
dlinp? MY i()f y

with Pj; the QCD splitting functions. These are perturbative quantities
and can be computed as the anomalous dimensions of the leading-twist
operators that define the PDFs

d[O]]
dlIn p?

— VU[OJ], ~i = a0 4 32711( ) ¢ .

) 1
v = _/0 dxxNP,-j(x)

Where do these operators come from?
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Deep-inelastic scattering (DIS)

e (k)
o) —
7" (q)
p+(p) = (pr)

Assumptions:

e Photon highly virtual, Q*> = —q? > p?

°s>m




The DIS cross section

The physical cross section of DIS is proportional to
1
L WM
ny
q*
Here, L, represents the leptonic tensor and W,,, the hadronic one.

e L, encodes the polarization information of the electrons and the
off-shell photon. Applying standard techniques it is easy to find that

1
L,uz/ = §Tr[K/fY,uk’YV]'

@ WH encodes the information of the v*p™ — I process, the
amplitude of which is

My pt —=T) ~ (T |p"(p))

with
Ju = Z Qreyuibr the electromagnetic current.
f
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The DIS hadronic tensor

The hadronic tensor appearing in the DIS cross section can then be
written as

W, = /d4x e (p*(p)| Ju(x)4(0) [pT(p)) -
Note that this is independent of the final states I'.

Hence, the calculation of the hadronic tensor of DIS boils down to
calculating the product of two current operators.

The standard formalism to deal with this type of problem is the operator
product expansion (OPE).
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The OPE

The OPE was first introduced by Wilson (wison, 1960) and later proven in
perturbation theory by Zimmerman [Zimmermann, 1973].

The main idea is that the time-ordered product of two local operators J(x)
and J'(y) can be expanded in a series of regular operators, multiplied by
functions (called Wilson coefficients) encoding the singularity of the
operator product as x = y

TII0) = Y- oo~ 1)0a (5 2).
n=0

To apply the OPE to the DIS hadronic tensor, we use the optical theorem
to relate the rate of v*p™ — I to the imaginary part of the forward
scattering rate v*p™ — ~v*pT:

W =21mT,,,

T =i [ 4 €9 (5" (9)| T40)0) " (p)
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Application of the OPE to DIS

T, can be explicitly calculated as the forward matrix element for
Compton scattering, v*q — 7*q (photon off-shell and no polarizations
included). This gives

_ VM(P + ﬁ)%f
T ~—u(p)——5—u(p).
[ld ( ) (P + q)2 ( )
As we are interested in the regime of large Q?, we expand the denominator
for Q%> p?
- 2p - q)
(p +q2 Q2 Z (
such that

T ~ ;E(P)W(P + d)nu(p) Z (22'2(7)"'

n

Sam Van Thurenhout Aliens in QCD



Application of the OPE to DIS

The ingredients of the OPE, i.e. the Wilson coefficients and the operators,
can be read of from the momentum expansion in a relatively
straightforward manner:
e Factors of p,, should come from factors of i9,, from the operators,
acting on the external states
@ The dependence on the short-distance scale should be incorporated
into the Wilson coefficients
This implies that the Wilson coefficients for DIS will be of the following

form
n

C,Ullm,uln ~ qlll-n/J«n.

Q2n+1
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Application of the OPE to DIS

For the extraction of the operators, it is customary to use a basis of
gauge-invariant operators, meaning that ordinary derivatives are replaced
by covariant ones
Oy — D,y = 0y — igsAu.

Furthermore, the OPE is dominated by leading-twist operators, where
twist = dimension - spin. These operators are symmetric in the Lorentz
indices and traceless. We can distinguish 2 sets of leading-twist operators
based on their representation in the QCD flavour group.

@ Flavour non-singlet quark operator

N )
OE] N)S;,ul...,uN(X) =S [1#/\ Y D,uz s D#N¢]

@ Flavour singlet quark operator + gluon operator

1 :
o () =58 Fo Dﬁéa{'-DZ%jaNilFaNfl,#uN ]

gil1---UN 2
N —
OEI S);Nl---,uN(X) =S [¢7N1 D,Uz e Dlwdj]
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Parton distribution functions

Finally, one has to consider the forward matrix elements of these operators

(PT(P)| Opy.un [P (D)) ~ MN(Q) Ppy - - - Py

The functions My can be used to define the PDFs

f(x)NZImM".

