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Notation and conventions

Covariant vectors V with components V µ, µ = 0, 1, 2, 3, are also denoted as V = (V 0, ~V ),
~V = (V 1, V 2, V 3). The Minkowski metric tensor is

ηµν = diag(1,−1,−1,−1) .

Indices are raised and lowered by ηµν and ηµν , Vµ = ηµνV
ν , V µ = ηµνVν . The inverse of

the Minkowski tensor is defined by ηµρηρν = δµν with δµν = (1, 1, 1, 1), and reads ηµν =
diag(1,−1,−1,−1). The Minkoskian scalar product and (pseudo)norm squared are denoted
by

A ·B = AµBµ , A2 = AµAµ .

A dagger, †, denotes the adjoint of an operator, or the Hermitian conjugate of a matrix. Unitary
operators corresponding to a translation by a and to a Lorentz transformation Λ are denoted by

U(a) = e−iPµ·aµ and U(Λ) = ei
1
2
ωρσJ(ρσ)

, respectively, where Pµ and J (ρσ) are the corresponding
generators, and act on covariant fields as

U(a)†φi(x)U(a) = φi(x+ a) , U(Λ)†φi(x)U(Λ) = Sij(Λ)φj(Λ
−1x) .

The invariant phase-space integration measure dΩp reads

dΩp =
d3p

(2π)32p0
, p0 =

√

~p 2 +m2 .

The strong limit of operator sequences is defined as

s− lim
t→t0

O(t) = O0 if lim
t→t0

‖(O(t)−O0)Ψ‖ = 0 ,

with ‖Ψ‖ the norm induced by the scalar product in the Hilbert space.

f(x)
↔

∂0g(x) ≡ f(x)[∂0g(x)] − [∂0f(x)]g(x)
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1 Review of perturbative quantisation

Why quantum field theory? The development of quantum field theory originates in the
attempt to bring together quantum mechanics (QM) and special relativity (SR) to describe mi-
croscopic processes at high energies. In doing so one needs to comply with the requirements of
both theories, mainly Poincaré invariance and locality from SR, and the superposition principle
and the uncertainty principle from QM. The requirements from SR are most easily satisfied if
one works with fields φ(x), i.e., objects associated with the points x of spacetime. These allow
to build quite straightforwardly Poincaré-invariant theories, and to implement the locality and
Poincaré-invariance of interactions, if such fields are endowed with simple symmetry transfor-
mation properties. In order to comply with QM, these objects have to be promoted to generally
non-commuting linear operators acting on some Hilbert space representing the states of the
system.1

Scattering processes The main type of high-energy processes where the use of quantum
field theory is required are scattering processes, where particles are set up to collide and the
products of the collision are studied. Free particles are localised objects that travel undisturbed
on straighline trajectories. It is an experimental fact that systems of this type exist, and can
be prepared in a laboratory. In a scattering experiment, beams of practically free particles
are accelerated to the desired energy and thrown against each other, or against some fixed
target. Under suitable conditions on the density of beams and targets, the typical outcome of
the procedure is the interaction of one particle from a beam with one particle in the other, or
with one particle in the target, when these get sufficiently close, resulting in the change of the
particles’ energies or momenta, or the creation of other particles. After a sufficiently long (but
practically very short) time, a set of free particles is again observed, and measurements of their
quantum numbers are carried out. The most important measurement is that of the total cross

section of the process, defined operatively for a fixed target experiment as

σ =
Nevents

Nt
Nb
Ab

=
Ṅevents

NtΦb
, (1.1)

whereNevents is the number of scattering events (basically defined as “something happens” rather
than the beam particle going on undisturbed), Nb is the number of particles in the beam and
Ab its cross-sectional area, and Nt is the number of particles in the full depth of the target lying
within the beam cross-section; and where Ṅevents is the event rate (number of events per unit
time) and Φb is the beam flux (number of particles crossing perpendicularly the target surface
per unit surface per unit time). Differential cross sections are defined by the same formula
Eq. (1.1) but counting only events that satisfy prescribed criteria (e.g., number, type, energy
and momenta, and spin polarisation of the final particles).

Scattering states For practical purposes, the initial and final states of the system, corre-
sponding to its preparation and to the measurement procedures, can be thought of as taking
place at times t = −∞ and t = +∞, respectively. The statement that these states behave like

1More precisely, quantum fields are operator-valued distributions.
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free particle states is expressed mathematically as2

e−iHt|Ψ〉 →
t→−∞

e−iH0t|ϕi〉 , e−iHt|Ψ〉 →
t→+∞

e−iH0t|ϕf 〉 , (1.2)

where the convergence is in norm. Given the exact state vector |Ψ〉 at t = 0, its exact evolution,
governed by the full Hamiltonian H, at early or late times is practically indistinguishable from
the free evolution with free Hamiltonian H0 of state vectors equal to |ϕi,f 〉 at t = 0. Equation
(1.2) allows one to relate the exact state vector |Ψ〉 and the asymptotic state vectors |ϕi,f 〉 as

|Ψ+〉 ≡ lim
t→−∞

eiHte−iH0t|ϕi〉 , |Ψ−〉 ≡ lim
t→+∞

eiHte−iH0t|ϕf 〉 . (1.3)

The states Ψ± are the in and out states of the system, i.e., the exact state vectors corresponding
to the initial and final free states, either prepared or observed, of the system. Equation (1.2)
defines the Møller operators3

Ω± ≡ lim
t→∓∞

eiHte−iH0t . (1.4)

These are isometric operators, Ω†
±Ω± = 1. The transition amplitude of the process reads

Sfi ≡ 〈Ψ−|Ψ+〉 = 〈ϕf |Ω†
−Ω+|ϕi〉 = 〈ϕf |S|ϕi〉 , (1.5)

where
S ≡ Ω†

−Ω+ . (1.6)

The matrix elements of S constitute the S-matrix. Under the assumption that the spaces of in
and out states coincide, Ω±Ω

†
± = Πscat, the S operator is unitary,

S†S = Ω†
−Ω+Ω

†
+Ω− = Ω†

−ΠscatΩ− = Ω†
−Ω− = 1

SS† = Ω†
+Ω−Ω

†
−Ω+ = Ω†

+ΠscatΩ+ = Ω†
+Ω+ = 1 .

(1.7)

Here it was used the fact that the projector Πscat leaves an in or out state invariant, ΠscatΩ± =
Ω±. Knowledge of S allows to compute scattering cross sections from the theory.

As we will see, the formalism discussed above is not entirely adequate in quantum field
theory, as it basically requires the existence of the interaction picture, which is problematic
when dealing with infinitely many degrees of freedom. We will also see how one can avoid it.

Canonical quantisation The construction of a suitable Hamiltonian H that satisfies the
requirements of SR is simpler if one uses quantum fields as one’s basic objects. A convenient
procedure is canonical quantisation. One start from a classical, Lorentz-invariant Lagrangian
density; solves the corresponding Euler-Lagrange equations of motion; identifies the canoni-
cal momenta conjugate to the fields, treated as canonical coordinates; and imposes canonical
(anti)commutation relations. By a Legendre transform one then obtains the Hamiltonian, that
generates the temporal evolution of the system.

For a Hermitian scalar field φ, one takes the following real classical Lagrangian density,

L =
1

2
(∂µφ)(∂

µφ)− 1

2
m2φ2 − V (φ) , (1.8)

2Limits are understood here as ‖Ψ− eiHte−iH0tϕ‖ → 0.
3Limits are understood as strong limits, i.e., ‖Ωϕ− eiHte−iH0tϕ‖ → 0.
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and finds the following Euler-Lagrange equation,

∂L
∂φ

= ∂µ
∂L

∂(∂µφ)
⇒ (✷+m2)φ = −V ′(φ) , (1.9)

and the following conjugate momentum,4

π =
∂L

∂(∂0φ)
= ∂0φ . (1.10)

The canonical commutation relations read

[φ̂(t, ~x), π̂(t, ~y)] = iδ(3)(~x− ~y) [φ̂(t, ~x), φ̂(t, ~y)] = [π̂(t, ~x), π̂(t, ~y)] = 0 , (1.11)

where a caret denotes a field operator. The classical Hamiltonian is

H[φ, π] =

∫

d3x
(

π(x)∂0φ(x)−L
(

φ, ~∇φ, ∂0φ(φ, π)
)

)

=

∫

d3x

{

1

2
∂0φ(x)

2 +
1

2
~∇φ(x)2 + 1

2
m2φ(x)2 + V (φ)

}

.

