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Generating Exactly Solvable Potentials

* The general form of the differential equations of hypergeometric functions:

d?F dF
— +0@)— +R(@)F()=0
_ dz dz
 The wavefunction: Motivation:
Y(x) = f(x)F(Z(x)) |:> F(z(x)) orthog. & v, (x) orthog.
* From the Schrédinger-equation: Example:
1
Eoviy = L@ 3 (Z”'(x))2 | A=A+ R D BTG ~ S
27(x) 4\ Z(x)
() (R(z(x)) - %Qz(z(x)))
l 1 [z
U(x) ~ (Z'(x))"2 exp 3 Q(z)dz) F(z(x))

* How can we identify the z(x) function?

* Bhattacharjie and Sudarshan: Constant E on the left-hand side — one of the terms on the right-
hand side has to be constant (first two terms give meaningless results)— PI, Pll and PIll potential
classes

2
* Generalized method: (d_z) d(z)=C

dx
e




Generating Exactly Solvable Potentials (Jac.-p.)

 Jacobi polynomials (orthogonal polynomials):
0(y) =[(B—a)—(@+B+2)y]/(1-y?)

Ry)=nn+a+p+1)/(1—y?

ym(x) % (yu(x))Z

oV =om 1 Ue
(v (x))? o+ B a+B
Ty (”+ 2 )("+T+l)

L@y l_(a'+ﬁ)2_(a'—ﬁ)2
(1 — y2(x))? 2 2

C2y(0) (Y () (a - ﬁ) (a - ﬁ)
(1—y>(x)? \ 2 2 )

(dy)’-’@( - (dy)z () _ (dy)z P =y +putpmy _
) 7T \dax) =22 T \ax 1—y2)2
Y@ = 6 @)720 +ye) T (1 = y() T PP (y(x))
~ (N + y@) T — y(x) PP (y(x)) .




Generating Exactly Solvable Potentials (Jac.-p.)

* General form of the potential:
y" (x) n 3 (y”(-r)

= Y (x)

2
C
) + w [31(1 — y2(x)) + 511 +Snfy(x)]

* We obtain an algebraic system of equations (a) = aT-I_ﬁ,p = “_\beta):

2

1 = o E,
n+-+w) —=-+sr—pr— =10

2 4 G
E

(1 _mz_pz) +si—pri— =0
C
E,

—2wp + 111 — prii— =0
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Potentials with Jacobi polynomials:

Pl potential class

* Parameters:
pr =1L pyu=pm =0
* We obtain the differential equation:

dz\* 1
=C
(dm) 1— 22

o 12(x) 3 (2(x) S C 5 o z(x)
V="3%0w "1 z’(:;r:)) R Ty Gt R RSl s g Tou Rl
1 2
E,=C (n + -+ w)
2
Yulw, pr2) = O (' (2) 2(1+2(2) "% (1= 2()) 5 P 9 (2(a))
z(x) cosh(ax) sin(ax) i sin(ax)
Potential Gen. Poschl-Teller Scarf | Scarf Il
Domain [0, oo [—— — | — o0, 0]




Potentials with Jacobi polynomials:

Pll potential class

* Parameters:
pn=tLpr=pu =0
* We obtain the differential equation: :

@) Ty

* n-independent energy, n-dependent potential— need a sufficient paramater
transformation!

=C

a+ 1
x(@, B,n) = ——+mn . E—-V(z)= 5 [—2C(1 — 2*(z)) + 4CZ*(z)| — 3C2* () +
Qa, B,n) = (x — n)aQ . 0 2
+C1=222) () (x+ 1)+ C |1 —(x —n)* — (X — ﬂ) — 2C%(x)$2
z(x) i tan(ax) tanh(ax) cosh(ax)
Potential Rosen-Morse | Rosen-Morse Il Eckart
Domain [—E - ] — o0, 00 [0, o
a ) a ) )




Potentials with Jacobi polynomials:
Other potentials

(GGéza Lévai. PT symmetry in natanzon-class potentials. International Journal of
Theoretical Physics, 54(8):2724-2736, 2015.

