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Axial current and chiral symmetry (contd.)

Spontaneous breaking of axial part of chiral symmetry =
Goldstone bosons 7, (one per broken generator), coupled to axial current

(0|AL(0)|mp) = ip*fap fap : constants

(0|AL(0)|mp) = ip*frdap  if vector symmetry (isospin) unbroken
fz: pion decay constant, real (T invariance), [f;] = [m]

(010, AL(0) me) = (—)puip" fxdap = M2 Fudas
PCAC hypothesis: generalise to an operator relation
8#’4/;()() = fﬂmi(ba(x)
¢a: pion fields (mass dimension 1), ¢+ = ¢1 + i
(ma|#p(0)|0) = Gap  (m3|3(0)[0) =1 (ms = mi’“l(z>i 0) =1
QCD perspective: Ward identity for AL in terms of effective mesonic field
BMAI;(X) = 2myqPa(x) Py = CI’YSE"’CI

myq = My = My
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Pion decays: leptonic decays of charged pions

Purely leptonic decays
Tt =0Ty, A A7)
JP = 0~ (pseudoscalars) = pion leptonic decay mediated by axial current
OVE7*) =0  (0|AL|x*) = iv2f.p"
Fixed by Lorentz invariance, f dim=1 real (T: 2-family approx.) const.,

same for 7% (isospin, or CP away from iso limit)
Normalisation: (0|AY|7;) = ifzd;p* so (0|A4|r0) = if.p* and

(1A% ) = (0JAT T iA | P2) = 5 ((01A] |m1) + (0| A5|m2)) = ifv/2p"

1
vl
Choice of signs from isospin conservation, A" = dO/'u and A} = LO/'d
coupled to 7,O}'¢ and (O,

Quark model perspective: 7t = du, 7~ = @d, annihilated by A* = a(’)fu and AY = 1O}'d;

|7+) = —|I =1, 5 = 1) in Condon-Shortley convention
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Pion decays: leptonic decays of charged pions (contd.)

Focus on 7™ — ¢* v, (same width for 7= — ¢~ iy from CP)
Mg = — 35 cosbc V2 ploy (CT 1| (2:01,,0)(0)]0)
(Feynman rules) = —iG cos f¢ fﬂpé‘ﬂ)ﬂ(y)fyu(l - ’75)V(g)
(momentum cons.) = —iG cos fc fxTig,) (P, + Pp))(1 = 7°)ve)
(Dirac eq.) = —iG cos ¢ fr T, (1 + 75)p(£) ()

(Dirac eq.) = G cosf¢ fﬁmgL_l(V)(l + ’YS)V(E)
Squaring

’Mﬁ’2 = G? cos® Oc f,rsz L_l(,/)(l + ’yS)V(Z)V(g)(l — ’)/S)U(V)
Summing over £ spins
5
(IMa[2) = G2 cos? 6 F2m? tr (B, — mA)(1 — 2°)p,, 55 (1 +°)
= G2 cos?® ¢ F2m3 2tr (P(e) - mz)p(y)(l +7°)

— (2 rne2 2 2 — 22 rnc2 2,2 .
=2G* cos” O¢ f-mj tr p(e)p(y) =8G~cos” Oc frmj puy - Pv)
September 23, 2020

3/ 14



Pion decays: leptonic decays of charged pions (contd.)

P(x) = P(e) + Py = m72r = mf + 2pg) - Py = m72r - mf =2p@) - P)

(IMg|?) = 4G? cos?O¢ £2mZ(m2 — m?)
Isotropic (expected from JW:O)' energies fixed (2—body decay) = constant

[ — f dr = f do2 |Mﬁ| ) _ |Mﬁ| f do2 <<|Mﬁ| >>¢(2)

m

d3 d3p,
do®) = (2m)**) (p(r) P(e)—P(u))(zﬂ%(zw)ﬁ(z)Eu

) Lorentz invariant, work in pion rest frame

Ppyy o Ppe B, P,
o= o 9B R 6= £~ o

mﬂ_EZ_EV)

- (47r)

_ 1 d 2
i Jo Hp/;mszp 6(mz — 1/ mj + p> — /mj + p?)
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Pion decays: leptonic decays of charged pions (contd.)

