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SU(3) (contd.)

Three more commutation relations directly form SU(2)

[y ] =2l [Vi, V] =2V5=hK+3Y [Wi W ]=2Ws=—K+3Y

Mathematically more convenient to use Y = §Y (= t8)

H=(sY) EP=1 EP=v. EP-w,

Compact form of commutation relations:
[A,EY] = +aVEY

al): root vectors, (a1))? =1

aW=(1,00 a@=(3,%) a®=(-1 3

20 2

Define linear operator ada, adaX = [A, X], acting on the algebra
Simultaneous eigenvectors of ady2:

° Eg) with eigenvalues +& ()
e H1? with both eigenvalues 0
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SU(3) (contd.)

Missing: commutators among ladder operators

Can be computed explicitly, but more instructive argument using Jacobi:

(A, [EY, EVY) = —[EY A, E - [EX [ED, Al
— —saV[EY ED + taV[ED ED)

= (s@ ) + ta M)[ED EY)

= [Es(i), Et(j)] o simultaneous eigenvector with eigenvalues sa () + t@ ()

In general s&() + taU) is not a vector of eigenvalues

= [Es(i), Et(j)] =0 unless sa&) + taU) = ua¥) for some u, k

=
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SU(3) (contd.)

@ If SU(3) were exact symmetry, only two generators could be measured
simultaneously, but large arbitrariness in choosing them

@ Preferred choice exists because SU(3) symmetry is broken: generators
used to label the physical states correspond to unbroken

SU(3) ¢—> SU(2)/ X U(l)y ;) U(].)Q X U(l)y
Mms#my=my myZmy
Qu#qd

— choose 5, Y, and 12 (not an element of the Lie algebra)
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Simplest irreducible representations of SU(3)

Trivial representation: D (U) =1 VU € SU(3)
@ one-dimensional: 1

@ good for any group
@ corresponding representation of the algebra: d(t?) =0

Fundamental (defining) representation Dg(U) = U
o three-dimensional: 3

@ good for any matrix Lie groups

e corresponding representation of the algebra: de(t?) = tZ = t?
Writing U = e/®t, D from df

t? = Dp(U) = Dp(e’®t) = U = e/t
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Simplest irreducible representations of SU(3) (contd.)

Complex conjugate representation: Dc(U) = U*
e three-dimensional: 3

@ good for any matrix group, but non necessarily a new rep
(e.g., for SU(2) 2 ~ 2)

e for SU(3) 3~ 3
e corresponding algebra rep: dc(t?) = t2 = (—t?)* = —(t7)"
trtgtg = tr(—t7)*(—t?)* = 15%°
It is a representation
@ For the group:

Dc(UiUp) = (U1 Up)* = U7 U3 = De(Ur)De(Us) Dc(1)=1
@ For the algebra:
[£2, 51" = [(£2)", (¢°)°] = [(=7)", (—°)"] = —ifapc(t)" = ifape(— )"

t.g_ — _(ta)* = DC(U) — Dc(eia-t) = U = efia-t* — eia-tc

Matteo Giordano (ELTE) Particle physics November 6, 2020 5/18



Simplest irreducible representations of SU(3) (contd.)

Adjoint representation: Ds(U) = Ady
@ eight-dimensional: 8
@ exists for any Lie group
Ady: linear transformation acting on the algebra: X = X,t?

AdyX = UXUT  AdyX = XpAdyt? = t2(Ady)apXs
(Ady)ap are 8 x 8 matrices, and provide a representation:
Ady, Ady,X = UpUpXUSUT = (U U)X (U Un)T = Ady, 4, X
What are the generators? For infinitesimal U ~ 1+ jo -t
UXUT ~ (1 + - t)X(1 — iv - t) ~ X + iae - [t, X]
= X + i Xp[t?, t7] = (Xp + icaXcifach )t
= tb[ébc —+ iaa(_ifabc)]Xc = tb[5bc —+ iaa(Ta)bC]Xc
(Ta)bc = —ifabe T°X = [ta,X] = adaX
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Simplest irreducible representations of SU(3) (contd.)

