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@ main muon decay mode:
[ e e,
e relevant current product: j(W7T . j(e)
M = =55 (e (k,52) el 1) vu(@2)] (74 (0)OF 1(0) ) (2(0)O1a ve(0) ) 1™ (p 50))

Use momentum space Feynman rules =

ampl.: Mg = [u(”“)(qz)OLu )(p, s,)1[E8) (K, 50)OLav ) (q1)]
n
) e N
prob.: IMsg|? = %[E(Vu)(’)? u(] @) @fu(m)][t—,(e)@mV(ve)][p(ue)@wu(e)]

:%Ztr[u(”u)[l(l’u)(g? (w) (“)(’)B]tr[v v ) g0, 50D u P 0,,]
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Unpolarised muons, electron spin not measured

Sum over electron spin and average over muon spin

dosus(P)us(B) =p+m > vs(B)Vs(B) =p—m
Massless, definite-handedness particles

SN (o 5 = 5

up(P)is(P) = pr5-  va(P)va(P) = pH-

First factor (second factor analogous):

>, tr [u) T Of T O] = tr g21+7 O (p + m,)O]

1495 _ 1445 1-—5 1—°\2
N e G L

(Mal?) = 3 [Mal? = S te[g,08(p + m) O Ttr [d, Ors(K + me)OLal

S}L »Se
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Unpolarised muons, electron spin not measured (contd.)

Terms proportional fermion masses drop (o< odd number of ~s)
2
(M) = § tr[4,07 pOLltr [4, OLsKOLa]
2
=S tr[g,7"(1 = *)py (1 = 42)Itr [¢,75(1 — 2°) Kra(l — 2°)]
2
= G 4tr[g,7 Py (1 = ) [g, 75K (L = 7°)]
Trace identities:
tr ,yu,yafyv,yﬁ — 4("7’“177”5 _ nuvnaﬁ + nuﬁnva) = gSHovp
e e
gravB totally antisymmetric tensor, €912 =1
Crossed terms drop (symmetries of tensors)

2 . .
(IMa?) = G 43(SHP — iet*"P)(Spacs — i€ psoa) douPy s K
— 3262(5“a”55pag5 + s”o‘yﬁepwg)qzupyqfk”
More identities:
Suayﬁspaaﬁ =2 ((WU(SVP + (WP(SVU) guaVﬁganB =2 (&LU(SVP - (wpéya)
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Unpolarised muons, electron spin not measured (contd.)
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Unpolarised muons, electron spin not measured (contd.)

Amplitude square summed over spins:

(I Ma[?) = 1286%0",6" ,q2upuqT K = 128G2(p - q1)(k - G2)

Averaging muon spin — factor 1/(2s +1) =1/2
Differential decay width in the muon rest frame

1 (|Ma[*) _ 3267 (3)
omy 2 S dol m — (P q1)(k- g2)d®

dl = —

Phase-space element:

&Pk dBq &
. ana 1 q2
do®) = 27)*®(p— k — g1 — CIZ)(27T)3QE (27)32wy (27)32wn

Electron energy E = k® = /k2 + m?
Neutrino energies w; = q° = ||

Neutrinos not detected, only electron — integrate over neutrino momenta
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Unpolarised muons, electron spin not measured (contd.)

G? d%k ok d?
df = o 5 Pk ﬁ/ S 5( (p— k- a1 — 2)q10025
1

G Bk
_8m 5 E

“Kklap(p — k)
lnp(q): symmetric tensor, mass dimension 2, built out of g

lag(a) = [ Sl i < G2 6W(q - g1 — @2)q1aa25 = AG*ap + Bdags
n"ﬂ’aﬁ(CI) = P(4A+B) = [ L8 [ £20(q—a - @) o =$C
40 1ap(a) = (@) (A+ B) = [ L8[ £2 6(q — a1 — a2) (- @2)? = FC
C=f%‘1“f%‘f5(4)(q—q1—q2) A=§ B=¢
C L-invariant, g = q1+q> t-like — use frame where § = 0 (CM of v,-De system)

c=/J dwi“ /e G2 6(q° w1 —w2)dCN(G + G2) = 5 [dQ [ dwlwl 5(3q° —w1) =27

log(q) = (q Nag + 2qaqs)

Matteo Giordano (ELTE) Weak Interactions September 16, 2020 5/19



Unpolarised muons, electron spin not measured (contd.)

dr = E;rrc;j;(pl_'—'kpakﬁg ((p = k)*nap +2(p — k)alp — k)5)
- 485:7r4dzk((p—k)2p-k+2p'(P—k)k‘(P—k))
- 485jﬂr“dzk((192+/<2_2p-k)p-/<—2(pz—/o'/<)(/<2—P"<))
- 48527#‘(1;[{ (3(p* + K*)p -k —4(p - k)? — 2p*K?)
= 485:7r4d;k (3(’",3 +mZ)m,E — 4(m,E)? — 2mﬁm§)

Approximations:
o me < my = m2/(mE) < me/m, <1
e electron ultrarelativistic me/E < 1
= neglect m? in the first term, last term altogether
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Unpolarised muons, electron spin not measured (contd.)