C pi 127, 1297,
— ScarfII —1 1 0 0
Gen. Poschl-Teller —1 1 0 0
Scarf I 1 —1 0 0
Exactly solvable (P, Py) — Rosen-Morse 11 | 0 | 0
Eckart 1 0 1 0
___ Rosen—Morse I —1 0 1 0
PIII 1 0 0 1
/ Ref. [29] -1 1 hy 0
Implicit z(x) function, { Gmocchio 32{1 1 . @ =Dn7! 0
explicit energy Gen. Ginocchio 44 %}1 (222)~! (222)~1
4>< 1 —1 1 0
Implicit energy, Ref. [41] —1 1 —1 —1
explicit z(x) function Ref. [42] 1 —1 y2+1 2y

Not all exactly solvable




Potentials with Jacobi polynomials:

Searching for potentials with explicit energy term

* Based on the system of equations, we can ask the question whether we can obtain
explicit energy expressions in this framework:
* Inthe p; # 0 case:
1 1 11

1
E,=C—(n+w+=)*-C—-+C—S5;
DI 2 pr4 P1

1 1
SHZEE [(ﬂ,+w+—)2—+Sf] —1+w?+p°

Pr 2 4
Sy = 21 (n+w+1)2—1+8 + 2wp
= 9 1 I
P11 1, 1 2 [S”‘r_% [(n+w+%)2—ﬁ+5}ﬂ2
Sﬂ(w,p?n)g[(nerJra) ZJrS;]ler + 1

* If we have an explicit expression for w(S;. S;;.n), we obtain explicit expression for E,,




Potentials with Jacobi polynomials:

Searching for potentials with explicit energy term

* §;; is quartic in w — solvable quartic equation:

~9 ~
aw boo+c =10
+ t b? — dac > 0

O =Aw’*+ Bw+ D B2 —4A(D — &) >0

aA*w' + 2aABW® + (aB? + 2aAD + bA)w* + (2aBD + bB)w + (aD* + bD +¢) =0

* Matching the terms gives us an other equation-system
* What are the variables, what are the fix parameters?

* Setting the p; parameters c=gives back the explicit energy expressions

* Setting the parameters of @ c=given w with different p;, non-trivial isospectral potential pairs
(susyam???)




Basics of SUSYQM

* The most wildy used model of supersymmetric quantum mechanics is the N=2 SUSYQM,
which define the following sl(1/1) superalgebra between the so called supersymmetric
Hamiltonian 7€ and the supersymmetric charge operators Q and Q7:

Q.QY=H, Q@=(@Q)=0, Q. H) =[Q"H] =0

* The realization of this this superalgebra usually given in terms of 2x2 matrices:

00 0 Af
Q=( )J Q-i-:( )?
A0 0 0

* Therefore, the supersymmetric Hamiltonian has the form:

0 AAf 0 H, sUSYQM = /& /¢ SUSY

Just ,,stole” the terminology
based on the math. construction




Basics of SUSYQM

In the literature H_ and H, operators are referred as the ,,bosonic” and ,,fermionic”
Hamiltonian, and called supersymmetric partners.

Therefore the general basis states have two components, representing the ,, bosonic”
and ,,fermionic” sectors, and these sectors are connected by the charge operators:

0 Aw(—) ¢(+) 0

We can recover the one-dimensional Schrodinger equation for the supersymmetric partners with
the following:

d d
_ T
A= P + W(x) and A . + W(x).

Therefore the Hamiltonains recover the canonical form:

Hi?p(i)(m) — { — d_2 + Vi(:r:)] w(i)(m) — E{i)@b{i)(z)j

dz?




Basics of SUSYQM

The partnerpotentials can be expressed with the ,superpotetial” W(x):

Vi(z) = W?(x) £ %W(x)

Based on the underlying symmetry, the two Hamiltonian has the same energy spectra:
H, [AY) ()] = AAT[APT (2)] = AH ¢ (2) = ED AP (2) O e B

And the eigenfunctions are connected by:

AP (z) = [E(—)} 1/2?1)(+)($)
Al (z) = | E(—)]Ww(—)(m)

In the case, when 4y~ (x) = 0, the zero-energy level will miss from the spect ©*

ES)=E®Y (n=0,1,2,...) with E{” =0

Tl

Mathematical description:
Jean-Gaston Darboux 1882




Basics of SUSYQM

* One can generate SUSY partner potentials even from non-physical, nodeless solution of
H_:

H_x(x) = ATAx(x) = ex(x)
o X@ (X C X (@Y .
v@="07 = () - ()
* We can define a corresponding superpotential:
d

W(x) = - £ Inx(x)

* And the two partner potetntials:
Va(x) = W2(x) £ S W(x) +e

e=0 e+ 0
x(0) =957 () 2(0) # 957 (%)
Ay(x) =0 e Q¥ =0 Ay(x) #0 & Q¥ # q¥
,SUSY is Unbroken” ,SUSY is Broken”




Basics of SUSYQM

* Four possible transformations:

T; T, T, T; T,
€ €=E" € <E{’ € <E{’ € <E{’
xllgl_ x(x) convergent divergent convergent divergent
xlil;i x(x) convergent divergent divergent convergent
V., spectrum Deletes Adds new none none

modification

ground state

ground state

* Unbroken SUSY — Shift in the V. spectra

Broken SUSY — Same energy spectrums
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SUSY partners in the P; and the extended
potential classes

* Particular form of y(x):

(p+2(x)*
(4 +2(x))

x(x) = (1=2z(x))' (1 +z(x))’

* The super- and partnerpotentials depend on the parameters

* Matching V_(x) with the general Pl type potentials V («, £, x) or their rationally
extended ve rSion V(a ) ﬁ ) X) Tibor Soltész, Levente Ferene Pethd, and Géza Lévai.  Unified supersymmetric

description of shape-invariant potentials within and beyond the natanzon class. Sym-
metry, 16(2), 2024.