Abstractly: adx Y = [X, Y] linear transf. of the algebra (as a vector space)

[adx,ady]Z = (adxady — adyadx)Z = [X, [Y, Z]] — [Y, [X,Z]]
= [Xv [Y7 Z]] + [X’ [27 Y]] = [[X7 Y]7Z] = a“d[X,Y]Z

X — ady is a representation of the algebra
adea X = Xp[t?, t?] = t(—ifocp) Xp = t(T?) s Xp

More directly from Jacobi identity

(—i)fbam(_i)fcmn - (_i)fca (_i)fbm" = ifbcm(_i)fman
([Ta’ Tb])mn = ifabc(TC)mn

tr T° Tb = —famnfbnm = famnfbmn = 363[)

t3 = T7 = Da(U) = Adgiar = ot
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Weight diagrams

More interested in representation space than in representative matrices:
basis corresponds to mass-degenerate particle multiplets

@ Convenient basis: eigenvectors of /3 and Y ~ basis of physical
particles with definite @ and S, corresponding to unbroken part of
symmetry U(1)y x U(1), ~ U(1)y x U(1)q

Ignore weak interactions

e Find weights, pairs of simultaneous eigenvalues (i3, y) of /3, Y
representatives of in an irrep, plot in (i3, ?y) plane

= weight diagram of the irreducible representation

» completely and uniquely identifies a representation
> tells degeneracy of each weight

@ Also convenient to organise eigenvectors in isospin multiplets

SU(2), good approx. symmetry of strong interactions
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Fundamental representation

v Representation space: C3
‘ S Representatives of generators: t? = ’\7
/ = If and YF already diagonal
N\ :
‘\\ y, I = %)\3 = diag (3,-1,0)
F_ 148 _ 3o (11 _2
: " Yh = 5N =diag (3,3, -3)

U=1.2.3) _ b;j eigenstates of (15, YF) ~ physical states

Basis vectors ¢;
1 0 0

e@ = (o e@ = (1 e® = (o

0 0 1
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Fundamental representation

v Representation space: C3
d S Representatives of generators: t? = ’\Ta
\ / = If and YF already diagonal
N\ / F_ 133 _ g0 (1 _1
\ / Iy = 3\° = diag (3,-3,0)
7 \/ N YF = L3 =diag (,1,-2)

0 DL

Basis vectors ei0=1’2’3) = {§;; eigenstates of (IF, YF) ~ physical states
1Fe) = ()

1Fe =

(5, YF)e
(/3{:’ YF)e(z) = (_%a
(I?fv YF)e(3) = (07 -

(3.3)e™
)e® VEe® = e yFe) = o0

1
3
2)e0 WEe® =@ WFe® = &0

All other combinations give 0
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Fundamental representation

v Representation space: C3
d S Representatives of generators: t? = ’\Ta
\ / = If and YF already diagonal
N\ / F_ 133 _ g0 (1 _1
\ / Iy = 3\° = diag (3,-3,0)
N . V= 2 = ding (3. 1.-3)

0 DL

Basis vectors ei0=1’2’3) = {§;; eigenstates of (IF, YF) ~ physical states
Using 12 =11, + (ks +1) = I, |+ k(5 — 1)

260 = 361 26 =36 [260) =

= e, e(? isodoublet (I = 1), e® isosinglet (/ = 0)
All nonzero matrix elements of I+, Vi, W4 are positive
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Complex conjugate representation

v Representation space: C3
: -0 Representatives of generators: (—t?)* = (_2 )
//\ = If and Y€ already diagonal
/ \ £ = HN) = diog (-3 +1,0)
c_ 1 8yx _ s 112
N AN Ve = (A = diag (=5, -5, )

DL

(j=1,2,3) : 5

i

j eigenstates of (I, Y©) ~ physical states

1 0 0
e® = o e? = (1 e® = o
0 0 1

Basis vectors e
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Complex conjugate representation

v Representation space: C3
(=29)"