—\/m? + p? = /m2 + p?) £)0(p—pi) = E225(p — p.)

px: magnitude of spatial momentum of final particles

ﬂ—\/m,%+p2=\/m§+P2
m2 — 2mg\/m2 + p2 + m? + p* = m? + p?
m72r—|—ml2,—m§:2mﬂ/m,%+p2

(m2 + mj, — m7)? = 4mZ(m}, + p?)

Always squaring positive quantities = equivalent equations

o _ (matmi—mp)? 5 [mi—(my+ meP][mZ — (my — my)’]

pe = —m‘ =
* 4m2 v 4m2
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Pion decays: leptonic decays of charged pions (contd.)

Phase space volume:

1 [ dpp® EE p
¢(2):4/ FE 0P —p) =
T Jo ¢Cy pmg 47Tm71-
Set m, =0 ,
2 2 2 2
2 _ [ My—my 2 _ My — My
=) =¥ =—"
P < 2m, ) 8m2
Total width:
1 m2 — m?
— 4G2 2 0 f2 2 2 2 T 4
o467 cos” I 2mi (2 — ) T
G2cos?Oc f2m;, 5, 5 G2cos?fc f? ) m2\
= 2 M (2 ) = S e (1
Tm; 47 mz

=T (my) suppressed
@ my ~ m;: threshold effect due to the limited available phase space
@ my ~ 0: dynamical effect due to definite handedness of the current
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Pion decays: leptonic decays of charged pions (contd.)

Suppression of decay into light charged leptons:

@ for very light lepton helicity almost good quantum number, and
almost only left-handed leptons and right-handed antileptons appear

e J, =0,p, =0 = opposite £* /v, spins and momenta in final state =
same helicity but v, L-handed, /* R-handed = suppression

@ vanishes exactly if my =0

Dominant decay mode 7" — p" v, instead of 77 — e™ v, available
despite limited phase space

2 2 2\ 2
r7l'+—)e+l/e _<me> (mﬂ'_me> N1210—4
- 2 2 -
Crt st v, my ms —m
my+ = 140MeV, m, = 106 MeV, m, = 0.5 MeV
—— T



Pion beta decay

Three-body decay

at 5 a0 et Ve

P1 = p2 + P(e) + P(v)

What about 7+ — 70 uF 1,7

Mg = — G5 cosOc(n°|(dO}u)(0)|r*) {e* vel (7eOL.e)(0)]0)

= — 55 cosOc (| V2|7 ) ) () )1u(L = Y )v(e) (P(e))
Only vector current contributes (no axial vector is available)
(T VE ) = ()P + £ (a%) "

p=p1tp2,q9g=p1—p2

form factors fi: dim.less real (T inv.) functions of g% (q- p = mfr+ — mio, p>=q?>+4q-p)

In the isospin limit conservation of the vector current implies
0= q,u<770| Vﬁ|7r+>|iso - quf(q2)|iso = ff(q2)|iso =0
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Pion beta decay (contd.)

Expand in s. breaking parameter A=m,+ —m_0#0 (otherwise no decay!)
F(07) = (@)l + £ (@) iso & + O(8%) = £ (@) 1o & + O(2?)
Small momentum transfer and little phase space available due to small A
= (p1— p2)> =2(p7 + p3) — (p1 + p2)* = 2(m2s + M%) — (p1 + p2)°
< 2(m72r+ + m72r0) - (m7r4r + m7r0)2 = (mﬁ+ - mﬂ'o)2 = Az
To leading order: neglect f_ and take f constant
£g'=0(82), £(q?) = £(0) + FL0) + ... = £(0) + O(A?)
Transition within isomultiplet — governed by weak charge Quw/(/, 3)
I=115=1104=0 Qw(l,k)=+/II+1)—h(h+1)
<W0’V9(0)‘ﬂ' >’1$0 G=0 — 2pl QW(l 0) = 2P f
f+(q )|isop lg—0 = f+(0)liso 2Pl = 1(0)]iso = V2
Also f+(0) = f+(0)|is0 + O(A2)
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Pion beta decay (contd.)

