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Generating Exactly Solvable Potentials

• The general form of the differential equations of hypergeometric functions:

• The wavefunction: 𝜓 𝑥 = 𝑓 𝑥 𝐹 𝑧 𝑥
• From the Schrödinger-equation:

• How can we identify the 𝒛(𝒙) function?

• Bhattacharjie and Sudarshan: Constant 𝑬 on the left-hand side → one of the terms on the right-

hand side has to be constant (first two terms give meaningless results)→ PI, PII and PIII potential
classes

• Generalized method:

Motivation:𝐹 𝑧 𝑥  orthog.  𝜓𝑛 (𝑥) orthog.

Example:න−1
1 dy 1 − 𝑦 𝛼 1 + 𝑦 𝛽𝑃𝑛𝛼,𝛽 y 𝑃𝑚𝛼,𝛽 y ∼ 𝛿𝑛,𝑚



Generating Exactly Solvable Potentials (Jac.-p.)

• Jacobi polynomials (orthogonal polynomials):



Generating Exactly Solvable Potentials (Jac.-p.)

• General form of the potential:

• We obtain an algebraic system of equations 𝜔 = 𝛼+𝛽2 , 𝜌 = 𝛼−\beta2 :



Potentials with Jacobi polynomials: 
PI potential class
• Parameters: 𝑝𝐼 = ±1, 𝑝𝐼𝐼 = 𝑝𝐼𝐼𝐼 = 0
• We obtain the differential equation:

𝒛(𝒙) 𝒄𝒐𝒔𝒉(𝒂𝒙) 𝒔𝒊𝒏(𝒂𝒙) 𝒊 𝒔𝒊𝒏(𝒂𝒙)
Potential Gen. Pöschl-Teller Scarf I Scarf II

Domain [0, ∞[ − 𝜋𝑎 , 𝜋𝑎 ] − ∞, ∞[



Potentials with Jacobi polynomials: 
PII potential class
• Parameters: 𝑝𝐼𝐼 = ±1, 𝑝𝐼 = 𝑝𝐼𝐼𝐼 = 0
• We obtain the differential equation:

• n-independent energy, n-dependent potential→ need a sufficient paramater 
transformation!

𝒛(𝒙) 𝒊 𝒕𝒂𝒏(𝒂𝒙) tanh(𝒂𝒙) 𝒄𝒐𝒔𝒉(𝒂𝒙)
Potential Rosen-Morse I Rosen-Morse II Eckart

Domain − 𝜋𝑎 , 𝜋𝑎 ] − ∞, ∞[ [0, ∞[

→



Potentials with Jacobi polynomials: 
Other potentials

Not all exactly solvable

Exactly solvable (𝑷𝑰, 𝑷𝑰𝑰)

Implicit 𝒛(𝒙) function, 

explicit energy 

Implicit energy, 

explicit 𝒛(𝒙) function



Potentials with Jacobi polynomials: 
Searching for potentials with explicit energy term
• Based on the system of equations, we can ask the question whether we can obtain 

explicit energy expressions in this framework:

• In the 𝑝𝐼 ≠ 0 case:

• If we have an explicit expression for 𝜔 𝑆𝐼 , 𝑆𝐼𝐼 , 𝑛 , we obtain explicit expression for 𝐸𝑛



Potentials with Jacobi polynomials: 
Searching for potentials with explicit energy term
• 𝑆𝐼𝐼 is quartic in 𝜔 → solvable quartic equation:

• Matching the terms gives us an other equation-system

• What are the variables, what are the fix parameters?          

• Setting the 𝒑𝒊 parameters         gives back the explicit energy expressions

• Setting the parameters of 𝝎          given 𝝎 with different 𝒑𝒊, non-trivial isospectral potential pairs 
(SUSYQM???)



Basics of SUSYQM

• The most wildy used model of supersymmetric quantum mechanics is the N=2 SUSYQM, 
which define the following sl(1/1) superalgebra between the so called supersymmetric 

Hamiltonian ℋ and the supersymmetric charge operators 𝑸 and 𝑸†:

• The realization of this this superalgebra usually given in terms of 2x2 matrices:

• Therefore, the supersymmetric Hamiltonian has the form:

SUSYQM ≠/⊈/∉ SUSY

Just „stole” the terminology

based on the math. construction



Basics of SUSYQM

• In the literature 𝑯− and 𝑯+ operators are referred as the „bosonic” and „fermionic” 
Hamiltonian, and called supersymmetric partners. 