(1.12)

Its promotion to an operator requires dealing with the problem of operator ordering. In the case
of the free Lagrangian with V = 0, the solution of Eqs. (1.9) and (1.11) is

φ̂(x) =

∫

dΩp

{

a(p)e−ip·x + a(p)†eip·x
}

, (1.13)

where p0 =
√

~p 2 +m2, the invariant phase-space integration measure dΩp reads

dΩp ≡
d3p

(2π)32p0
, (1.14)

and the annihilation operators a(p) and the creation operators a(p)† obey the commutation
relations

[a(p), a(q)†] = 2p0(2π)3δ(3)(~p− ~q ) , [a(p), a(q)] = [a(p)†, a(q)†] = 0 . (1.15)

A suitable ordering procedure of field products in this case is normal ordering, defined at the
level of creation and annihilation operators by

: P
{

a(p1) . . . a(pn)a(q1)
† . . . a(qn)†

}

:≡ a(q1)
† . . . a(qn)†a(p1) . . . a(pn) , (1.16)

where P denotes a generic permutation of the operators, and the order in which the creation
and annihilation operators are separately arranged is irrelevant due to the second relation in
Eq. (1.15). The quantum Hamiltonian is then defined as

H0 =

∫

d3x :

{

1

2
∂0φ̂(x)

2 +
1

2
~∇φ̂(x)2 + 1

2
m2φ̂(x)2

}

: , (1.17)

4This relation is modified if V contains derivative couplings, i.e., V = V (φ, ∂µφ).
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and one verifies that

∂0φ̂(x) = i[H0, φ̂(x)] , ∂0π̂(x) = i[H0, π̂(x)] , (1.18)

i.e., H0 generates the free temporal evolution.
The main advantages of the canonical approach are the automatic enforcement of locality,

implied by the canonical commutation relations, and the control over symmetry properties,
guaranteed by Noether’s theorem. In fact, the canonical commutation relations imply that
observables built out of the fields and their derivatives will commute at spacelike separations.
Moreover, for every continuous symmetry of L one has a conserved current Jµ that is a function
of the fields and their derivatives, and a corresponding Hermitian conserved charge Q =

∫

d3xJ0,
that after quantisation generates the corresponding symmetry on the Hilbert space of the system.
One can then build explicitly the unitary representation U(α) = eiαQ of the various symmetries,
especially Poincaré symmetry.5 The generators of translations, Pµ, are identified with the energy
and momentum operators, and those of (proper orthocronous) Lorentz transformations with the
boost operators, ~K, and the angular momentum operators, ~J .

Perturbation theory and the interaction picture The canonical quantisation programme
is hampered by the fact that the equations of motion for realistic interacting Lagrangians are
not amenable to analytic solution. This is dealt with by means of approximation methods, most
notably perturbation theory. This is based on expanding the relevant quantities in a series in
some small parameter.

The starting point is the passage to the interaction picture. As a first step, one splits the full
interacting and time-independent Hamiltonian, H = H[φ, π], into a “free” and an “interaction”
part,6

H[φ(t), π(t)] = H[φ(0), π(0)] = H0[φ(0), π(0)] +HI [φ(0), π(0)] , (1.19)

with H0 describing the free propagation of particles, typically of the form Eq. (1.17) and its
analogues for other types of fields.7 The splitting is necessarily done at some time t = t0, here
taken to be t0 = 0, and while H is independent of t0, H0 and HI are not: different choices of t0
lead to different H0 and HI , providing, however, equivalent descriptions. Nonetheless, H0 and
HI are trivially time-independent operators since they are defined in terms of the (Heisenberg)
fields and momenta φ and π at fixed t = t0. One then defines fields and momenta in the
interaction picture, φ0 and π0, as

φ0(t, ~x) ≡ eiH0tφ(0, ~x)e−iH0t = eiH0te−iHtφ(t, ~x)eiHte−iH0t = U(t)φ(t, ~x)U(t)† ,

π0(t, ~x) ≡ eiH0tπ(0, ~x)e−iH0t = eiH0te−iHtπ(t, ~x)eiHte−iH0t = U(t)π(t, ~x)U(t)† ,
(1.20)

where
U(t) ≡ eiH0te−iHt . (1.21)

5This requires the existence and uniqueness of a vacuum state |0〉, invariant under the relevant symmetry. If
such a state is not unique or does not exist, one faces the phenomena of spontaneous breaking and anomalous
breaking of a symmetry.

6From now on the caret is removed from field operators for notational simplicity.
7It is implicitly assumed that the interacting theory describes particles, and that when adding interactions to

a Hamiltonian like Eq. (1.17) one does not radically alter the spectrum of the theory.
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By construction, φ0 and π0 evolve in time with some known free field Hamiltonian H0, and since
they are unitarily related to the canonically quantised fields and momenta φ and π, they also
obey canonical commutation relations. Clearly,

H0[φ0(t), π0(t)] = eiH0[φ0(0),π0(0)]tH0[φ0(0), π0(0)]e
−iH0[φ0(0),π0(0)]t = H0[φ0(0), π0(0)] . (1.22)

On the other hand,
HI [φ0(t), π0(t)] ≡ VI(t) , (1.23)

and H expressed in terms of φ0 and π0, are time-dependent quantities. For H purely quadratic
in π, H = 1

2π
2 + . . ., if HI is a function of fields only then

φ̇0(t, ~x) =
δH0[φ0(t), π0(t)]

δπ0(t, ~x)
=
δH[φ0(t), π0(t)]

δπ0(t, ~x)
= π0(t, ~x) , (1.24)

and so φ0 is just a free field in the sense of Eqs. (1.13) and (1.15), and so exlicitly known. This
makes also VI(t) explicitly known in terms of creation and annihilation operators.

At this stage one has only recast the original problem in a different formalism, but if VI
is small in some sense, one can solve the theory iteratively by expanding in powers of VI . For
example, if one is interested in the spectrum of the theory one needs to solve the eigenvalue
equation

HΨ = EΨ . (1.25)

Setting formally

Ψ =
∑

i=0

Ψi , E =
∑

i=0

Ei , (1.26)

where each value of i corresponds to a given order in the expansion parameter, one writes

(H0 + VI)(Ψ0 +Ψ1 + . . .) = (E0 +E1 + . . .)(Ψ0 +Ψ1 + . . .) , (1.27)

and then solves iteratively the equations found at each order,

H0Ψ0 = E0Ψ0 , VIΨ0 +H0Ψ1 = E1Ψ0 + E0Ψ1 , . . . , (1.28)

where the solutions to the first equation are known exactly, and so on.
A similar approach is employed for the S-matrix. Since [see Eq. (1.4)]

Ω± = lim
t→∓∞

(eiH0te−iHt)† = lim
t→∓∞

U(t)† , (1.29)

it suffices to find an explicit form for U(t). This is obtained in a more general form by solving
the differential equations obeyed by U(t2, t1) ≡ U(t2)U(t1)

†,

∂

∂t2
U(t2, t1) = −ieiH0t2(H −H0)e

−iH0t2U(t2, t1) = −iVI(t2)U(t2, t1) ,
∂

∂t1
U(t2, t1) = iU(t2, t1)eiH0t1(H −H0)e

−iH0t1 = U(t2, t1)iVI(t1) .
(1.30)

with the obvious initial condition U(t, t) = 1. One clearly has U(t) = U(t, 0) and U(t)† = U(0, t).
One can directly verify that the solution is

U(t2, t1) = Texp

{

−i
∫ t2

t1

dt VI(t)

}

, (1.31)
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where

Texp

{

−i
∫ t2

t1

dt VI(t)

}

= 1 +
∞
∑

n=1

(−i)n
n!

∫ t2

t1

dτ1 . . .

∫ t2

t1

dτn T {VI(τ1) . . . VI(τn)} , (1.32)

and T denotes time ordering of the operators,

T (VI(t1) . . . VI(tn)) = θ(t1 − t2) . . . θ(tn−1 − tn)VI(t1) . . . VI(tn) + permutations . (1.33)

The semigroup property
U(t2, t0)U(t0, t1) = U(t2, t1) (1.34)

follows from

∂

∂t0
U(t2, t0)U(t0, t1) = U(t2, t0) [iVI(t0)− iVI(t0)]U(t0, t1) = 0 , (1.35)

that implies U(t2, t0)U(t0, t1) = U(t2, 0)U(0, t1) = U(t2, t1). One finally concludes

S = Ω†
−Ω+ = lim

t2→+∞
t1→−∞

U(t2)U(t1)
† = lim

t2→+∞
t1→−∞

U(t2, t1) = Texp

{

−i
∫ +∞

−∞
dt VI(t)

}

, (1.36)

known as Dyson’s formula.
In the limit of particle states with definite momenta, from Eq. (1.5) one obtains

Sfi = 0〈p′1, . . . , p′N ′ | Texp
{

−i
∫ +∞

−∞
dt VI(t)

}

|p1, . . . , pN 〉0

= 0〈p′1, . . . , p′N ′ |1 +
∞
∑

n=1

−i
n!

∫ +∞

−∞
dt1 . . .