Xn

n

To derive the scale dependence of the PDFs, we now need to compute the
anomalous dimensions of the operators

dlOi] _
dinp?

VO], A = agy O 1 a2y 4
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Renormalization of gauge invariant operators

To extract the anomalous dimensions of interest, we now need to
renormalize the operators. According to the OPE, one needs to take into
account mixing of operators in the same representation. This implies that

@ the non-singlet quark operators renormalize multiplicatively
~n (V)
Oq NS — ZN[Oq NS

@ the singlet quark and gluon operators mix under renormalization

N N
09\ _ (28 ZiF\ (1049]
Zy i) \10§™]

Note: Use the MS-scheme and D = 4 — 2¢ dimensional regularization.

Sam Van Thurenhout
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Renormalization of gauge invariant operators

N €

+ v,c\’,q’(l)} .

w3 ae© . 32 [0 o . e a.(1)
Zy ==Y +2 (Va7 AR —280) + v +...

2
as gq0) a5 )1 (0 0 ,(0), 4,0
Z/(\’/q:1+€7qq()+2::{[’Y/(\’/q()(V/(\’/q()_ﬁO)+7/(\’/g( )’Yﬁq()]

3 N 9

gq _ 9s_gq,(0) a2 'Vﬁq © q9,(0) 2g,(0) £9,(1)
ZN = E'YN +2 - (’YN + N _2/80)+’YN +

1
4 [’y ()( g.(0) ﬂ0)+7ﬁq,(0)7zg7(0)}

2

a 0) , 9

788 1 4 s eel s
N + € N + 2 | € N

+ ﬁlg (1)}

Aliens in QCD
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Renormalization of gauge invariant operators

Unfortunately, the mixing pattern of the operators is even more
complicated as alluded to above when computing off-shell matrix
elements. In particular, one needs to take into account mixing with
non-gauge-invariant (alien) operators.
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Aliens through history

@ The appearance of alien! operators in the renormalization of the
physical ones has been known since the early seventies
[Gross and Wilezek, 1972]. 1 hey obtained the physical anomalous dimensions
without accounting for aliens by using lightcone gauge (no ghosts).

@ The origin of the issue was provided by Dixon and Taylor
[Dixon and Taylor, 1974]. In particular, they showed that the bare Yang-Mills
Lagrangian is invariant under a different set of gauge transformations
as the renormalized one.
— Construction of the aliens relevant for the computation of the
1-loop anomalous dimensions

@ 2 years later, Joglekar and Lee worked out the general theory of the
renormalization of gauge invariant operators. Their main results are
summarized in 3 theorems poglekar and Lee, 1976]

1Term coined in '94 by [Collins and Scalise, 1994].
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Side-step: Joglekar-Lee theorems

1. The basis of alien operators A; that mix with the gauge invariant ones
can be chosen such that they are BRST exact

A; ~ 0grsTBi.

Here B; is called the ancestor of A;.
2. Physical matrix elements of the aliens vanish.

3. The mixing matrix is triangular

[O¢] Zec Zea Zce\ [Oc
[Oal | = 0O  Zaa Zare Oa
[OF] 0 0 Zee) \Oe
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Aliens through history

@ The 2-loop anomalous dimensions were computed a few years later
using different gauges: [Floratos et al., 1979, Gonzalez-Arroyo and Lopez, 1980, Floratos et al., 1981]
used the covariant gauge while [Furmanski and Petronzio, 1980] Used the axial
gauge

@ The computations using covariant gauge agreed with one another but
disagreed with the axial gauge one

@ The issue was solved a decade later by Hamberg and van Neerven in
faVOUr Of the aXiaI gauge result [Hamberg and van Neerven, 1992]

@ Unfortunately, the way forward was not clear; the generalization of the
basis of aliens to higher orders in perturbation theory was unknown.

o Nevertheless, the 3-loop anomalous dimensions were computed using
different methods [vogt et al., 2004]
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Aliens through history

o Finally, after 30 years, significant progress was made in the alien issue
by 2 independent groups

o G. Falcioni and F. Herzog were able to derive constraints to
consistently derive the aliens at fixed orders which were solved for
ﬁxed N S 20 [Falcioni and Herzog, 2022]

— All 4-loop splitting functions now known to N = 20 [ralcioni et a1, 20235,

Falcioni et al., 2023a, Gehrmann et al., 2024a, Falcioni et al., 2024d, Falcioni et al., 2024b, Falcioni et al., 2024a]
@ On the other hand, (cenrmann et 21, 2023 developed a method to derive the
counterterm Feynman rules for the aliens
— n% contributions to the pure-singlet splitting functions at 4
|OOpS [Gehrmann et al., 2024a]

Focus on method by Giulio and Franz in what's next
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Construction of the alien operators

The complete gauge-fixed QCD action is written as

S= /dDX (,Co + ['GFJFG) .