; -0 Representatives of generators: (—t?)* = =5
//\ = If and Y€ already diagonal

\ = J(-X)" = ding (4. +3.0)
\ % Y€ = L(-2%) = diag (-3,-3.3)

P

(j=1,2,3)

Basis vectors ¢; = §;; eigenstates of (I, Y€) ~ physical states

(€, v)e) = (-1, _%)e(l) Ife(l) — _e® 1€e = _o(®)
(1€, Y%)el? = (%’ —%)e(2) er(l) = _e® VEe® = _e(
(/3C’ yC)e( ) — (0, %)e(3) er(2) — B WEeB® = _(

All other combinations give 0

IS = () = —1f  VE— —(VEy ——VE  WE = —(W)" = —WE
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Complex conjugate representation

v Representation space: C3

(=29)"

; -0 Representatives of generators: (—t?)* = =5
//\ = If and Y€ already diagonal
/ If

\ % Y€ = L(-2%) = diag (-3,-3.3)

(j=1,2,3) : 5

i

Basis vectors e j eigenstates of (I, Y©) ~ physical states

Isomultiplets:

12e® = 3¢ 12e® = 36 12eB3) =0
= e, e isodoublet (/ = 1), e isosinglet (/ = 0)
eW=1 L1 @=_11 1) & =)00;2)

Signs choosen to have I+ and W4 with positive matrix elements only, cannot have also V4

Matteo Giordano (ELTE) Particle physics November 6, 2020 10 / 18



Adjoint representation

v Representation space: C8 ~ su(3)c
: w. v L Representatives of generators: (T2)pe = —ifape
"~ = I and Y* diagonal in the basis
I V3I I,
0 + 0 .'_ﬂy ) 52(1) — (S) -
{H7 E:t } = {I37 Ya I:ta V:I:a W:t}
-1 ° ° I=3 -
v W Y =18
o st b T°X =adpX = [t7, X]

Basis vectors {/3, Y, I, Vi, Wi} are eigenstates of (I}, YA) ~ physical states
AAEY = [H,EP] = +a©EY  AAH, =[H,H]=0
T*85=0 T3y =0 TPle=ly T8l.=0

T3 Vi=+1Vy T8Vi::|:\/7§\/i T3Wy=FIW, TSWj[:j:\/TgWi
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Adjoint representation

v Representation space: C8 ~ su(3)c
: w. v L Representatives of generators: (T2)pe = —ifape
"~ = I and Y* diagonal in the basis
I V3I I,
0 + 0 .'_ﬂy ) 52(1) — (S) -
{H7 E:t } = {I37 Ya I:ta V:I:a W:t}
-1 4 ° ° I=3 -
v W Y =18
o st b T°X =adpX = [t7, X]

Basis vectors {/3, Y, I, Vi, Wi} are eigenstates of (I}, YA) ~ physical states

IEX = (T2x => [t [t X]]

j=t j=t

= (I_, k, 1) isotriplet (I = 1),Y isosinglet (/ = 0)
(W,, V) and (V_, W_) isodoublets (/ = 1)
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joint representation

v Representation space: C8 ~ su(3)c
: w. v L Representatives of generators: (T2)pe = —ifape
"~ = I and Y* diagonal in the basis
I V3I I,
0 4 ) .'_ﬂy 52(1) - (S) —_
{H7 E:t } = {I37 Ya I:ta V:I:a W:t}
1 . =1 _
% W Y =18
o st b T°X =adpX = [t7, X]

Basis vectors {/3, Y, I, Vi, Wi} are eigenstates of (I}, YA) ~ physical states

|3 —3:1) oc Wy 13 3:1) o Vi
1 —1;0) o I [10;0) x I3 [11;0) o It
[00;0) x Y
|% —%;—I)O(V, \%%;—I)O(W,

NI

= looks like the baryon octet!
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General irreducible finite-dimensional representations

@ look for finite-dimensional Hermitian
representation of complexified algebra

@ diagonalise s, Y

@ find highest-weight vector |¢),
[1]) = Vi) = Wi lyp) =0

(exists, unique in finite-dim irrep),

highest weight X, = (io, *20)