∫ +∞

−∞
dtn T {VI(t1) . . . VI(tn)} |p1, . . . , pN 〉0

= δfi + i(2π)4δ(4) (Pf − Pi)Mfi(p, p
′) ,

(1.37)

where |p1, . . . , pN 〉0 are N -particle eigenstates of H0 and of the free spatial-momentum operators
~P0, created out of the free vacuum state |0〉0 by the action of the creation operators corresponding
to the free interaction-picture fields φ0, Eqs. (1.13) and (1.15). Moreover, Pi =

∑n
j=1 pj and

Pf =
∑n′

j=1 p
′
j are the initial and final total four-momentum, whose conservation follows from

translation invariance; and δfi is

δfi = δN ′N

∑

P

N
∏

j=1

2p0j (2π)
3δ(3)(~pP(j′) − ~pj) , (1.38)

where the sum is over permutations P of 1, . . . , N . Expanding in powers of VI , Sfi can be
computed at the desired level of approximation8 since the action on the asymptotic states of VI ,
which is a function of φ0, is explicitly known. The calculation is made efficient by exploiting
Wick’s theorem to write the time-ordered products as linear combinations of normal-order prod-
ucts, whose matrix elements are evaluated straightforwardly. Bookkeeping is further simplified

8The possible level of accuracy is restricted by the fact that the perturbative series is actually not convergent
but only asymptotic.
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by the use of Feynman diagrams, providing a graphical representation for each contribution,
which is then evaluated using the Feynman rules to associate a mathematical expression to
each element of the diagram. The discussion of this topic is standard and can be found in
any introductory textbook on quantum field theory. As an example, in the λφ4 defined by the
Lagrangian

L =
1

2
(∂µφ)(∂

µφ)− 1

2
m2φ2 +

λ

4!
φ4 , (1.39)

for a process with Ni incoming and Nf outgoing particles, at order n in λ one proceeds as
follows:

• draw all the graphs of distinct topology with n 4-line vertices and Ni +Nf external lines,
i.e., terminating in a “1-line” vertex, uniquely associated with the external particles and
identified by their momenta, pj;

• count in how many equivalent ways each graph can be built by contracting the lines coming
out of the 4-line vertices with each other and with the external 1-line vertices;

• to each vertex, associate a factor i λ4! ;

• to each internal line, associate a four-momentum qj (having assigned an arbitrary direction
for its flow along the line) and a propagator D̃(qj),

D̃(q) =
i

q2 −m2 + iǫ
; (1.40)

• to the external line identified by momentum pj , associate a factor u(pj) = 1;

• impose momentum conservation at each vertex by including factors – this results in con-
servation of the total momentum between the initial and the final state;

• to obtain iMfi write down all the factors above and integrate over the internal momenta
not fixed by momentum conservation at the vertices.

These rules can be extended to describe also, e.g., non-Hermitian scalar fields, fermionic spin-12
fields, or bosonic spin-1 (vector) fields.

Ultraviolet divergences A major practical complication in the development of the perturba-
tive approach to canonical quantisation is the appearance of divergences in the matrix elements
of Eq. (1.37). These are related to the singular nature of products of quantum fields at identical
spacetime points, leading to short distance singularities in the vacuum expectation values of
fields at different points. The matrix elements of Eq. (1.37) can be obtained from the n-point
Green’s functions of the fully interacting field,

Gn(x1, . . . , xn) ≡ 〈0|T{φ(x1) . . . φ(xn)} |0〉 , (1.41)

by means of suitable reduction formulas. It is practically more convenient to use their momentum
space version (ptot =

∑n
j=1 pj),

(2π)4δ(4) (ptot) G̃n(p1, . . . , pn) ≡
∫

d4x1 e
ip1·x1 . . .

∫

d4xn e
ipn·xn Gn(x1, . . . , xn) , (1.42)

11
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Figure 1: Lowest-order perturbative contributions to the four-point function in scalar φ4 theory.

where the Dirac delta originates in the translation invariance of the theory. The G̃n can be com-
puted systematically by means of Feynman diagrams. Beyond lowest order, these are plagued
by divergences originating from the large-momentum behaviour of the momentum integrals cor-
responding to internal loops. In scalar λφ4 theory, one finds for the four-point function to lowest
orders G̃4 = G̃0-loop

4 + G̃1-loop
4 , with (see Fig. 1)

G̃0-loop = iλ ,

G̃1-loop ∝ λ2
∫ Λ d4q

(2π)4
1

q2 +m2 − iǫ

1

(p − q)2 +m2 − iǫ
= λ2A log

Λ

µ
+ . . . ,

(1.43)

where a UV cutoff Λ has been introduced in the integral for regularisation purposes, and µ is
an arbitrary scale used to make the logarithm meaningful. As the cutoff is removed by sending
Λ → ∞, G̃1-loop blows up logarithmically fast, while the omitted terms remain finite. Diver-
gences are similarly found in other Green’s functions. The way this is dealt with is by defining
renormalised field, φ = ZφφR, mass, m = ZmmR, and coupling, λ = ZλλR, and adjusting the
renormalisation constants Zφ,m,λ in order to reabsorb the divergences. This procedure is known
as renormalisation. In the present example, one sets

λ = ZλλR = λR + iλ2RA log
Λ

µ
, (1.44)

so that to order λ2R in the renormalised coupling one finds

G̃4 = iλ+ λ2A log
Λ

µ
= i

(

λR + iλ2RA log
Λ

µ

)

+ λ2RA log
Λ

µ
= iλR . (1.45)

Since after all the actual value of the coupling should be determined by comparison with exper-
iments, it is the finite quantity λR that is experimentally determined, while the bare quantity λ
is only a parameter used in the construction of the theory, with no direct physical meaning.

Renormalisation: general remarks The renormalisation procedure outlined above raises
several questions, some of somewhat philosophical nature, and some much more practical. The
main philosophical question is: is the renormalisation procedure justified? As a matter of fact,
it tampers with the elegant canonical quantisation procedure, and one may feel that it spoils
it. Redefining the parameters of the theory by an infinite amount and hiding this behind the
unobservability of the bare parameters sounds dodgy. These concerns are, however, not justified.
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First of all, the canonical procedure is not written in stone, and if one has to supplement it
with renormalisation, so be it. Insofar as the main features of canonical quantisation, namely
the manifest locality and Poincaré symmetry of the resulting theory, are not spoiled by the
procedure, one can be happy with the result. Our real purpose was never really to successfully
implement the canonical procedure, but rather to obtain finite Green’s functions with suitable
locality and symmetry properties and build the S-matrix from them: how that is achieved in
inconsequential, since after all one still needs to check against experiments if the theoretical
description correctly matches Nature.

Moreover, while the redefinition of the bare parameters at first looks like nothing more than
a sleight of hand, a closer look shows that is actually a constructive procedure to define the
theory in a mathematically sound way, by dealing with well-defined objects at every step. The
bare parameters have indeed no physical meaning, being merely quantities that appear in the
intermediate, regularised step of the construction, and whose tuning to remove the ultraviolet
divergences of loop diagrams reduces the sensitivity to the regulator (i.e., the UV cutoff Λ) to
an acceptable O(1/Λ) behaviour, that entirely disappears as the cutoff is removed. We return
on this point in the next paragraph.

From a more practical point of view, one wonders what happens to locality and symmetries.
Since locality is preserved in the intermediate, regularised step, it survives the renormalisation
procedure; using suitable regularisation procedures that do not break Lorentz and translation
invariance, one can show that Poincaré symmetry is enforced in the final result. On the other
hand, we have provided no argument to show that the renormalisation procedure will work at
every perturbative order, leading to a complete removal of divergences and to a mathematically
meaningful theory. As a matter of fact, this is not always possible; we will discuss below under
what conditions it is. It turns out that renormalisation properly works in the physically relevant
cases.

Another aspect of renormalisation that is worth mentioning is that it is actually not a bug
but a feature of the perturbative quantisation approach descibed above. In fact, Haag’s theorem
tells us that the interaction picture, in the terms in which we described it above, does not exists:
if a field is unitarily related to a free field, then it must be a free field as well. This originates
in the infinite number of degrees of freedom that appear in a quantum field theory defined in
continuum Minkowski space. On the other hand, in a fully regularised setting where both a UV
cutoff (e.g., in the form of a momentum cutoff) and an IR cutoff (e.g., in the form of a finite
volume) are imposed, the number of degrees of freedom is large but finite and so one is basically
studying quantum mechanics, where the interaction picture can be rigorously shown to exist.
Problems show up when the regularisation is removed, and if that could be done smoothly then
Haag’s theorem tells us that we would end up with a free field theory, despite our attempts
at describing interactions. The appearance of divergences requires that we suitably redefine
our bare fields and parameters to obtain a finite result; the interacting field with finite Green’s
functions is the renormalised field φR, which is not unitarily related to the free field φ0 used in
perturbative calculations.

Renormalisation as a constructive procedure We now discuss how renormalisation is
conceptually independent of the presence of divergences, and how it provides a constructive way
to relate the parameters that one has to input in their theoretical setup, e.g., in the Lagrangian
defining their theory, to the parameters describing the output of calculations.

For definiteness, consider a canonically quantised theory characterised by a single mass

13



parameter m and a single coupling parameter g, e.g., the λφ4 theory of Eq. (1.39). After UV
regularisation, e.g., by a momentum cutoff Λ, the coordiante and momentum space Green’s
functions of the regularised theory have generally the following functional dependence,

G = G(x;m, g; Λ) , G̃ = G̃(p;m, g; Λ) , (1.46)

where x and p denote collectively the various coordinates and momenta. At low energies (|~p| ≪
Λ), G̃ displays Lorentz invariance to a good approximation; correspondingly, G displays Lorentz
invariance except at very short distances |∆~x| ≪ 1/Λ. At large negative or positive times,
the coordinate space Green’s functions should be well approximated by free Green’s functions,9

describing the propagation of free particle. In particular, for the two-point function one expects

G2(x1, x2;m, g; Λ) →
x01,2→∓∞

ZφDfree(x1 − x2;mphys, gphys) , (1.47)

with Dfree the usual free (and cutoff-independent) propagator, with Fourier transform

D̃free(p;mphys, gphys) =
i

p2 −m2
phys + iǫ

. (1.48)

Here mphys denotes the physical mass of the particles that the theory describes, and gphys the
physical value of the coupling obtained from the theory; both should eventually be matched with
their experimental values (see below for gphys). A factor Zφ has been included to account for
the fact that the interacting field, when acting on the vacuum, can generate more than simply
one-particle states, differently from a free field.