Here Ly represents the classical part of the QCD Lagrangian

1 _ . - Y5
‘CO:_ZF‘# Fpu_’_zlp (’m_mf)wfa
f=1

with 1
LeriG = —Z(aﬂAff —c?0"D3P P
and
F2, = 0uA3 — 0,A% + gsfP* AL AS
D, =0, —igsT°A},
D3 = 0,6° + gsf A
fabc are the standard QCD structure constants.
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Construction of the alien operators

The QCD Lagrangian can be extended to also include the leading-twist
spin-N gauge-invariant operators, which we define as

1 — v
O (x) = 3 Fu(x) DV 2F¥(x).
N - N—1
Of(x) = P(x) & DV 1p(x) .
Here A, is a lightlike vector and we introduced the notation
FHa = A, FF2 A% =N AR D=A,D", 0=A,0".

These physical operators now mix under renormalization with aliens, which
are (a) proportional to the field EOMs and (b) contain ghosts.
Schematically the complete Lagrangian is then

L="Lo+ Laria+mO+0W + oM
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Construction of the alien operators

The most general form of the EOM operator is [raicioni and Herzog, 2022]

OI(EI(\S)M = (D CF? 4 gS@TaAzp) ga(Aa’ (9/43, 82/\3, )
with G? a generic local function of the gauge field and its derivatives.

Expanding G? in a series of contributions with an increasing number of
gauge fields then leads to

N NY.I NI NI NIV
OI(EO)M = O(EO)M + OI(EO)M + OI(EO)M + OI(EO)M + ..
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Construction of the alien operators

O — (N) (D - F? + gop & T*y) (9V-24%)

OI(E’\OI)M” =g (D . F? +g5EA Taw) Z C;bc(aiAb)(afAC),
v
Ol = &2 (D F* + g b&T™0) 3 Ci=d(9AP)(9A°)(9“A7),
i+j+k
=N—14
O = g2 (D-F? + g AT?)) Y Cahede (0 AP)(& A°) (9 AY) (0 A°).
itj-&-k-si-l

Aliens in QCD 22 /51

Sam Van Thurenhout



Construction of the alien operators

The coefficients Ci?...'liji appearing can be written in terms of a set of

independent colour tensors, each of them multiplying an associated
coupling constant, as follows

Cgbc f-abc

Rij,

1 2 3
C’jall(acd (f f)abcd () dabcd fjk) djgfd E]k)’

Cabcde _ (f f f)abcde (1) + dabcde (2)

ijkl Rijki ikl
To avoid overcounting: k-couplings inherit properties of the colour
structures they multiply, e.g. kjj = —Kj;

The standard gauge transformations leave £y and O; invariant, but not
(V)
Otom

= generalized gauge transformation
a a a A pa
Al — AL+ WAL+ 0, AL
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Construction of the alien operators

A
A; — AZ + 5wAZ + 95 A;j
a ab, b
0uA;, = DiPw?(x),

6QA)AZ _ _AH 7’](N) oN-1,,2 + g Z C-5_a1az (aiAa1) (8j+lwaz)
N3
+gs Z Caalaza3 a:Aal) (ajAaz) (ak+1wa3)

i+j+k
4

+g3 Z Cjillazasaa (3IA31) (ajAaz) (akAag) (al+1wa4) +O(g;&)

I+J+k+l
=N—
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Construction of the alien operators

~ab b
C_a_: c_ fa Cnljv

abcd abcd () abcd () abcd (3)

1 2 2b
Ci[t(:/cde _ (f f f)abcdenl(Jk)l dadeenf,k‘?) daebcd :Skl)'

The generalized gauge symmetry implies that the couplings nf,lf_)._nj are

related to m(nf_),_,,j

i+j+1
nfj=2/fij+77(/\/)< : >,

I
Jj+k+1 1
o = 2eigpaen (T 5T) 20l

1) _ o (1) (1) [+k+1 @, (1, @, (1
Mt = 2[R0 a1y T ”(/+k+1)j;]< K + 2k + Ky + K T Rl
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Construction of the alien operators