• Therefore the general basis states have two components, representing the „bosonic” 
and „fermionic” sectors, and these sectors are connected by the charge operators:

• We can recover the one-dimensional Schrödinger equation for the supersymmetric partners with 
the following:

• Therefore the Hamiltonains recover the canonical form:



Basics of SUSYQM

• The partnerpotentials can be expressed with the „superpotetial” 𝑾 𝒙 :
• Based on the underlying symmetry, the two Hamiltonian has the same energy spectra:

• And the eigenfunctions are connected by:

• In the case, when 𝑨 𝝍− 𝒙 = 𝟎, the zero-energy level will miss from the specta of 𝑯+: 

Mathematical description:

Jean-Gaston Darboux 1882



Basics of SUSYQM

• One can generate SUSY partner potentials even from non-physical, nodeless solution of 𝐻−:

• We can define a corresponding superpotential:

• And the two partner potetntials:

𝝐 = 𝟎 𝝐 ≠ 𝟎𝜒(𝑥) = 𝜓0− (𝑥) 𝜒 𝑥 ≠ 𝜓0− (𝑥)𝐴𝜒 𝑥 = 0 𝑄Ψ = 0 𝐴𝜒 𝑥 ≠ 0 𝑄Ψ ≠ qΨ
„SUSY is Unbroken” „SUSY is Broken”



Basics of SUSYQM
• Four possible transformations:

• Unbroken SUSY → Shift in the 𝑽+ spectra

• Broken SUSY → Same energy spectrums

𝑻i 𝑻𝟏 𝑻2 𝑻3 𝑻4𝝐 𝝐 = 𝑬𝟎(−) 𝝐 < 𝑬𝟎(−) 𝝐 < 𝑬𝟎(−) 𝝐 < 𝑬𝟎(−)𝐥𝐢𝐦𝒙→𝒙− 𝝌(𝒙) convergent divergent convergent divergent𝐥𝐢𝐦𝒙→𝒙+ 𝝌(𝒙) convergent divergent divergent convergent𝑽+ spectrum 

modification

Deletes 

ground state

Adds new 

ground state
none none



SUSY partners in the 𝑷𝑰 and the extended 
potential classes
• Particular form of 𝝌(𝒙):

• The super- and partnerpotentials depend on the parameters

• Matching 𝑉−(𝑥) with the general PI type potentials 𝑉(𝛼, 𝛽, 𝑥) or their rationally 

extended version ෨𝑉 𝛼, 𝛽, 𝑥
Shape-invariance of 𝑷𝑰

Shape-invariance of the 

extended 𝑷𝑰



SUSY partners in the 𝑷𝑰 and the extended 
potential classes
• 𝑷𝑰 potential class:

• Rationally extended version:

 𝑿𝟏 type exceptional Jacobi polynomials:



SUSY partners in the 𝑷𝑰 and the extended 
potential classes



SUSY partners in the 𝑷𝑰 and the extended 
potential classes
• Result: A network of SUSQM transformations inside and between shape invariant 

potentials



Classification of „exactly solvable” potentials

• The classification scheme naturally emerges from the two framworks:

• Natanzon-class potentials: 6 parameters, generated from hypergeometric functions (Jacobi-

polynomial→ 𝑃𝑖 pot. classes)

• Confluent Natanzon-class potentials: 6 parameters, generated from hypergeometric functions 

(generalised Laguerre-polynomial, Hermite-polynomials)

• Shape-invariant potentials: Subclasses of the Natanzon- and confluent Natanzon-class potentials, 

closed for SUSYQM transformations

• Further potentials correspond to exceptional orthogonal polynomials (can be originated form the 

confluent Heun-function)

• Other investigations:

• Jacobi polynomials  generalised Laguerre-polynomials: radial harmonic oscillator L𝑰 , Coulomb 
potential LII , Morse potential LIII

• Mapping other sectors with SUSYQM



Classification of „exactly solvable” potentials: 
Further relations
Jeffry V. Mallow, Asim Gangopadhyaya, Jonathan Bougie, and Constantin Rasinariu. Inter-relations 

between additive shape invariant superpotentials. Physics Letters A,384(6):126129, 2020
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