In general, there is no reason why the input parameters m and g should equal the output
quantities mphys and gphys: what is the mass of the particles described by the theory at asymp-
totic times is for the theory to decide, after all interactions are taken into account; the same
applies to the strength of the interactions as can be inferred from, e.g., scattering cross sections.
In fact, one can (arbitrarily, but reasonably) define gphys from the low-energy limit of the 2 → 2
elastic scattering amplitude M2→2 as gphys = M2→2(~pi = 0), which in turn is related to the
low-energy limit of the four-point Green’s function G4 via a reduction formula,

iM2→2(p
′
1, p

′
2, p1, p2)

=
1

Z4
φ

∫

d4x1 e
ip′1·x1(✷x1 +m2

phys)

∫

d4x2 e
ip′2·x2(✷x2 +m2

phys)

×
∫

d4x3 e
−ip1·x3(✷x3 +m2

phys)

∫

d4x4 e
−ip2·x4(✷x4 +m2

phys)G4(x1, x2, x3, x4)

= lim
p2i→m2

phys

p′ 2i →m2
phys

1

Z4
φ

(p′ 21 −m2
phys)(p

′ 2
2 −m2

phys)(p
2
1 −m2

phys)(p
2
2 −m2

phys)G̃4(p1, p2, p3, p4)

(1.49)

Generally, with this definition of physical coupling one has gphys = g to lowest perturbative
order, but things change at higher order.

In conclusion, one generally finds m 6= mphys and g 6= gphys. The parameters m and g
then have to be tuned in order for the physical mass and coupling to take the desired value,

9One should suitably smear G in space before the large time limit, corresponding to the description of localised
wave packets.
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i.e., one needs to invert the relations that determine mphys and gphys as functions of m and
g, and choose their values get physical parameter matching the experimental values. This has
nothing to do with divergences, and should be done even if all Green’s functions were finite.
What divergences do is to complicate the procedure from the technical point of view, without
changing its conceptual aspect. In the regularised theory one finds

{

mphys = fm(m, g; Λ) ,

gphys = fg(m, g; Λ) ,
(1.50)

but the limits Λ → ∞ do not exist. Nonetheless, if the theory is renormalisable one can tune
the mass parameter m = m(Λ) = Zm(Λ)mR, and the coupling parameter g = g(Λ) = Zg(Λ)gR,
where mR and gR are finite and cutoff-independent, so that the limits







mphys = fm(Zm(Λ)mR, Zg(Λ)gR; Λ) →
Λ→∞

f (R)m (mR, gR) ,

gphys = fg(Zm(Λ)mR, Zg(Λ)gR; Λ) →
Λ→∞

f (R)g (mR, gR) ,
(1.51)

are finite. Equation (1.51) can be inverted to give the renormalised parameters as a function of
the physical ones,

{

mR = F (R)
m (mphys, gphys) ,

gR = F (R)
g (mphys, gphys) ,

(1.52)

and so in order to obtain a finite theory with prescribed physical mass and coupling one needs
to tune the mass and coupling parameters of the theory through

{

m = m(Λ) = Zm(Λ)F
(R)
m (mphys, gphys) ,

g = g(Λ) = Zg(Λ)F
(R)
g (mphys, gphys) .

(1.53)

The choice of mR and gR is arbitrary, since one could always include a further finite factor in
the Zm,g(Λ) that does not alter the fact that they remove the UV divergences of the regulated
Green’s functions. One can set mR = mphys and gR = gphys, but this is neither mandatory,
nor always the most convenient choice. The arbitrariness in the choice of the renormalised
parameters can in fact be turned to one’s advantage: for example, it allows one to improve the
accuracy of the perturbative series, and to study the behaviour of the momentum-space Green’s
functions under a common scaling of the momenta.

As a concrete example, one can write the full propagator of the interacting theory, i.e., G̃2,
as

G̃2(p) =
i

p2 −m2 − Σ(p2) + iǫ
, (1.54)

where Σ(p2) denotes the sum of all the one-particle irreducible diagrams with two external lines,
with the external lines removed (“amputated”). For p2 close to m2

phys, Eq. (1.48) tells us that
we must find a pole,

G̃2(p) →
p2→m2

phys

iZφ
p2 −m2

phys + iǫ
, (1.55)
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for some residue Zφ. This depends on the normalisation of the field [see Eq. (1.47)], can be
changed by rescaling the field,10 and is any case removed in S-matrix elements [see (1.49)], so
it does not affect physical predictions. The general properties of a renormalisable theory tell us
(see below) that divergences must be polynomial in momenta and masses, and polynomial or
logarithmic in the cutoff. It follows that the denominator in Eq. (1.54) must take the form

p2 −m2 − Σ(p2) = (d1 −D1)
{

p2 − [(d2 −D2)m
2 −D3 − d3]− FR(p

2)
}

, (1.56)

where D1,2 are divergent functions of log Λ, D3 diverges proportionally to Λ2, and d1,2,3 and F
are finite quantities. Clearly, one can change the values of d1,2,3 compensating it with a change
in FR. This depends on the actual renormalisation scheme employed to take care of divergences.
One then sets

p2 −m2 − Σ(p2) = Z−1
1 [(p2 −m2

R)− FR(p
2)] , (1.57)

where
Z−1
1 = (d1 −D1) , m2

R = {(d2 −D2)m
2 −D3 − d3} , (1.58)

to find

G̃2(p) =
iZ1

p2 −m2
R − F (p2) + iǫ

. (1.59)

Comparison with Eq. (1.55) shows that

m2
phys −m2

R − FR(m
2
phys) = 0 , − d

dp2
FR(p

2)

∣

∣

∣

∣

p2=m2
phys

= Z1Z
−1
φ . (1.60)

For the “physical” renormalisation choice, mR = mphys and Zφ = Z1, one finds

F phys
R (m2

phys) = 0 , − d

dp2
F phys
R (p2)

∣

∣

∣

p2=m2
phys

= 1 . (1.61)

In general, setting m2
R = zmm

2
phys and z1 = Z1Z

−1
φ , renormalisation schemes are parameterised

by the values of

1−
FR(m

2
phys)

m2
phys

= zm , − d

dp2
FR(p

2)

∣

∣

∣

∣

p2=m2
phys

= z1 . (1.62)

In practice, it is more convenient to prescribe the values of FR(p
2) and F ′

R(p
2), i.e., the renormal-

isation scheme, at an arbitrarily chosen mass scale µ, i.e., the renormalisation scale. A similar
procedure is carried out for the coupling constant renormalisation by studying the four-point
function. Varying the scale for a fixed renormalisation scheme one obtains running mass and
coupling constants, with µ dependence determined in an essential way by the structure of the
theory, and by the choice of renormalisation scheme for the finer details.

10We are implicitly considering a Lagrangian with a redundant coupling that can be reabsorbed in a redefinition
of the field and other couplings. For the λφ4 theory, one has in general

L =
Z

2
(∂µφ

′)(∂µφ′)−
1

2
m′ 2φ′ 2 +

λ′

4!
φ′ 4 ,

that can be put in the form Eq. (1.39) by reabsorbing Z in a redefinition of the field, φ = Z
1

2 φ′, and setting
m2 = Z−1m′ 2 and λ = Z−2λ′. This allows for an arbitrary choice of normalisation of the field for what concerns
the one-particle matrix elements 〈0|φ(0)|p〉.
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Renormalisation and symmetries The need for a regulator in order to quantised a classical
theory in a mathematically meaningful way leads to break one or more of the symmetries of
the classical Lagrangian. For example, a momentum cutoff breaks Lorentz symmetry, as well as
local, gauge symmetries. Replacing continuum Minkowski space with a discrete lattice breaks
both Lorentz and translation symmetry, but gauge symmetries can be preserved, together with
discrete subgroups of the Poincaré group. Making sure that the desired symmetries spoiled by
regulator are recovered after renormalisation is a hard task, so it is better not to spoil them in
the first place, as much as possible. Still, it may be impossible to find a regulator that does
not break all the symmetries that one wants: in this case one has to check the effects of one’s
renormalisation procedure on the symmetries of interest, and it can happen that some of these
symmetries are not recovered in the end. In this case one speaks of an anomalously broken

symmetry.