The generalized gauge transformation can now be promoted to a
generalized BRST (gBRST) transformation

A
AZ 5 A2+ SAL 4 6RAD

The ghost operator is now generated by the action of gBRST on a suitable
ancestor operator [ralcioni and Herzog, 2022], GIVING

O(N) O(N)I+(9( ), 0‘(:N),III+O((:N),IV+

Sam Van Thurenhout Aliens in QCD



Construction of the alien operators

O = —n(N)(@e*)( " 1),

O = —g, N~ (o) (9 AP ),
i+j
=N-3

O((;N)’”I 2 Z Castu ac 8A5)(8fAt)(8k+1c“),
I+J+k

OS:N),IV _ Z C’jall(alcde a Ab)(ajAC)(akAd)(al—I—l e)'

,+J+k+/
=N-5
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Construction of the alien operators

In fact, there is another, and equivalent, approach to generate the ghost
operators. Namely, we could also start from anti-gBRST, for which w?(x)
in the generalized gauge transformation should be replaced by the
anti-ghost field ¢7(x)

A
A;’j — A; +5EA; + 0% AZ

— This should lead to the same operators!
— Nevertheless, the functional form of the resulting operators is different
from those derived from gBRST

= Non-trivial identities for the n-couplings!
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Construction of the alien operators

/ i(s+j
nj + Z(—1)5+J( i )77(;_5)(,'+s) =0,

1 _ (m+n+k)! mtntk, (1)
nuk - ZOZO ml n| k' ( 1) n(_] ”)(l m)(k+m+n)

(s1+ 5+ s3+1)! +sr+s3+1, (1)
nukl Z Z Z s1! sl s3l 1 (m1)mrer= Nk=s3)(i—2)(i—s1)(s1+s2+s5-+1)"

51= 052 053 0

These identities are particularly interesting as they are conjugation
relations. E.g. for the class Il coupling a second application of the sum
gives

i

i b Crt4 gy =t Sttt
S0 (T g = = 20 () e (T Y g

t=0 J =0 J s=0 Jj+t

e+ = s+t
=y ( . > Z(—l)s( . )n(i—t—s)(j+t+s)‘
=0\ J /2o Jt+t
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Conjugation relations

@ Already encountered in the computation of the anomalous dimensions
of leading-twist operators in non-forward kinematics, see

eg [Moch and Van Thurenhout, 2021, Van Thurenhout, 2024]
@ Great predictive power: Valuable information about the function space
@ Analytic evaluation using principles of symbolic summation!

o Creative telescoping (zeiberger, 1901: Evaluate the sum of interest by
rewriting it as a recursion relation using Gosper's algorithm [cosper, 1973]

@ The closed-form expression of the sum then corresponds to the linear
combination of the solutions of the recursion that has the same initial
values as the sum.

— For single sums: Sigma [schneider, 2004, Schneider, 2007)
— FOF multlp|e sums: EValuateMultlSumS [Schneider, 2013, Schneider, 2014]
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Renormalization

The complete Lagrangian is now
L=Lo+ Lorrg +mwO; + (’)(Eg)M +oM
- EO(A;ugS) + ‘CGF+G(A27 c?, e, s f) + Z Cx O,
k

where Cy labels all the distinct couplings of the operators,

Cie = {wi, n(N), 65 o) .. }. The UV singularities associated with the

QCD Lagrangian are absorbed by introducing the bare fields/parameters

Aa;bare _ \/Z>3Aa
& bare \/>C X)
c bare \/>C X)

bare

gs _:u’ ggs

gbare _ \/Zg
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Renormalization

This is not enough to make the OMEs finite. Instead they need an
additional renormalization

O™ (x) = Z; OF"(x),

The renormalized Lagrangian becomes

~ a;bare _bare a;bare _a;bare =a;bare _bare bare
L= EO(AM ) 8s ) +‘CGF+G(AM » € ) € 8 € )
+ 2 :Cllr()are (f)lt()are7

K
CPe = C Zi,
K

where Cy is the (finite) renormalized coupling of the operator Ok. The

UV-finite OMEs featuring a single insertion of O'" are computed by
setting the renormalized couplings C; = d;4/4, which gives
e = 2,