G2 Pk ,
dr—W?(P'k)(3P —4(p-k))
G2 Pk
- 9K 2E(Bm, - 4E
a8mys £ MnEBmu—4E)

Integrate over e direction: d*k — 4nk’dk = 4rkEdE
G’m
dr = 2 (3m, — 4E) Ey/E2 — m2 dE

:szﬁ 3_ 2E (ﬂ)3 E E 2_ me 2 dE
1273 my, /2 2/ m,/2 my, /2 m,/2) m,/2
G2m5

m
9673

(3 — 2¢) 2de

e=g— €[0,1], Enax = %, term (’)((%)2) neglected in the square root
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Unpolarised muons, electron spin not measured (contd.)

0 0.2 0.4 0.6 08 1

Total width:

G?’m?
"= S f*»/d6 32t = 1927r3

= extract G from muon lifetime (after including EM radiative corrections)

Energy distribution:
1dlr
S — = (6—4¢)e?
I de
~e > 20 in more than 98% of cases — ultrarel. assumption justified
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Polarised muons

Fermion of mass m, definite positive spin in direction 77 in its rest frame
- 1 5
u(p,s)a(p,s) = (p+ m)%ﬁ
Slrest frame — (O,ﬁ) s = (n-p ﬁ‘+ B(77-B) )

Spacelike s = —fj2=—land s-p=0

Square amplitude for fixed spins:

IMal® = § Ftr[g,00(p + m)(L+°8,)07 1t [¢, Ous(k + me)(1 +7°5,) O]

= Strlg, (P + mu) (1 +%,)7° (1 = 4°)ted, 75 (K + me) (1 + 78 )7a(1 —7°)]

o (E7+ 9B e (S04 L)

o (IMg?) =4 lim |Mg|? (= summing over s, )
Sp,e—0
@ partially polarised muons: average over 7j with some prob. distr.,

s linear in 77 = s(77) — s({77)) =3, withs-p=0, -1 <52 <0
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Polarised muons (contd.)

First factor (same applies to the second)

tr g,y (B + mu)(1+7°8,) 77 (1=9°)] = tr (g7 (p+7°mps )77 (1-9°)]

only odd n. of v contribute

= replace (p+mu)(1+75#u)_>P + 75mu>¢u

tr[d,y*7%#, 7 (1=77)] = trlg, 8,7 (1=77)] = —rld, 78,77 (1—7°)]

= replace p — %(p — mys,) and k — %(k — mese) in {{|Mg|?)

[Ma|* = 32G[(p — mus,) - @ull(k — mese) - o]

1 2ge3) 166G . _ . 3)
dr = 5 |Mg|“dd™ = [(p — musy) - q1][(k — mese) - q2]d®
my, my,
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Polarised muons (contd.)

Integrating over undetected neutrinos

G? dk

_ _ aff B _
G? d%k )

= 96m#7r4 E [(p - k) (p - mﬂsﬂ) ’ (k - mese)

+2(p—k)- (p— musu) (p — k) - (k — mese)]
Set p = p — ms,, l?:k—mese

[.]=(p—k)’B-k+2(p—k)-p(p—k)-k

= (p—k)*(p-k—mps,-k)+2[(p—k)-p+mys,- k] (p-k—K?)

= (p-k)(p—k)>+2(p—k)-pl=my[(p—k)?su - k—2(p-k—Kk*)s.- K] =2k (p—k)-p

= (p-k)(3p* —4p-k+k*)—mp[(p* —2p-k+Kk?)s,-k—2p-ks, - k+2k>s,, - k] —2k>(p* — p-k)

my, > me = neglect k?=m? vs. p2:mi, p-k=Em,, p-l}:mM(E—f-/_(‘)
[ 1= (p- kY302 — 4p- k) — mul(p* — 2 K)s, -k — 2p- ks, - K]
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Polarised muons (contd.)

© If we sum over the electron spin states (unobserved e polarisation)
[.]———2][(p- k)(3p* —4p - k) — mys, - k(p* — 4p - k)]

sum Over Se
G2 2 = mlA
I = ik [(3mu — 4m,E) + myij- ik (m2 — 4muE)]
Going over to € and neglecting powers of me/m,, we find

G2 5 dQ

dlr = 2 1-2¢))d
96,3 L(3—2e+177-7( £)) dee? .
G2 5 )
= 1993 £ (3 —2e 4 cosf (1 — 2¢)) des*d cos 0

=T (3—2c+ (1 —2¢)cosh)e’ded cosf.
Integrating over energies = angular distribution of the electron
1 dr !
- :/ dee? (3 — 2+ (1 —2¢)cosf) = 1 (1 — L cosb)
0

Idcosf
Experimentally observed [Garwin et al. (1957)]

Matteo Giordano (ELTE) Weak Interactions September 16, 2020 12 /19




Polarised muons (contd.)