Dimensional regularisation and minimal subtraction For a perturbative approach, the
most convenient regularisation is dimensional regularisation, that basically amounts to changing
the dimension of spacetime form 4 to d. This preserves Poincaré symmetry and gauge symmetries
(but spoils the internal chiral symmetry of massless fermions). The cutoff in this approach is
the dimensionless parameter ε = 4 − d, measuring the deviation from the physical case of 4
dimensions. Divergences in the perturbative series show up as poles in ε, corresponding to the
logarithmic divergences of more physical regularisation schemes; power divergences are absent.
Moreover, divergences are independent of the mass parameters of the theory. Dimensional
regularisation is often paired with the minimal subtraction scheme (MS), where only the poles
in ε are included in the renormalisation constants, or with the modified minimal subtraction
scheme (M̄S) where a recurringly appearing constant is also subtracted. Renormalisation of
coupling and mass then takes the general form

g = µcεZg(gR, ε)gR m = Zm(gR, ε)mR (1.63)

where µ is an arbitrary mass scale. Its appearance is due to the fact that if the mass dimension
of the coupling is [g] = 0 in d = 4, then it must be of the form [g] = cε in dimension d near
4, with c depending on the details of the theory; µ is then required to restore the correct mass
dimension. At fixed values of the physical coupling and masses gphys, mphys, the bare parameters
g, m depend on ε but not on µ,

g = g(ε; gphys,mphys) m = m(ε; gphys,mphys) . (1.64)

It follows that gR and mR must depend on µ, gR(µ), mR(µ), with µ dependence determined by
the renormalisation group equations

µ
dg

dµ
= 0 µ

dm

dµ
= 0 . (1.65)

Path integral quantisation An alternative quantisation procedure, in most cases perturba-
tively equivalent to canonical quantisation, is path integral quantisation. This is based on the
(formally defined) integration over the space of field configurations. The following generating
functional,

Z[J ] =

∫

Dφ ei
∫

d4x(L[φ]+Jφ) =

∫

Dφ eiS[φ]+iJ ·φ , Dφ =
∏

x

dφ(x) , (1.66)
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allows one to obtain the Green’s functions of the theory by functional differentiation, e.g.,

−iδ logZ[J ]
δJ(x)

∣

∣

∣

∣

J=0

= 〈φ(x)〉 = 〈0|φ̂(x)|0〉 ,

(−i)2 δ
2 logZ[J ]

δJ(x)δJ(y)

∣

∣

∣

∣

J=0

= 〈φ(x)φ(y)〉 − 〈φ(x)〉〈φ(y)〉

= 〈0|T
{

φ̂(x)φ̂(y)
}

|0〉 − 〈0|φ̂(x)|0〉〈0|φ̂(y)|0〉 ,

(1.67)

where a caret is used again to distinguish field operators and c-number integration variables.
Path integrals are ill-defined objects, and the measure Dφ needs to be regularised. Except for
Gaussian integrals and other simple cases, path integrals cannot be computed in closed form. A
perturbative approach, on the other hand, can be set up straighforwardly, and even more simply
than for canonical quantisation; of course, it still needs regularisation and renormalisation, as
in canonical procedure. The main advantages of path-integral quantisation are that it is more
intuitive to deal with, and that allows for non-perturbative approaches based on its discretisation
on a spacetime lattice, which (in the Euclidean formulation of quantum field theory) is amenable
to direct numerical simulations.

Renormalisation to all orders We now discuss under how renormalisation generally pro-
ceeds to all orders in perturbation theory. To this end, consider the most general theory of a
real scalar field, defined by a Lagrangian

L (φ;m; g) =
1

2
(∂µφ)(∂

µφ)− 1

2
m2φ2 +

∑

i

giVi(φ, ∂φ) , (1.68)

with vertices Vi of schematic form Vi = ∂kiµ φ
ni , i.e., involving ni fields and ki derivatives, and

associated coupling constant gi. Using path-integral quantisation and a perturbative approach,
one first defines the renormalised quantities

φ = Z
1
2
φ φR , m2 = Zmm

2
R , gi = ZgigiR , (1.69)

and splits the Lagrangian into two parts,

L (φ;m; g) = L (φR;mR; gR) + δL (φR;mR; gR) ,

δL (φR;mR; gR) = (Zφ − 1)
1

2
(∂µφR)(∂

µφR)− (ZφZm − 1)
1

2
m2
Rφ

2
R

+
∑

i

(

ZgiZ
ni
2
φ − 1

)

giRVi(φR, ∂φR) .

(1.70)

The quantity δL is called the counterterm Lagrangian. It is a general property of perturba-
tively quantised local quantum field theories that the new divergences that appear in Feynman
diagrams at a given perturbative order must be polynomial in m and in the external momenta
q. This basically follows from the fact that taking derivatives with respect to m or q one in-
creases the power of loop momenta appearing in the denominator of the diagrams. An example
is provided by the following 1-loop integral,

I =

∫

d4p

(2π)4
1

(p+ q)2 −m2 + iǫ

1

p2 −m2 + iǫ
∼ log Λ

dI

dqµ
=

∫

d4p

(2π)4
−2(p+ q)µ

[(p+ q)2 −m2 + iǫ]2
1

p2 −m2 + iǫ
= finite .

(1.71)
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This implies that UV divergences have the same structure as the contribution of the local vertices
Vi(φR, ∂φR), or of the kinetic terms (∂φR)

2 and m2
Rφ

2
R, but with divergent coefficients δZi, or

δZφ, or δZm. This means that by choosing

Zφ − 1 = δZφ , ZφZm − 1 = δZm , ZgiZ
ni
2
φ − 1 = δZi , (1.72)

one cancels the divergences entirely. Clearly, if the local vertex corresponding to a divergence
was not originally present in the Lagrangian, it must be added.

It should be specified more clearly what is meant above by “new divergences” at a given per-
turbative order. In general, divergences appear in a Feynman diagram when the corresponding
integral over the momenta of internal lines is not convergent at large momenta. Divergences are
of two general types:

• an overall divergence is present in a diagram if the integral is not covergent in the mo-
mentum region corresponding to scaling all internal momenta as pi → κpi and sending
κ→ ∞;

• a subdivergence is present if the integral is not convergent in the momentum region cor-
responding to again scaling pi → κpi and sending κ → ∞, but keeping certain linear
combination ∆p of momenta fixed.

Other possible large-momentum limits (e.g., rescaling pi → κipi with different κi) can be re-
duced to the two cases above. A diagram may have an overall divergence with one or more sub-
divergences, or without any; or one or more subdivergences, but no overall divergence. When
increasing the perturbative order (at fixed number of external lines), the overall divergences
one may find are certainly new, given the larger number of internal momenta over which one
integrates. For an overall divergence, since no combination ∆p is kept fixed, one always makes
the integrand better behaved at large momenta by taking derivatives with respect to masses
and/or external momenta. The general form of the integrand is in fact

I(p) = P (p)
∏

i

1

(pi + qi)2 −m2 + iǫ

∏

j

1

(pj +∆qj)2 −m2 + iǫ
, (1.73)

where ∆qj are linear combinations of the external momenta qj and P (p) is some polynomial
of the internal momenta (the dependence on external momenta q is irrelevant here). Taking
derivatives one finds qualitatively

∂I(p)
∂qµ

∼ pµI(p)
p2

,
∂I(p)
∂m

∼ mI(p)
p2

, (1.74)

and so an improved convergence rate. This may not be the case when certain combinations
∆p of internal momenta are kept fixed, since an extra power of ∆p in the denominator does
nothing for the convergence rate. The consequence is that taking sufficient many derivatives the
integral is made convergent, implying that the overall divergence is local, i.e., polynomial in qµ (or
equivalently in ∂µ in coordinate space) and inm. This implies that these divergent contributions
have the same mass and momentum dependence as contribution originating from the insertion of
a vertex corresponding to a local operator, and so can be cancelled by subtracting the divergent
prefactor from the coefficient of this operator in the counterterm Lagrangian. This is done order
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Figure 2: A three-loop diagram in scalar λφ4 theory, and the two-loop and one-loop diagrams
corresponding to its subdivergences.

by order in perturbation theory, so that at the next order the divergence subtracted here will
appear contribute to the prefactor of the corresponding vertex in the counterterm Lagrangian.

An example from scalar λφ4 theory is shown in Fig. 2. When the internal momenta p1,2,3
all become large without any combination kept fixed, one studies the overall divergence of the
diagram. When the combination p1 + p2 − p3 is kept fixed, one finds the same divergence as
in the 2-loop diagram at the centre left: one has p3 ∼ p1 + p2, while the lines with momentum
p1 + p2 − p3 and p1 + p2 − p3 − q do not affect the convergence rate. If instead p1 − p3 is kept
fixed, then the divergence is the same as that of the diagram at the centre right; the same holds
if p2 − p3 is kept fixed, up to relabelling p1 ↔ p2. If besides p1 + p2 − p3 also the combination
p1+p2 is kept fixed, then one finds the same divergence as in the 1-loop diagram at the bottom,
since p3 ∼ 0 and p1 ∼ −p2.