Sam Van Thurenhout
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Renormalization

= The couplings of the bare operators 7°2¢(N), ... are interpreted as the
renormalization constants that mix the physical operators into the aliens

— Extracted from the direct calculation of the singularities of the OMEs,
e.g.

as_ Ca 2
c N —1) T °0)

We note that this quantity is known to O(a2)

[Dixon and Taylor, 1974, Hamberg and van Neerven, 1992, Gehrmann et al., 2023]

7P (N) = Zge = —
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Goal of the current work

o In [Falcioni and Herzog, 2022, Falcioni et al., 2024b], thIS Setup was Used fOI’ ﬁxed N S 20

@ The systematic study of the alien operators at arbitrary spin N was
left as an open problem

@ This is the subject of the present work

o We will solve the constraints on the alien couplings to leading order in
gs but for all values of N

Deep FOCUS ON
- YOUR GOAL
Motivational

Success
In Life
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|dentities between alien couplings

@ The k couplings in the EOM operators are chosen to inherit the
properties of the colour structures they multiply, e.g. xj; = —kj;

@ Because of gBRST, the n couplings are connected to the  ones.

@ Because of anti-gBRST, there are non-trivial relations between the
n-couplings (~ conjugation relations!)

@ These identities allow one to restrict the function space of the
couplings and hence constrain their generic N-dependence.

@ During this talk: Focus on couplings coming with a string of f's
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Class Il couplings

OI(EIg))I\/{I =g (D Fa +gswA Ta¢) fabc Z /ﬁ:,'j(aiAb)(ajAc),
i+j

=N-3
OS;N)’” = g, fabc Z nij(afa)(aiAb)(ﬁj-i-lCC)
i+j
=N-3
wij + wji = 0, [anti-symmetry of f]
i+j+1
5+_] S +./ _ .
nij + Z 1) ) N—s)(j+s) = 0 [anti-gBRST]

Sam Van Thurenhout Aliens in QCD



Class Il couplings

Kij + Kji = 0, [anti-symmetry of f]
S
mi+ S (1) (s jrj) Ni—s)ies) =0 [anti-gBRST]
s=0

Combining anti-symmetry with gBRST we have

i+j+1 i+j4+1
<i>+<j

which gives an idea about the function space of 7y,

i+j+1 i+j+1
c ; + o i

nij + nji = n(N)

ni = n(N)
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Class Il couplings

Substituting the Ansatz into the conjugation relation gives

- +Z s+1< _ )n(;_s)(j+s) — a1 n(N) [(_1)f+ <i+{+ 1”

1

for even values of N. Hence, we find a consistent solution if ¢; = 0 while
¢ remains unconstrained. Assuming that xj; lives in the same function
space as 7);;, the full set of relations fixes both couplings uniquely

N -2
m=am (" %),
1))
Kij = ) — )
2 J i
Check: Compare with some fixed-N computations

— Correct for N =4
— Incorrect for N > 4

Sam Van Thurenhout Aliens in QCD



Class Il couplings

s=0

The RHS however suggests the inclusion of a new structure: (—1)/. With

, i+j+1 i+j+1
N S I G
we find

wz 1)+ <5+.J> Himsyiias) = (c1+ () [( It 1) ; (—w]

1

and hence ¢; = —o.

Sam Van Thurenhout Aliens in QCD



Class Il couplings

Assuming that xj; lives in the same function space as 7);;, the full set of
relations fixes both couplings up to 1 free parameter

oy =nm {20 (M) - cay| —2e (T
ey =) {c | (T - ()] - S0 20y

The unknown ¢ can be determined by the computation of 1 fixed-N matrix
element computation. E.g. for N = 6 we have k39 = 1/24 which sets
c=-3/8

—C )[( 1),_3<I+12> </vi_2>

i = _n(éV) {(_1)1 +3("+J;_+ 1) - 3<i Tij; 1”

The solution above exactly agrees with the known solution

[Dixon and Taylor, 1974, Hamberg and van Neerven, 1992].
Sam Van Thurenhout Aliens in QCD




Class Il couplings

OI(E,(\;)N/{II _ g52 (D . F? _{_gSEATaw) (f f)abcd Z Ejk)(a/Ab)(ajAC)(akAd)
i+j+k

