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Higgs mechanism: G = SO(2) ~ U(1) (contd.)

In unitarity gauge the spectrum of the theory is manifest: the gauge-fixed
Lagrangian can be quantised without the appearance of unphysical modes,
the particle content is transparent

S0(2) point of view: doublet of real fields ¢ = ()
Vacuum /gauge choice: ¢g = (8) o= (agn) = ¢o+ ¢
Using SO(2) generator T = (_01 é): ¢T Tdo = i Tjjoj =0

Counting of degrees of freedom:

before after

2 real scalars n,0=2 1 real scalar n=1

1 massless vector A, =2 1 massive vector B,=3
—4 —4

Nothing got lost!
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Higgs mechanism: G = SU(2)

Doublet of complex scalar fields 1) coupled to SU(2) gauge fields
L=—%F2 Fo + (D) (DFp) — Moy — %) A >0

F3, = 0,As — 0,A% + geancALAS, D=0, —igAl%  a=1,2,3

a

Ground state: A, = Az%a =0, ¢$¢0 = a?; choose g = (0)

0%(x) 0

Most general field configuration: i(x) = €' = 2 <a +07](x>

SE

@ real fluctuation 7 around the vacuum g
@ SU(2) rotation parameterised by three real fields 6°

Gauge fixing to unitarity gauge:
set Y1 = 0, ¥» € R with gauge transformation Q(x) € SU(2)

(%) = Q(x)¢(x)
AL(x) = Qx)AL()2x)T = £(9.2(x))Q(x)"

.07(x) o2
— o
Q(X) = e a 2
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Higgs mechanism: G = SU(2) (contd.)

(D) (D)

2 O\ Al Al 0
+&g (O,a—i—"(ﬂ))AuA”(a_i_n\%))

Middle term vanishes: contributions of Aﬁ’zglv2 identically zero,
contributions of Aﬁ’a3 cancel out

I Al 1 plaptbp _a_b __ 1 pla plbp sab r.abc _c\ _ 1 pla plap
ALAR = LA A GG = LA At (§2b 4 jeabe ey = 1 a2A

IT woy 1 m g2 Ia plap T](X) 2
= (D) (D"Y') = 50,m0"'n + 5 AJA (a—i_W)
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Higgs mechanism: G = SU(2) (contd.)

Gauge-fixed Lagrangian (dropping the primes)
L _ 1Fa Fa;w 18 8” g2 AaAau n(x) 2 )\772 2 n 2
UG = =M™ +30:mo0mn + F Ay, (3+W) - 7(3+\ﬁ)

@ read off degrees of freedom from the quadratic part, transparent in
unitarity gauge
@ one real massive scalar 1 with mass m,, = 2av/\

o three massive vectors AS with mass ma = %

@ SU(2) symmetry completely broken, all gauge bosons acquire a mass

@ none of the would-be massless modes 6° in the physical spectrum,
absorbed as longitudinal component of massive vector fields
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Higgs mechanism: G = SU(2) (contd.)

In terms of a quartet of real scalars (b (gbl, 03, 02, Pa), gauge group

_ a _ a
representation built out of generators ° with j¥@ = (Ime Reo
Reo —Imo

Vacuum ¢ and fluctuations ¢ around vacuum in unitarity gauge
¢0:(0,3,0,0) (b \f(o 7770 0)

Unitarity gauge condition: <Z~>TIZ"”¢>O =0 a=12,3
Same as request that Goldstone modes be zero

Counting of degrees of freedom:

before after
4 real scalars n,0° =4 1 real scalar n=
3 massless vectors AL =6 3 massive vectors AL =9
=10 =10
Match before and after symmetry breaking
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Higgs mechanism: G = SO(3)

SU(2) with triplet of adjoint scalars &~ SO(3) with triplet of fundamental
real scalars ¢;, i =1,2,3

L=—%F3F + (D) (D*¢) — Mo = N> A>0

Dy=0,—ighiT* a=1,23 (T)pe = —icape
Orthogonal representation (T2)7 = —T2
Vacuum configuration: AL =0, ¢; = Noj3

Most general configuration:

o(x) = ei(al(x)TlJr"z(X)Tz)( o )) = U(x)( 0 ) = U(x)v(x)

A+ n(x A+ n(x)

o No term proportional to T3 since rotations around 3 leave v(x)
invariant ~ SO(2) stability group transformations

e Symmetry breaking pattern SO(3)— SO(2)
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Higgs mechanism: G = SO(3) (contd.)