It is a matter of combinatorics to show that at each perturbative order, subdivergences are
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fully removed by the counterterms, as determined by the subtractions performed up to the
previous perturbative order. As pointed out above, new divergences are necessarily local, and so
can be cured by a suitable redefinition of the coupling constant of a local term in the counterterm
Lagrangian. The renormalised value of the couplings are kept finite, and can in principle be fixed
by matching with experimental results. What could possibly go wrong is that the number of
terms in δL increases indefinitely as the perturbative order increases, so that an infinite amount
of experiments is required to fully determine the theory, which is then never fully predictive.11

Renormalisability of a theory We now briefly discuss under what conditions is the renor-
malisation procedure going to succeed to all orders in perturbation theory, by redefining a finite

number of bare coouplings. There is a simple power counting criterion for this, based on the
mass dimension of the couplings in the Lagrangian. Given a diagram G, its mass dimension
is determined as follows. Each internal bosonic or fermionic line contributes a factor of order
p−dB,F from the corresponding propagator, and an integration measure d4p. Usually dB = 2
and dF = 1, but there are exceptions. Each vertex contributes a momentum-conserving delta
function; one of these is factored out to enforce overall momentum conservation of the diagram,
and does not effectively enter the counting. Moreover, the i-th type of vertex, of schematic form
Vi = ∂kiµ φ

nBiψ̄ōFiψnFi−ōFi , contributes a further factor pki . All in all, the mass dimension DG

of the diagram is

DG = (4− dB)IB + (4− dF )IF + 4− 4
∑

i

Vi +
∑

i

Viki . (1.75)

This is the superficial degree of divergence of the diagram, expected by simple power counting,
and corresponding to an overall divergence. If a diagram diverges with the UV cutoff Λ as ΛωG ,
we call ωG the degree of divergence of the diagram. This may be lower than the superficial one
due to cancellations, so in general ωG ≤ DG. It is worth noticing that the mass dimension of
the coupling gi, corresponding to the vertex Vi, reads

dgi = 4− ki − nBi −
3

2
nF i < 4 , (1.76)

where the upper bound comes from the fact that there are no local operators of negative mass
dimension in d = 4; and that the only operator of dimension 0 is an uninteresting numerical
constant. Exploiting now the well known topological relations between the number of internal
and external lines and the number of vertices,

EB,F + 2IB,F =
∑

i

VinB,F i , (1.77)

one finds that

DG = 4−dB
2 (

∑

i VinBi − EB) +
4−dF

2 (
∑

i VinF i − EF ) + 4− 4
∑

i Vi +
∑

i Viki

= 4− 4−dB
2 EB − 4−dF

2 EF +
∑

i Vi

(

ki − 4 + 4−dB
2 nBi +

4−dF
2 nF i

)

= f(EB, EF ) +
∑

i

Vi [ki − f(nBi, nF i)] ,

(1.78)

11Since operators of higher dimension are suppressed by increasing inverse powers of a mass M , the theory
renormalised at a given order n will be predictive up to energies E where the order n + 1 term, of magnitude
proportional to (E/M)c(n+1), becomes comparable with the order n term, of magnitude (E/M)cn.
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Figure 3: Derivation of the topological relations, Eq. (1.77). Dots can be counted in two ways:
as a property of vertices, or as a property of internal and external lines.

where

f(nB, nF ) = 4− 4− dB
2

nB − 4− dF
2

nF , (1.79)

which is a decreasing function of nB,F . If every vertex in the Lagrangian satisfies

ki ≤ f(nBi, nF i) , (1.80)

then ωG ≤ f(EB , EF ). If all vertices satisfying ki ≤ f(nBi, nF i) have been included in L , then
the divergence in G must be of the same form of one of those vertices, and can be renormalised
away by redefining the corresponding coupling. As the number of fields increases, the require-
ment on the number of derivatives becomes more stringent, until eventually no derivatives are
allowed. For terms without derivatives f(nBi, nF i) ≥ 0, so the possible choice of number of fields
is finite. In summary, the number of possible vertices satisfying ki ≤ f(nBi, nF i) is finite, and if
they are all included in the Lagrangian, then all divergences can be removed by renormalisation
as outlined above, and the theory is said to be a renormalisable by power counting.

On the other hand, if for some vertex ı̄ one has kı̄ > f(nBı̄, nF ī), then increasing the number
Vı̄ of vertices of this type any ωG becoms possible, and in general new types of vertices need to
be included in the Lagrangian at each perturbative order. In this case the theory is said to be
non-renormalisable by power counting.

Using Eq. (1.76), the inequality Eq. (1.80) can be recast as follows,

2− dB
2

nBi +
1− dF

2
nF i ≤ 4− ki − nBi −

3

2
nF i = dgi . (1.81)

In the standard case dB = 2, dF = 1, one finds that Eq. (1.80) boils down to dg ≥ 0, i.e., all
coupling must have non-negative mass dimension.
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Examples of renormalisable and non-renormalisable theories

Scalar field For a real scalar field φ one can write for the most general interaction La-
grangian

V (φ) =
∑

gn,{mi}T
µ1,1...µn,mn

n
∏

i=1

(

mi
∏

j=1

∂µi,j

)

φ , dgn,{mi}
= 4−

n
∑

i=1

(1 +mi) , (1.82)

for some Lorentz-invariant tensor T µ1,1...µn,mn (which can only be built out of the metric tensor
and the Levi-Civita tensor). Positivity of the mass dimension requires no more than four fields;
Lorentz invariance imposes that zero or two derivatives appear. Terms with two derivatives
have at most two fields: those with two fields are identical to the derivative term in the kinetic
part (up to a total derivative), and the term with one field is total derivative. The most general
renormalisable Lagrangian is then of the form (up to field renormalisation)

L =
1

2
∂µφ∂

µφ− 1

2
m2φ2 + hφ+

c

3!
φ3 +

λ

4!
φ4 . (1.83)

If h = c = 0, the appearance of counterterms odd in φ is forbidden by the symmetry φ → −φ.
On the otehr hand, if h = 0, c 6= 0 (resp. h 6= 0, c = 0) a counterterm linear (resp. cubic) in φ
can (almost certainly will) be generated by the renormalisation procedure.

Fermi theory For the most general four-fermion interaction Lagrangian,

LI =
∑

i

Gi(ψ̄ΓAψ)(ψ̄Γ
Aψ) , (1.84)

with {ΓA} a basis for 4 × 4 Hermitian matrices, the theory is non-renormalisable by power
counting since dGi = 4− 43

2 = −2.

Proca field The free propagator for a massive vector field (Proca field) Aµ reads

DProca
µν (p) =

−i(ηµν − pµpν
m2 )

p2 −m2 + iǫ
, (1.85)

so that dB = 0, and the constraint for renormalisability reads nB ≤ dg < 4. Renormalisable
terms are:

• nB = 1 terms complying with Lorentz invariance are either ∂µA
µ and ✷∂µA

µ, which are
total derivatives (and in the second case dg = 0 ≤ 1 forbids it); or the coupling to a vector
current, JµA

µ, with dJ = 3 > 1;

• nB = 2 terms are limited by Lorentz invariance to (∂µA
µ)2, ∂µAν∂

νAµ, Aν∂µ∂
νAµ, and

✷AµA
µ , but in this case dg = 0 ≤ 2 (naively) forbids them; and a mass term AµA

µ with
dg = 2;

• nB = 3 requires one derivative for Lorentz invariance, so possible terms are g(∂µA
ν)AνA

µ

and g(∂µA
µ)AνA

ν , but dg = 0 < 3 = nB and so they are forbidden.

No renormalisable self-interaction exists for the Proca field.
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Renormalised perturbation theory in the canonical formalism - back from the start∗
We started from the canonical quantisation of a theory, ran into troubles, and found that renor-
malisation can fix them. It may help clarify the procedure if we go back to the start having in
mind that regularisation of the theory and a suitable redefinition of the parameters is going to
be needed.

Instead of claiming that we are solving directly the theory defined by some Hamiltonian
H[φ, π] for canonically conjugate field variables φ and π obeying Hamilton equations of mo-
tion and canonical commutation relations, we start from the implicitly regularised Hamiltonian
H[φB , πB ] with canonical variables φB and πB , again obeying Hamilton equations and canonical
commutation relations. Having reduced the degrees of freedom to a finite number by imposing
a UV and an IR cutoff, we are just doing quantum mechanics with a large number of canonical
variables. For good measure, we also switch the interaction on and off adiabatically at large
times, so that H → H0 and φB(t) → φ0(t) as t → ±∞, where φ0 is a free field with the usual
normalisation. This procedure automatically kills any bound state of the theory as a possible
asymptotic states, and so is suitable only if the spectrum of the theory is not radically changed
by the interactions (or if this radical change can be taken into account separately.)

In this setting, the Hamiltonian is time dependent and reads

H(t) = H0[φB(0), πB(0)] + fǫ(t)HI [φB(0), πB(0)] , (1.86)

where the adiabatic switching factor fǫ is a smooth, slowly varying function such that fǫ(t) = 1
for |t| < T0, and fǫ(t) → 0 for t → ±∞. Notice that both H0 and HI are time-independent by
construction. In H0 one should use the physical mass m of the particle, and in HI one should
include m2

B−m2 = δm2, the difference between the bare and physical mass squared, to be tuned
so that particles have mass m also in the integracting theory. Similarly, one should include a
vacuum energy difference E0 in HI , to be tuned so that the vacuum has vanishing energy (i.e.,
is translation invariant) also in the interacting theory:

HI = δm2φ2B + E0 + V (φB) . (1.87)

The temporal evolution is given by

U(t, t′) = Texp

{

−i
∫ t

t′
dτ H(τ)

}

= Texp

{

−i
∫ t

t′
dτ (H0 + fǫ(τ)HI)

}

, (1.88)

and reduces to U(t, t′) → e−iH(t−t′) as ǫ → 0, i.e., as the switching on/off function is removed.
The Møller operators read now

Ω± = lim
t→∓∞

U(t, 0)†e−iH0[φB(0),πB(0)]t , (1.89)

with the free theory at asymptotic times governed by H0[φB(0), πB(0)]. We set φ0(0) = φB(0),
π0(0) = πB(0), and define the freely-evolving variables