O‘(:N),III _ gs (f f abcd Z 77’8}() aca) a/Ab)(ajAC)(ak—i—l d)

i+j+k

=N-4
,(J? + kal,) =0, [anti-symmetry of f]
$4ﬂ4”+ﬁw==a [Jacobi identity]

j+k+1
7é2=2mUM+n( ] )+a[uk+ngn [BRST]
(m +nt k m+n+k, (1) .

nUk - Z Z ml nl kI (-1) NG = ny(i—m)(k+m+n)* [anti-gBRST]

m=0 n=0
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Class Il couplings

The combination of the Jacobi identity with gBRST leads to

1 1 1 4+ k41 i+j+1
) + kg + ) = 2f~’uiu+k+1)< i > + 2"vk(i+j+1)< ’

1
i+k+1
+ 2Rj(i1k+1) P :

— relates the class Ill coupling 77,%) to the class Il coupling xj;, at one
order lower in perturbation theory!

= use it to determine the function space of the all-\V expression of 7],5-}()
— leads to 18-dimensional function space

o () DO (),
0 L NP TG R G A N TG

N—2\/i+k+1 . . L
A P + independent permutations of i, j and k .
J

Sam Van Thurenhout Aliens in QCD 42 /51



Class Il couplings

1 . . .
We assume n,(jk) to live in the same function space. Hence in total we have

36 free parameters. Using the relations described above we are able to fix
34 of these. The final 2 free parameters are then fixed using /4;511%) =0 and
/a(llz)l = 13/336, which follow from the explicit operator renormalization for

N =6 and N = 8 respectively. Our final result for m,(ﬁ() then becomes
[new!]

(1)_77(N) it i+j+1 itk i+k+1
Rk = 4 2(-1) ; +(-1) K

J

I
N-1 j4 k41 » N -2 N-—2
+5(j+1> +( ‘ )3( 1y 10( ,- )*4(,41)
i+ +1
+(I+j.+)
J

(—1) +5(Nk 2) —9<'Z+12> }

2(71)i+k+1
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Class Il couplings

We have checked that the above expression agrees with explicitly
computed values, following from the renormalization of the operators, up
to N = 20. Substituting this expression into the gBRST relation allows
one to also reconstruct the full N-dependence of 77,8'}() [new!]

) _ _nN) ) o i (T +1 ik (it k1
Mg =~ 55 1 2(-1) L) .
+2(_1)j+k+1<1+k_+1>+<:+k_+1> (_1),-+k+4</\_/—2>
J j+1

n <j+//<(+1> 5(_1)j+k+1_3<Ni—2> N (/::f)

() (1) (1)

Sam Van Thurenhout
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Class IV couplings

Olon” =82 (D F°+ gp AT (f £ £)™ 3~ k() (0'A") (& A%)(9"AT)(0'A%),

ikt
=N-5
(N),IV __ 3 abcde 9¢? b c k ad I+1 e
O = —g; (fff) D ni(0e)(9'A%) (@ A%) (9" A%) (9" )
itk
=N-5
Eﬁ)/ + 51”1 =0, [anti-symmetry]
I(Jk)l + K,(klj + ",(/,zl 0, [Jacobi]
DR R Ry A [double Jacobi]
1) 1 I+ k+1 1
”fjk/ 2[“,, (l+h1) T "‘E/J)rkﬂ)ﬁ]( X ) + 2[r yk/ + F”f/kj + "”"/,kj + "‘/ky]’ [gBRST]
1 _ 2’: zj: Zk: (s1+ 3+ 53+ 1) (_1)51+52+53+I (1) [anti-gBRST]
ikl = it almislh Nk —s3)(i—sp)(i—s1)(s1 +5p+53+]) g
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Class IV couplings

Combining the double Jacobi identity with the gBRST one allows one to
write n(k), in terms of /<;( ) appearing already in the class Il operators at
one order lower in perturbat|on theory!

G N BN C SN o kti+1 o o k+i+1
Mkt + Witk + Mg + M = 2 i k+l+1) + “(k+/+1),,]( X + 2811y F F ) |

) i+j+1 (1) i+j+1
+ 2[“rk(,+1+1> + (I+J+1)k/]< j + 2['““(,+J+1) Ay ; :

Again this tells us something about the function space for 77,(12 Taking
into account all the independent permutations of the indices /, k,j and /
this space is now 264-dimensional. Assuming that the functional form of

fjk), is similar to the one of n(k), then implies that in total we now have
528 parameters to fix. However after implementing all of the above

relations, only 8 remain in the end!