Tk V(X) t s p q Vi (x) € Eé_)—e
Shape-invariance of P « 0,0 V(B 3)
I s+1 B4l Vatptn o) o
B3 a1 Vie—1,-1,x) C(““f“)2 C(a + B)
141 £l Va+1p-1x) Cc(2E2) cat1)p
eyl Bl V(a—1,+1,x) c(““gﬁ“)2 Ca(B+1)
0,1 V(a p,x)
s+ -+l 2 Perpoin o(42) o
—_ 2
4+ b4l b Pa—1,6+1x) C(=H2) cla—1)(p+2)
L0 V(apx)
2k —£41 % V(ie+1,8—1,x) C(¢)2 Ca(Bp+1)
_ayl Byl S Ve-18+1x) (=) cpat)

. . 1,1 V(a,pB,x)
Shape-invariance of the

A

s+1 b+ HEZ M V@+rp+lx) (M) o

extended PI Ak Ll BER FE b ap a8 C(_‘t_ml)2 Cla+B)




SUSY partners in the P; and the extended
potential classes

* P; potential class:

C

Viap,x) = 1—2z2(x)

(52 (5) 4]+ 5 (5 ()
Pule, fx) = CP (1= 2(0) B4 (14 2(x)) PP (2(x)

2

* Rationally extended version:

X | (@=B)zta+p a+f S,
X type exceptional Jacobi polynomials: Pez) = l— We—B) (a—PlatBton— 2)] P ()

1 (@)
_ I} ]
a+B+2n—2 n-z (2)

Ve, Bx) = V(apBx) 2
atp) e pPo@rp?] g oc(n-1482EE1)
(a=plzx) +atp " [(a=plz(x) +a+pP g

+

P, Bix) = CP (1= 2(x)) 35 (1 4 2(x)) T3 [(a — B)z(x) + & + B 5P (2(x))



5039 parEners In E“e FI ana E“e eernaea

potential classes

k=j=0 k=1,j=1
T T A A
V-(x)=V(a,8,x) V.'(x)=V(a+1,8+1,x) viix)=vi(a,8.x) vIi(x)=V(a+1,8+1x)
a=2,=-20 a=3,4=-20
100 100
80 80
— V_T’(x)—f — vI(x)-¢
60 60
T T
=) — V. (x)-¢€ v — V.'(x)-€
o) _g(+) EPZES
40 3 752 40 - - L (2+)
(=) _(+)
ES)=E Ar
. 1 - g
- 20
e A
=) ‘ )
\/ 20 4 6 8 10 F N\ 27 4 6 8 10

k=1,j=0
vI{x)=V(a.8.x) Vi*(x)=V(a-1,8+1x)
a=3,4=-20
140
120 |
.
— V4 (x)-€
100:
_ — VI4x)-€
80|
60 |
40/
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potential classes

* Result: A network of SUSOM transformatlons |nS|de and between shape invariant
potentials -




Classification of ,,exactly solvable” potentials

* The classification scheme naturally emerges from the two framworks:
* Natanzon-class potentials: 6 parameters, generated from hypergeometric functions (Jacobi-
polynomial— P; pot. classes)

* Confluent Natanzon-class potentials: 6 parameters, generated from hypergeometric functions
(generalised Laguerre-polynomial, Hermite-polynomials)

* Shape-invariant potentials: Subclasses of the Natanzon- and confluent Natanzon-class potentials,
closed for SUSYQM transformations

* Further potentials correspond to exceptional orthogonal polynomials (can be originated form the
confluent Heun-function)

e Other investigations:

* Jacobi polynomials < generalised Laguerre-polynomials: radial harmonic oscillator (L;), Coulomb
potential (L;;), Morse potential (L)

* Mapping other sectors with SUSYQMV




Classification of ,,exactly solvable” potentials:

Further relations

Jeffry V. Mallow, Asim Gangopadhyaya, Jonathan Bougie, and Constantin Rasinariu. Inter-relations

between additive shape invariant superpotentials. Physics Letters A,384(6):126129, 2020
Generalized Poschl-Teller

Scarf Scarf

Rosen-Morse I

Coulomb (Trigonometric)

type I

Rosen-Morse 11



Thank you for your attention!