φ0(t) = eiH0[φB(0),πB(0)]tφB(0)e
−iH0[φB(0),πB(0)]t = eiH0[φ0(0),π0(0)]tφ0(0)e

−iH0[φ0(0),π0(0)]t ,

π0(t) = eiH0[φB(0),πB(0)]tπB(0)e
−iH0[φB(0),πB(0)]t = eiH0[φ0(0),π0(0)]tπ0(0)e

−iH0[φ0(0),π0(0)]t .
(1.90)

Then

φ0(t) = eiH0[φ0(0),π0(0)]tU(t, 0)φB(t)U(t, 0)†e−iH0[φ0(0),π0(0)]t = U(t)φB(t)U(t)† ,

π0(t) = eiH0[φ0(0),π0(0)]tU(t, 0)πB(t)U(t, 0)†e−iH0[φ0(0),π0(0)]t = U(t)πB(t)U(t)† ,
(1.91)
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and U(t) obeys the differential equation

U̇(t) = ieiH0[φ0(0),π0(0)]t {H0[φ0(0), π0(0)]−H(t)} U(t, 0)
= −ieiH0[φ0(0),π0(0)]tfǫ(t)HI [φ0(0), π0(0)]e

−iH0[φ0(0),π0(0)]tU(t) ≡ −iVI(t)U(t) .
(1.92)

Together with U(0) = 1, this yields

U(t) = Texp

{

−i
∫ t

0
dτ VI(τ)

}

. (1.93)

Similarly,

U̇(t)† = U(t)†iVI(t) ⇒ U(t)† = Texp

{

−i
∫ 0

t
dτ VI(τ)

}

, (1.94)

and combining the two results (and using uniqueness of the solution of the Cauchy problem) on
finds

U(t)U(t′)† = Texp

{

−i
∫ t

t′
dτ VI(τ)

}

. (1.95)

The Møller operators can be obtained by solving an equation similar to Eqs. (1.92) and (1.94).
Set

Ω(t) = U(t, 0)†e−iH0t , Ω± = lim
t→∓∞

Ω(t) , (1.96)

where we denoted simply H0 = H0[φB(0), πB(0)], and take its time derivative,

Ω̇(t) = iU(t, 0)†(H(t)−H0)e
−iH0t = iU(t, 0)†e−iH0teiH0t(H(t)−H0)e

−iH0t = Ω(t)iVI(t) . (1.97)

Since Ω(0) = 1, this is solved by

Ω(t) = Texp

{

−i
∫ 0

t
dτVI(τ)

}

= U(t)† ⇒ Ω± = U(∓∞)† . (1.98)

Then one finds for the scattering matrix S

S = Ω†
−Ω+ = U(+∞)U(−∞)† = Texp

{

−i
∫ +∞

−∞
dτ VI(τ)

}

. (1.99)

This operator acts on the Fock space of the free particles created and annihilated by φ0, starting
from the free vacuum |0〉0. In particular, 0〈0|S|0〉0 is the vacuum-to-vacuum amplitude which
is necessarily a phase due to uniqueness and Poincaré invariance of |0〉0. This phase can be set
to 1 without any loss of information, in practice by dividing out by 0〈0|S|0〉0. The scattering
amplitudes are then obtained as

Sfi =
0〈ϕf |S|ϕi〉0
0〈0|S|0〉0

=

∫

dΩ
(n′)
p′ ϕ1

f (p
′
1)

∗ . . . ϕn
′

f (p′n′)∗
∫

dΩ(n)
p ϕ1

i (p1) . . . ϕ
n
i (pn)

0〈p′1, . . . , p′n′ |S|p1, . . . , pn〉0
0〈0|S|0〉0

,

(1.100)
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starting from the n→ n′ transition amplitudes

0〈p′1, . . . , p′n′ |S|p1, . . . , pn〉0
0〈0|S|0〉0

=
0〈p′1, . . . , p′n′ |Ω†

−Ω+|p1, . . . , pn〉0
0〈0|S|0〉0

= out〈p′1, . . . , p′n′ |p1, . . . , pn〉in .
(1.101)

In Eq. (1.100) the contribution from the vacuum energy counterterm gets cancelled between
numerator and denominator and so can be ignored.

A better way to discuss this point is to notice that the adiabatic switching on and off of
the interaction leads the free vacuum state to new states Ω±|0〉0 = limǫ→0Ω

ǫ
±|0〉0, where the

dependence on ǫ has been made explicit. These are the interacting in and out vacuum states,
that are eigenvectors of H, obeying12

HΩ±|0〉0 = lim
ǫ→0

±iǫg ∂
∂g

Ωǫ±(g)|0〉0
∣

∣

∣

∣

g=1

,

Ωǫ±(g) = Texp

{

−ig
∫ 0

∓∞
dτ e−ǫ|τ |eiH0τHIe

−iH0τ

}

= e∓ig
E0
ǫ Texp

{

−ig
∫ 0

∓∞
dτ e−ǫ|τ |eiH0τ (HI − E0)e

−iH0τ

}

.

(1.102)

This result is known as Gell-Mann–Low theorem.13 Since Ω±|0〉0 is the interacting (in and out)
vacuum, one must have HΩ±|0〉0 = 0, implying 0〈0|HΩ±|0〉0 = 0, which in turn requires

0 = lim
ǫ→0

±iǫg ∂
∂g

[

e∓ig
E0
ǫ 0〈0|Te−ig

∫ 0
∓∞ dτ e−ǫ|τ |eiH0τ (HI−E0)e−iH0τ |0〉0

]

g=1
. (1.103)

This is achieved by tuning E0 at finite ǫ as

e±ig
E0
ǫ = 0〈0|Te−ig

∫ 0
∓∞

dτ e−ǫ|τ |eiH0τ (HI−E0)e−iH0τ |0〉0 . (1.104)

More symmetrically,

0 = 2 0〈0|Ω†
−HΩ+|0〉0 = 0〈0|Ω†

−(+iǫg
∂

∂g
Ω+) + (−iǫg ∂

∂g
Ω−)

†Ω+|0〉0

= iǫg
∂

∂g
0〈0|Ω†

−Ω+|0〉0 = iǫg
∂

∂g
0〈0|S|0〉0

= iǫg
∂

∂g
e−2ig

E0
ǫ 0〈0|Te−ig

∫ 0
∓∞

dτ e−ǫ|τ |eiH0τ (HI−E0)e−iH0τ |0〉0 ,

(1.105)

which is obtained by setting

e−2ig
E0
ǫ =

1

0〈0|Te−ig
∫+∞
−∞

dτ e−ǫ|τ |eiH0τ (HI−E0)e−iH0τ |0〉0
. (1.106)

12An infinite phase should be removed by dividing by 0〈0|Ω
ǫ
±|0〉0 before taking the limit, but this does not

change the argument made here.
13M. Gell-Mann and F. Low, “Bound states in quantum field theory”, Phys. Rev. 84 (1951) 350-354. See also

J. Sucher, “S-matrix formalism for level-shift calculations”, Phys. Rev. 107 (1957) 1448-1449.
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One can then drop E0 from VI and include this factor in the S-matrix calculation, which precisely
cancels out the contribution of vacuum bubble diagrams from every matrix element. Notice that

U(s, 0)Ω(t) = e−iH0sU(s)U(t)† = e−iH0sTexp

{

−i
∫ s

t
dτ eiH0τfǫ(τ)HIe

−iH0τ

}

= e−iH0sTexp

{

−i
∫ 0

t−s
dτ eiH0(τ+s)fǫ(τ + s)HIe

−iH0(τ+s)

}

= e−iH0seiH0sTexp

{

−i
∫ 0

t−s
dτ eiH0τfǫ(τ + s)HIe

−iH0τ

}

e−iH0s

= Texp

{

−i
∫ 0

t−s
dτ eiH0τ (fǫ(τ) + sḟǫ(τ) + . . .)HIe

−iH0τ

}

e−iH0s

= (Ω(t− s) + . . .)e−iH0s .

(1.107)

Since fǫ is slowly varying, its derivatives can be neglected (and vanish in the adiabatic limit),
so that

U(s, 0)Ω± = lim
t→±∞

U(s, 0)Ω(t) = lim
t→±∞

Ω(t− s)e−iH0s = Ω±e−iH0s , (1.108)

up to terms that vanish in the adiabatic limit. In this limit,

H|p1, . . . , pn〉in/out = HΩ±|p1, . . . , pn〉0 = Ω±H0|p1, . . . , pn〉0
= EΩ±|p1, . . . , pn〉0 = E|p1, . . . , pn〉in/out ,

(1.109)

i.e., the in/out states are eigenstates of the full Hamiltonian, in one-one correspondence with
free multiparticle states. Moreover, if U0(a,Λ) are the unitary representatives of Poincaré trans-
formations, then

Ω±U0(a,Λ)|p1, . . . , pn〉0 = e−ia·
∑

j pj |Λp1, . . . ,Λpn〉0 = e−ia·
∑

j pjΩ±|Λp1, . . . ,Λpn〉0
= e−ia·

∑

j pj |Λp1, . . . ,Λpn〉in/out = Uin/out(a,Λ)|p1, . . . , pn〉in/out ,
(1.110)

so that Poincaré transformations are defined on in and out states. Assuming that [U0(a,Λ), S] =
0, i.e., Poincaré invariance holds, then

out〈p′1, . . . , p′n′ |Uout(a,Λ)
†Uin(a,Λ)|p1, . . . , pn〉in

= 0〈p′1, . . . , p′n′ |U0(a,Λ)
†Ω†

−Ω+U0(a,Λ)|p1, . . . , pn〉0
= 0〈p′1, . . . , p′n′ |U0(a,Λ)

†SU0(a,Λ)|p1, . . . , pn〉0
= 0〈p′1, . . . , p′n′ |S|p1, . . . , pn〉0 = out〈p′1, . . . , p′n′ |p1, . . . , pn〉in ,

(1.111)

i.e., Uout(a,Λ) = Uin(a,Λ). In other words, if the interaction Hamiltonian is Poincaré invariant,
then in and out states transform according to the same unitary representation of the Poincaré
group, and transform precisely like free multiparticle states.