— Explicit expressions in [raicioni et al, 2024¢]
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Application: Alien Feynman rules

With the couplings known, one can derive the Feynman rules of the alien
operators

PLL el

o For gauge invariant operators: N*LO quark rules and N3LO gluon
rules, S€€ €.g. [Falcioni and Herzog, 2022, Gehrmann et al., 2023, Floratos et al., 1977, Floratos et al., 1979,
Mertig and van Neerven, 1996, Kumano and Miyama, 1997, Hayashigaki et al., 1997, Bierenbaum et al., 2009,

Klein, 2009, Bliimlein, 2001, Velizhanin, 2012, Velizhanin, 2020, Moch et al., 2017, Moch et al., 2022,
Falcioni et al., 2023b, Falcioni et al., 2023a, Falcioni et al., 2024d, Moch et al., 2024, Gehrmann et al., 2024b,
Kniehl and Velizhanin, 2023 and references therein. The generalization to NKLO
including total derivatives can be found in (somogyi and van Thurenhout, 2024]
@ For aliens: Partial results up to NNLO

[Hamberg and van Neerven, 1992],[Matiounine et al., 1998],[Bliimlein et al., 2022], [Gehrmann et al., 2023]
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Application: Alien Feynman rules

Glkiprp) 95 Gy (01 pap2) GG o paps ) g2 Gy o, s p 1 s
OEOOE00 Y TO0TE0E | OB00000 S BE00000Y +  COO00E00 Y,/ BOBOT0N | BEEE00 XY TOBT0N0 +
ZN e Pty pLpcl o P10y PLp L P lnc PLpel Py Uiy

e 3 ‘
3. pLcs Pa s pPaadacy P Pr€3 pas 0.y 5T

GE192%3% %S

1+ ()" yy
pvpoT (P1, P2, P3, P4, Ps) = —————i FELE2XFXBY Y45

2
—8upluBoAr D k(A p) (A ps) + Ao Arl(pr +2p2) Ay
i+j=N—3

(@ gl X A ) (A paY (A ps) + (B4
i+j+k=N—4

. . .
— (8 pIALA AR, ST RONA - p) (A pY (A e (A p5>’}
i+j+k+I=N—5
14 (=Y
o T RSN AL AL B[Py + 2p5)0 B
@) i i P 2
—(B-ps)gar] D R (A p) (AP (B p3)" + [PTAL
ij+k=N—4

, _ .
—pu(B pIALA AN, 3T RD(A ) (A pY (B ) (A ,,5)'}
i+jrk+I=N—5

+ permutations

Sam Van Thuren Aliens in QCD



Application: Alien Feynman rules

@ Ghost vertices:

(a) Agreement with [Gehrmann et al., 2023) for O- and 1-gluon vertices and (f f),
dy parts of the 2-gluon vertex

(b) dgz part of 2-gluon vertex new!

(c) 3-gluon vertex new!

@ Alien gluon vertices:

(a) Agreement with [Blimiein et al, 2022, Gehrmann et al., 2023] for 2- and 3-gluon
vertices; agreement with [Genrmann et al., 2023 for (f f), da parts of the
4-gluon vertex

(b) diz part of 4-gluon vertex new!

(c) 5-gluon vertex new! [Recently also obtained in [Gehrmann et al, 2024c],

comparison in progress|
@ Alien quark vertices:

(a) Agreement with [Gehrmann et al., 2023 for O-, 1- and 2-gluon vertices
(b) 3- and 4-gluon vertices new!
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Conclusions and outlook

@ One way to reconstruct the functional form of the alien operators is
based on the use of generalized gauge symmetry, which is then
promoted to a generalized (anti)-BRST symmetry

@ One then finds classes of EOM and ghost operators, the couplings of
which obey interesting consistency relations

@ Bootstrap: Complicated higher-order couplings in terms of simpler
lower-order ones

@ We used these relations to reconstruct the full N-dependence of the
1-loop alien couplings necessary to perform the operator
renormalization to 4 loops

@ This should be useful in the reconstruction of the full N-dependence
of the 4-loop splitting functions!