@ If we do not sum over but instead observe the electron spin

—

MeSe = (5 Ea meg'i_ E ok

E+;e> ~ E((-A) (1,7) ~ (C-A)k = k ~ (1-C-R)k

ultrarelativistic electron E > m,

] (1= i) {(p- KNP — 4P+ k) — s, K(p® — 4p - )}

—

= just multiply the spin-unobserved case by %(1 — (- A)

» Q
dF:F(l—C-ﬁ)(3—25-|—ﬁ-ﬁ(l—2s))d5z—:2i:—7r
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Antimuon decay

Main mode pt — et ve i,
My = S [7(p, 5,) 0V (@[50 (1) Ouav') (k. 5]

Decay widths obtain from muon widths via

1+v 1+ 1+
(p+m) == (p = m) 5 (ke mo) HgEe o (k= mo)
= p— mus,—p+ m,s, =>k—mese—>k+mese
=n—-n = (—=—C

Phase-space element unchanged

R dQ
. R 2
dr,- =T(1—=¢-A)(3—2e+17- (1 —2¢))dee =

. Q
dl = F(1-|-C-/’7’)(3—25—77-/’7’(1—25))d£—:52;{—7T
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Qualitative discussion

© Muon mass dependence [ mz for dimensional reasons
M= muF(Gmi,me/mu)
» F dimensionless
> F(Gmu,me/m# < 1)~ F(Gm ,0)
» F=0(G?
= [~ mHF(Gme,O) o~ mH(Gmi)zFo
@ dl = break P and C but not CP
dr,=(n,1,¢) - dr
dr,=(#,17,¢) ? dr
dr = (7,7, C) = dTu= (777 ¢)
= different angular distributions of e* (final spins summed over)
Facstle =2 (1—3cost) . F5&ple =3 (1+ 3cos0)
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Qualitative discussion (contd.)

@ Breaking of parity can be inferred from the fact that unpolarised
muon decay produces polarised electrons (¢ || k as demanded by
rotation invariance)

[ & unpol. -
Se obs.

dr 1-C-R dQ
# (3—2¢) d£524—

™

@ Factor (1 — f i) suppresses high-energy electrons with f I k (same
direction and orientation): consequence of chiral coupling of charged
currents (suppresses massless particles with positive helicity) and of
high—energy particle ~ massless

© e angular asymmetry consequence of angular momentum
conservation and of fixed helicity of v/U
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Qualitative discussion (contd.)

- >
poem> ?% DR T .
> 4 >

Ve

T\Il{}

@ e~ 1 (p—k)?~m’—2m,E ~0, q1- g2 = wiwp(1 — cos,) ~ 0,
phase space suppresses low ws 2 (‘zj" = dQ;dw;w;) = cosb, ~1
> neutrino and the antineutrino momenta are parallel
» their helicities add up to zero in the direction of their motion
» electron momentum opposite to v/, negative helicity (high-energy
limit + chirality of coupling)
= e emitted in the direction opposite to the muon spin
@ low energy limit k ~ 0:
» v/ travel in opposite directions
> spins add up to 1 along momentum of ¥
> electron spin opposite to muon spin, parallel to ¥ momentum +
negative helicity favoured by chiral coupling

= e emitted in the direction of muon spin
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Strangeness-conserving semileptonic processes

Semileptonic processes with AS = 0 governed by

oL = —% cos Oc(10¢d)Jjo + h.c.
Amplitude We ignore heavy quarks b and t

Mg = —\% cosOc(H*Ly + H*L,)

H® = (he| (@O d)(0)hi) L = (£¢|JF*(0)]6:)
H® = (he|(@OFd)(0)[h) L% = (£e|J(0)7|¢7)
Initial /final hadronic states h; ¢, initial /final leptonic states ¢; ¢
Lowest-order perturbation theory
Only one of the terms in Mg can be # 0, depending on h; ¢, ¢; :
e uOd: electric charge Q = +1, isospin /3 = +1, hypercharge Y =0
@ dOfu: electric charge Q = —1, isospin /3 = —1, hypercharge Y =0
Drop the tilde in the following
Exact form H® not known, use symmetry to constrain them = depend on
few phenomenological parameters (related by strong int. symmetries)
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Isotopic spin (isospin) invariance

Up and down quark form an isospin doublet

_(u
7= \d
Exact SU(2); symmetry if m, = my

Relevant charged weak currents uOf'd, <_J’(’)°‘u part of the isovector triplet

j“—qO q—qv Eq gy >
V4" (Lorentz) vector-isovector, Ah: (Lorentz) axial vector-isovector

T,: Pauli matrices (generators of SU(2),, standard notation)

Tg= vy A

uo)d = J¢ —q(’) q—V“ Al
d(’)”u—j“:q(’) q—V“ A"

o - 0 2 (00
T+ =T1E£IT =10 o =159
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