@ build remaining vectors using I_, V_, W_
@ lowering operators are part of suy algebra — stop after 2ip, 2vp, 2wp times
= 2iy, 2wy integers, %yo =g+ 2wy, Vo = lip + Wp
@ weight diagram reflection-symmetric wrt axis L root vectors

@ count degeneracies:
> weights on the boundary are nondegenerate
> degeneracy increases by one moving from one hexagonal layer to the next
> degeneracy further increases by one moving to first triangular layer, then constant

@ summary: irrep characterised by pair of half-integers (i, wo),

dimension d = (2ip + 1)(2wp + 1)(ip + wo + 1)
@ given (i, wp) irrep, (wp, i) is its complex-conjugate (ip = wy: real irrep)
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“Eightfold Way"

Baryon octet:

° highestweight:p,iz%,yzl—)iozw():%

@ 2(ip + wp) + 1 = 3 lines of constant y with 2, 4,2 states

> isodoublet i = § with y =1 (S=10) = n,p
> isotriplet i = 1 and isosinglet i =0 (S = —1) withy =0 = X0+ A
> isodoublet i = § with y = —1 (§ = —-2) = =0

Meson “septuplet”? Impossible (diyrep 7 7) = meson octet
> isodoublet i = 1 with y =1 (S =1) = K% K+
> isotriplet i = 1 and isosinglet i = 0 with y =0 (S =0) = »—%%,
> isodoublet i = 1 with y = —1 (S = —-1) = K—,K°

Baryon s = % resonances “nonuplet”? Impossible (diyep 7 9) = baryon decuplet

@ highest weight = AT™, j = %,y =1—i= %,
@ triangular weight diagram, non-degenerate weights
@ 2(ip + wp) + 1 = 4 lines of constant y with 4,3,2, 1 states
> isoquartet i = 3 with y =1 (S =0) = A=0H++
> isotriplet i = 1 withy =0 (S = —1) = ¥* 0+
> isodoublet i = § with y = —1 (§ = —2) = =* 0
> isosinglet i =0 with y = -2 (§=-3) = Q~
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“Eightfold Way"

Baryon octet:

° highestweight:p,iz%,yzl—)iozw():%

@ 2(ip + wp) + 1 = 3 lines of constant y with 2, 4,2 states

> isodoublet i = § with y =1 (S=10) = n,p
> isotriplet i = 1 and isosinglet i =0 (S = —1) withy =0 = X0+ A
> isodoublet i = § with y = —1 (§ = —-2) = =0

Meson “septuplet”? Impossible (diyrep 7 7) = meson octet
> isodoublet i = 1 with y =1 (S =1) = K% K+
> isotriplet i = 1 and isosinglet i = 0 with y =0 (S =0) = =~ %%,
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Baryon s = % resonances “nonuplet”? Impossible (diyep 7 9) = baryon decuplet

@ highest weight = AT™, j = %,y =1—i= %,
@ triangular weight diagram, non-degenerate weights
@ 2(ip + wp) + 1 = 4 lines of constant y with 4,3,2, 1 states
> isoquartet i = 3 with y =1 (S =0) = A=0H++
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“Eightfold Way"

Baryon octet:

° highestweight:p,iz%,yzl—)iozw():%

@ 2(ip + wp) + 1 = 3 lines of constant y with 2, 4,2 states

> isodoublet i = § with y =1 (S=10) = n,p
> isotriplet i = 1 and isosinglet i =0 (S = —1) withy =0 = X0+ A
> isodoublet i = § with y = —1 (§ = —-2) = =0

Meson “septuplet”? Impossible (diyrep 7 7) = meson octet
> isodoublet i = 1 with y =1 (S =1) = K% K+
> isotriplet i = 1 and isosinglet i = 0 with y =0 (S =0) = »—%%,
> isodoublet i = 1 with y = —1 (S = —-1) = K—,K°