(7O VEt) = £, (0)]iso P + O(B2) = V2" + O(12)
To next-to-leading order in A we thus have

Mg = —\% cos QC\ﬁp“Tl(y)’m(l — 75)v(e)

= —G cos Ocp" Ty vu(1 — 7°)V(e)
IMg|? = G?cos® Ocp"p" Uy vu(1 — V°IVe) Vi) 1w (1 — 7°) )
(M) = G2 cos? cp” ptr (1 = 7°) (B — me) (1 = 7°)p,) 5
= 2G2cos® fcptpitr (1 + 75)7H(p(e) - me)’y,,p(y)
= 2G?cos® Ocptptr (1 + ’YS)’YMP(e)’Yup(V)
= 8G? cos” Ocp" p” [P(e)uPvyw + Pley Py — M (Ple) * Pw))
~ iguavsPle) Pl

=8G2cos’ Oc [2(p p(e)) (P () = P*(Ple) - Pw))]
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Pion beta decay (contd.)

Differential decay width (with [...] exact up to O(A?))
4G?cos? )
dr = TC 2(p - Pe)) (P~ Puy) — PP(P(e) - P(vy)] A,
4G? cos? ¢ d3py
_ WV _ «
r ms (21)32E, P"P"[2Z,(q) — 1w I(q)]

General two-body integral for particles X »

% (q )*/ Qxl/ d2 (2m)*6*) (g — g1 — @2) qra G258 = A2 nap + BX12q0 g

For X; = et and X = ve, and ¢°> = (p1 — p2)% =

(P(e+) + Pv))? = m3 timelike

Y oy e
P £0- B2 - () 0o )

Contracting with p*p”

Q = PP 2L (@)1 L)) = 2 (12 ) { () (14222 -

2

14 e
q2 ( +2q2
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Pion beta decay (contd.)

Lorentz invariants: setting 2m = m,+ + m_o
q2 = m72T+ + mfro —2mp B =w? >0
p> = m727+ + mfro +2me By = ¢ + 4my By

qop:mf,+—m72r0:2mA

Q depends only on E;, not on the angular variables

d3
47 P2max dP2P2 _ Ermax 2 2
/(2#)32E 20277 Jo 27r 2 fEme dEz\/E5 — m,
_mdmio =g
E2 - 2m7{+
2 _p2_ o mlitmio—q’ o [miy—(muotw)’ ][m7+—(m,,o—W)2]
ps =By —miy = —mp e - mi, = e

[m +—m_o—w][m +4+m_o+w][m +—m_o+w] [mfrJr +m_o—w]
am?

_ [A—uw] [2m+w][A+w] 2m—w] _ [A 2 _?[4m? —w?]

- 4m? . 4mf\_4r

PP =2m? + m2) —w? = 4(m? + (5)7) —w? = 4m? + A% - W2
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Pion beta decay (contd.)

Change integration variable to more convenient w

Wmin = qﬁlin = Mme Wmax = qrznax =A 2wdw = —2m_+dEy

d°p2 1 £ 2 2 2 2
/(27r)32E2 — (27T)22m72r+ /me dww\/[A — w?][4m? — w?]

0ok 1 ) (om0 (142 (om0 -7 (14 55) )

Rescale w — Aw

/ (z:;fzzgﬁ(zﬁzz / dwwy/[L—w2][L — 27 ?],
0= &5 (1) { (1 388) - (e ) 2 (1108
i
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Pion beta decay (contd.)

67'['3 m+ m,

A

2 2 5 3 r1
r o Socos fed ( m ) [, dowy/li=wlit - 7 w210w)

Set e = m2/A?2, drop orders of A/m higher than O(A/m)

G2 cos? O A° 3A
r = —671'3 (1 — %) K(E)

K(E):/\/lgdww(l—w%)z{(1—1—0275)—w2 (14 %) b~ 20 52)

Total width (correct to O(%) and O(Z—%))

r_GzcoszecAE’ 1_% 1—5 _ G2cos?0cA® 1_%_5m_§
N 673 2m J\ 5 N 3073 2m T A2
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