Unitarity gauge: ¢ — ¢/ = U7 ¢, A7 accordingly
Dropping primes, ¢, = 0,303
(Dud) T (D*) = 0,07 ¢ + ighi (¢ T20"¢ — 99T T?¢)
+ ngZAbMQbT TaquZS
(6T T20"p — 06T T29) = Ti(6°0" 6 — 9¢°¢°)
= TH(#*0" 6 — 0"¢°¢%) =0
¢TTaTb¢ ( 3) (TaTb) = _(¢3) €a3mEbm3
= (¢3)*(82p033 — 0230p3)

(Due) " (D*) = 8undtn + g*(N+n)*(ALAY + AL A%)
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Higgs mechanism: G = SO(3) (contd.)

Lagrangian in unitarity gauge
Lug = L0,md"n— NP (2A+1)2 = LF2, Fo 4 £ (A4 7)2(AL AW 4 A2 A2

@ only two of the gauge fields acquire a mass m; > = g/
° Az remains massless, corresponding to T3 not broken by the vacuum

@ remaining scalar field also massive, m,, = 2Av/2\

Counting degrees of freedom:

before after

3 real scalars n,60%% =3 1 real scalar n=1

3 massless vectors Allj2’3 =6 2 massive vectors Allﬁ =6
1 massless vector Az =

Match before and after symmetry breaking
November 5, 2020 8 / 12



Spontaneously broken gauge theories: Higgs mechanism

General case: gauge theory with gauge group G, dimG = n, and a set of

scalar fields + Mexican-hat type potential that break G down to H,
dimH = n’

@ When G only global symmetry = n — n’ massless Goldstone bosons

@ When G is local

» the n’ gauge bosons corresponding to the generators of H remain
massless

» the n — n’ gauge bosons corresponding to the broken generators
acquire a mass

» no massless scalars (Goldstone bosons) appear in the spectrum

Relevant part of most general Lagrangian of interest:
L= —3Fi,F" +(Du0) " (D"6) = %(9)

U (p) > 0, ¢ real scalars
Real representation, D, = 9, — igA;, T? with iT? real antisymmetric
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Higgs mechanism

Assume J¢pg # 0 s.t. % (¢o) =0
@ build vacuum manifold M = {G¢o} (assume M is a single G-orbit)
o identify the stability group H, Hpg = ¢g

Set ¢ = ¢g + ¢ and impose unitarity gauge condition on fluctuations ¢

$iTidoj =0 a=n'+1,...,n

{T? | a=1,...,n} generators of algebra of G
{T?| a=1,...,n"} generators of algebra of H

Condition trivially satisfied fora=1,...,n’

Gauge condition amounts to setting would-be Goldstone modes to zero
One has to show that it is an admissible gauge condition: see [Weinberg (1995)]

Gauge fixed Lagrangian contains

(Do) (D¢) = Dui0"bi — igA%(0" i Tk — bi Ti0"dx)
+8%¢i( T2 TP) o AL AP
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Higgs mechanism (contd.)

Using unitarity gauge condition

OMoi Tidk — i TR0 o

= 0"($i Tidok — boi Tadk) + 0" i Tidi — i T0" i

= 0" Tk — ¢i T3 0" Pk
= cubic interaction term @A
Quadratic part:

(Du8) T (D" ) |quadratic part = 0ui0"$i + 82601 T2 T°);i0; A% AP
Contains a mass term for the gauge fields, mass matrix
M2, = g260i( T T");60; = —g%(T¢0, T 0)

(v,w) = Z,- ViWwi
M? is positive-definite: since Vv, € R the matrix igv, T? is real

Vavp M2, = (igva T o, igvs T o) > 0

Since T?¢pg=0fora=1,...,n", M3 =0if a<n' and/or b < n’
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Higgs mechanism (con

0 / 4 0 / —n!
M2 _ ( n’xn _ Yn’x(n—n") )
0(”_”l)><"/ M(2n—n/)><(n—n/)

@ n’ massless vector bosons corresponding to generators of b
o (n—n') x (n—n') block M? diagonalisable, encodes masses of gauge
bosons corresponding to generators of g — b
Remark on gauge fixing:
@ in unitarity gauge, the spectrum of the theory is transparent, but the
fate of renormalisability is unclear in this gauge
A gauge theory is renormalisable when the symmetries are intact
@ 't Hooft and others have shown that 3 gauges where renormalisability
is apparent, at the cost of a less clear particle spectrum
@ gauge invariance = physics is independent of gauge choice
» if theory is renormalisabile in a gauge then it is just renormalisable
» if Goldstone bosons are absent in a gauge, then they are just
unphysical (gauge) modes

Higgs mechanism: renormalisable way to give mass to gauge bosons
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