Baryon s = % resonances “nonuplet”? Impossible (diyep 7 9) = baryon decuplet

@ highest weight = AT™, j = %,y =1—i= %,
@ triangular weight diagram, non-degenerate weights
@ 2(ip + wp) + 1 = 4 lines of constant y with 4,3,2, 1 states
> isoquartet i = 3 with y =1 (S =0) = A=0H++
> isotriplet i = 1 withy =0 (S = —1) = ¥* 0+
> isodoublet i = § with y = —1 (§ = —2) = =* 0
> isosinglet i =0 with y = -2 (§ =-3) = Q~

Matteo Giordano (ELTE) Particle physics November 6, 2020 13 /18

WO:O



The “Eightfold Way” (contd.)

If SU(3) symmetry is correct, tenth particle had to exist:

so =13 io =0 Qo= -1

Gell-Mann-Nishijima formula Q@ = i3 + 3y
Mass pattern:

ma = 1232 MeV my~ = 1384 MeV m=+ = 1533 MeV

= m(S) ~ m(A) + 150 MeV - |S]
= guess mq = 1682 MeV
Resonance with s = % Qo = —1 observed in 1964 with mq = 1672 MeV

“Eightfold way' (Gell-Mann, 1961; Ne'eman, 1961), i.e., classification of
hadron multiplets in terms of irreducible representations of SU(3), works!
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From SU(3) invariance to the quark model

Eightfold way works, but why only certain irreps are observed in nature?
@ baryons: only octets and decuplets
@ mesons: only octets and singlets (e.g.: n')
@ no fundamental or complex-conjugate (simplest irreps)
Known result: all irreps of SU(3) are obtained from fundamental (3) and
complex conjugate (3) representations by decomposing tensor products
Fundamental representation actually suffices
33=8a1 = meson irreps
333=100808¢1 = baryon irreps (except singlet)
What if hadrons are bound states of constituents transforming in
fundamental rep 3 (and their antiparticles transforming in 3)?
@ supported by Gell-Mann—Nishijima formula Q = k5 + %Y
@ supported by approximate mass relation
m(S) = m(0) + 150 MeV - |S] for octet and decuplet baryons
Elementary constituents: quarks (Gell-Mann) or “aces” (Zweig)

Zweig was the first to believe in the physical existence of quark
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From SU(3) invariance to the quark model (contd.)

Can charges be assigned to quarks to reproduce phenomenology?

@ /3, Y come from SU(3) fundamental rep: v

three states = flavours: u, d and s 14

T | _1
Ys =3 Y=3
. 1 1
d: 3=—3 y=3
s: 3=0 y:—%

-2 ¢

1=0

(] If baryon:(q1q2q3) = BU:Bd:BS = %

1 0 1

® Q45 and S, 4 fixed by baryon octet

p: 2Qu + Q4 =1 25,4+S4 =0
n: Qu+2Q4 =0 Sy+25 =0
A: Qu+Qy+Q =0 Su+Sqg+Ss=-1

= Q=3 Q=Q=-%andS,=S;=0and S, = —1
@ for each flavour f = u,d,s

Qr = ke + 3 Yr = hr + 3(Br + Sf)

= GMN and Y = B + S relation automatically satisfied by all baryons
November 6, 2020
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From SU(3) invariance to the quark model (contd.)

Quantum Field Theory requires existence of antiparticles
= antiquarks U, d, and 5 v

@ charge-conjugation pairs, Cf = f { ’

@ same spin and mass as quarks
@ minus all the charges (h, Y, Q, B)

@ if g transform in rep R of a symmetry group, | ' A\
g must transform in R (complex-conjugate) L fd

@ if meson=(¢1G2) = Bmeson =0
@ GMN and hypercharge/strangeness relations still satisfied

Light baryons, resonances have s = % s= % = assign Sg5 = %
lolol _ 1.1
395053=3293
@ baryons/antibaryons are fermions: spin from three half-integer
quark/antiquark spins and two integer relative orbital momenta
@ mesons are bosons: spin from two half-integer quark/antiquark spins
and one integer relative orbital momentum
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