@ Next steps: Generalization to higher orders
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Appendices and references

@ Colour structures
© Solving conjugation relations

© References
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Colour structures

fabc are the QCD structure constants. The other colour structures are in

turn defined as
(f f)abcd fabe fcde
(f f f-)abcde — fabm Fmen f-nde

dabcd f[T (TA TA T, TA) + symmetric permutations],

dabcd dabmn f-mce fedn
4

abcd abcd abcd
d4ff d4ff 3 CA d4

dabcde _ dzbcmfmde
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Solving conjugation relations

@ To take full advantage of the anti-gBRST conjugation relations, one
needs to be able to evaluate them analytically

@ Use principles of symbolic summation!

o Creative telescoping (zeiberger, 1901]: evaluate the sum of interest by
rewriting it as a recursion relation using Gosper’s algorithm [cosper, 1978]

@ The closed-form expression of the sum then corresponds to the linear
combination of the solutions of the recursion that has the same initial
values as the sum.

— FOF S|ng|e sums: Slgma [Schneider, 2004, Schneider, 2007]
— For multiple sums: EvaluateMultiSums [schneider, 2013, Schneider, 2014]
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Classical telescoping and Gosper's algorithm

The telescoping algorithm is a well-known method for evaluating finite
sums. Suppose we want to evaluate the following sum

N
> fl)
k=a
with a, N € N and a < N. Now, if we can find a function g(N) such that

f(k) = Ag(k) = g(k +1) — g(k)
then

N
Yok =) glk+1) = g(k)

k=a k=a

Here, A represents the finite difference operator. The telescoping function
g(N) can be found by application of Gosper's algorithm [cosper, 1975).
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Classical telescoping and Gosper's algorithm

Suppose
g(N)
g(N—-1)
is a rational function in N. The algorithm consists of three main steps.
Assume we want to calculate the telescoping function for some sequence

{an}
an = Ab(N).

It is assumed that {ay} is a hypergeometric sequence, that is

an
L — g(N)
an

with g(N) a rational function of N. The steps of Gosper’s algorithm can
then be summarized as follows
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Classical telescoping and Gosper's algorithm

@ Determine three functions f(x), g(x) and h(x) such that

f(x+1) g(x)
)= "F09 hlx+ 1)

and
ged[g(x), h(x +n)] =1 (n € No).

@ Solve the so-called Gosper equation,

f(x) = g(x)y(x +1) — h(x)y(x),
for the polynomial y(x).
© If such a polynomial solution does not exist, it means that the sum in

question does not have a hypergeometric closed form. Otherwise, the
telescoping function is determined by

t(x) = %iiy(x) with b(N) = t(N)a(N)

More details can e.g. be found in [Kauers and Paule, 2011]
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Creative telescoping

Classical telescoping works when dealing with sequences that depend on
one variable only. When we want to determine a closed form for a
summation of a sequence depending on two variables, we can use the
creative telescoping algorithm by Zeilberger (zeiberger, 10011, The idea is similar
to that of classical telescoping. Suppose we want to evaluate

b
> F(N, k) = S(N).
k=a
The way to go about this is by attempting to find d functions
co(N),...,cq(N) and a function g(N, k) such that
g(N,k+1)—g(N,k) = co(N)F(N, k) + ... + ca(N)F(N + d, k).

Summing both sides, and applying classical telescoping to the left-hand
side then gives

b
g(N,b+1)—g(N,a) = co(N) Y F(N, k) + ... + ca(N) D _ F(N +d, k).

k=a k=a
7/0
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Creative telescoping

This leads to an inhomogeneous recursion relation for the original sum of
the form

g(N) = co(N)S(N) + ... + cg(N)S(N + d).
Typically, one starts this procedure at d = 0, which is equivalent to
classical telescoping. The value of d is then increased stepwise until a
solution is found. The creative telescoping algorithm can be applied when
the sequence under consideration is holonomic. A sequence {ay} is said to
be holonomic if there exist polynomials po(x), ..., pr(x) such that the
following recursion relation is obeyed [Kauers and Paule, 2011]

po(N)an + p1(N)ans1 + -+ + pr(N)anir =0 (N €N, p(N) # 0).

For example, the harmonic numbers {S;1(N)} form a holonomic sequence
as they obey

(N +1)Si(N) — (2N +3)Si(N + 1) + (N +2)S1(N +2) = 0.

More details on the summation algorithms reviewed here can e.g. be found
in the exce”ent bOOkS [Graham et al., 1989, Petkovéek et al., 1996].
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