At this point one sets up perturbation theory and employs the usual Feynman rules to com-
pute the (still regularised) perturbative series. An important point is that properly taking into
account the presence of the adiabatic switch results into a modificiation of the naive Feynman
rule for external lines. In general, diagrams contributing to a process with n incoming plus
outgoing particles can be written as the product of a connected truncated n-point part and n
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two-point parts, connecting the n-point part with the external particles. The n-point part and
the n two-point parts can be resummed separately to all orders. The result for the full external
lines is naively of the form

1 +DΣ+ (DΣ)2 + . . . =
1

1−DΣ
=

p2 −m2

p2 −m2 − Σ(p2) + iǫ
, (1.112)

where Σ is the sum of two-point 1PI diagrams, including the contributions of the mass countert-
erm δm2φ2. For m to be the physical mass of the particle, one needs the full two-point function
to have a pole there, which a similar calculations shows to be

D +DΣD + (DΣ)2D + . . . =
1

1−DΣ
D =

1

p2 −m2 − Σ(p2) + iǫ
. (1.113)

One then needs Σ(m2) = 0, which is achieved by suitably choosing δm2. The fact that this may
be divergent as the regularisation is removed is irrelevant from the conceptual point of view.
One then finds

p2 −m2

p2 −m2 − Σ(p2)
=

p2→m2

p2 −m2

(p2 −m2)[1 − Σ′(m2)]
=

1

[1− Σ′(m2)]
= Z . (1.114)

Taking into account the adiabatic switching correctly, this is modified into14

Z →
√
Z . (1.115)

This factor is a leftover of the adiabating switching procedure: while free particle states are
correctly representing the state of the system at asymptotic times when adiabating switching
is present, in the physical theory there is no such a thing and the true asymptotic states are
affected by the persistent effects of the interaction, responsible, e.g., for the true mass of the
particle. At any intermediate stage, the true asymptotic states are built out of a cloud of
particles surrounding the original free particle, which is implemented by the Møller operators.
When representing in terms of momentum eigenvectors, however, it is not guaranteed that the
correct normalisation is mantained - and in fact it is not. Formally, for one-particle states

Ω±|p〉0 = |p〉0 +
∫ ±∞

0
dt e−ǫ|t|eiHtiHIe

−iH0t|p〉0

= |p〉0 −
1

H − Ep ± iǫ
HI |p〉0 =

±iǫ
H − Ep ± iǫ

|p〉0 .
(1.116)

It is easy to show that as ǫ→ 0, this becomes an eigenstate of H:

(H − Ep ± iǫ)Ω±|p〉0 = ±iǫ|p〉0 ⇒ (H − Ep)Ω±|p〉0 = ±iǫ (|p〉0 − Ω±|p〉0) →
ǫ→0

0 . (1.117)

This applies, more generally, to multiparticle states |p1, . . . , pn〉0, that are turned by Ω± into
eigenstates of H (in the limit ǫ → 0). In general, however, Ω±|p〉0 does not have the usual

14F.J. Dyson, “The S matrix in quantum electrodynamics” Phys. Rev. 75 (1949) 1736-1755; “Heisenberg Op-
erators in Quantum Electrodynamics. II”, Phys. Rev. 83 (1951) 3, 608-627. See also, F.J. Dyson, “Advanced
quantum mechanics”, quant-ph/0608140, pp. 110-111; S. Schweber, “An introduction to relativistic quantum
field theory”, sec. 15c; F. Mandl and G. Shaw, “Quantum Field Theory”, sec. 9.4.
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relativistic normalisation even in this limit,15 so we set
√
Z|p±〉 = lim

ǫ→0
Ω±|p〉0 , (1.118)

where |p±〉 are correctly normalised and Z is real positive (after suitably choosing phases), but
in general Z 6= 1. Taking the scalar product of Eq. (1.116) with |p±〉 (assuming regularisation
in a finite spatial box so that momentum eigenstates are normalisable), one finds

√
Z = 〈p± |

√
Z|p±〉 = 〈p± | lim

ǫ→0
Ω±|p〉0 = 〈p± |p〉0 , (1.119)

so one sees that Z is the same for both Ω±. One can also argue that for multiparticle states
one gets the same factor for each particle. This factor is the same factor discussed above:
one can think about the fully dressed external lines as the processes turning |p1, . . . , pn〉0 into
|p1, . . . , pn+〉 for the incoming particles, before they interact with each other, and conversely
|p′1, . . . , p′n′−〉 into |p′1, . . . , p′n′〉0 for outgoing particles, after they have interacted. (Particles
that do not interact with anything else are turned from free to interacting to free again without
any loss, i.e., with probability 1. At finite ǫ there are parts of the wavefunction Ωǫ that will get
lost as ǫ→ 0, but since they are not disturbed they sum coherently and give back 1.)

One can then either ignore loop corrections to external lines entirely and simply include a
factor

√
Z, or include loop corrections to external lines explicitly and include a factor 1/

√
Z

for each external line. In either case, this boils down to the resummed external line being
removed when put on shell, and a factor

√
Z being attached to the connected truncated part.

If one insists on keeping it in the game, one can treat it as being multiplied by 1/Z, while a
factor

√
Z is attached to the connected truncated part. For the latter, the topological relation

E + 2I =
∑

k nVk implies that the overall factor Z
1
2
E = Z−I+ 1

2

∑

k kVk can be treated as a

modification Z−1 for each (elementary) internal line and an effective redefinition Z
k
2 of the

coupling λBk → Z
k
2λBk of the (elementary) vertex with k lines. The former effectively redefines

the full internal propagators so that they have residue 1 at the particle pole; this removes
self-energy divergences. The latter, after setting λBk = Zkλk, amounts effectively to having

for each vertex a factor Z
k
2Zkλk, so that only the combination Z ′

k = Z
k
2Zk of renormalisation

constants appears. Divergences can now be removed by suitably defining δm2 and Z ′
k, so that

the physical mass and the renormalised coupling (suitably defined by some prescription) take
their experimental values, while it is clear from the above that Z plays physically no role.

The treatment of external lines discussed above can be summarised as

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in = Gn(−p′1, . . . ,−p′n′ , p1, . . . , pn)

× [G2(p
′
1) . . . G2(p

′
n′)]−1[G2(p1) . . . G2(pn)]

−1

× Z
1
2 ū(p′1) . . . Z

1
2 ū(p′n′)Z

1
2u(p1) . . . Z

1
2u(pn) ,

(1.120)

i.e., the full n-point function is stripped of fully dressed external lines, replaced by Z
1
2 times the

particle wave function, or equivalently

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in = Gn(−p′1, . . . ,−p′n′ , p1, . . . , pn)

× [Gfree
2 (p′1) . . . G

free
2 (p′n′)]−1[Gfree

2 (p1) . . . G
free
2 (pn)]

−1

× Z− 1
2 ū(p′1) . . . Z

− 1
2 ū(p′n′)Z− 1

2u(p1) . . . Z
− 1

2u(pn) ,

(1.121)

15See, e.g., Bryce S. DeWitt, “State-vector normalization in formal scattering theory”, Phys. Rev. 100 (1955)
905-911.
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i.e., the full n-point function is stripped of free external lines, replaced by Z− 1
2 times the particle

wave function.

Renormalised perturbation theory∗ There is a practically more convenient way to imple-
ment the perturbative procedure. Internal lines including the renormalisation factor Z−1 can
be further recast as

i

p2 −m2 + iǫ

1

Z
=

i

p2 −m2 + iǫ

1

1 + (Z − 1)
=

i

p2 −m2 + iǫ

[

1 +
∞
∑

n=1

(1− Z)n

]

=
i

p2 −m2 + iǫ

∞
∑

n=0

[

i(p2 −m2)(Z − 1)
i

p2 −m2 + iǫ

]n

,

(1.122)

which is equivalent to the sum of insertions of a new vertex,

(Z − 1)
1

2

[

(∂µφ)
2 −m2φ2

]

. (1.123)

The Feynman rules can then be summarised as follows:

• usual factor for external lines;

• usual factor i/(p2 −m2 + iǫ) with m physical for internal lines;

• factor iZ
k
2Zkλk for vertex k;

• factor −iδm2 for two-point vertex −δm2φ2/2 = −(Zm − 1)Zm2φ2/2;

• factor i(p2 −m2)(Z − 1) for two-point vertex (Z − 1)12
[

(∂µφ)
2 −m2φ2

]

.

Effectively, these can be derived from a new interaction Lagrangian that reads

LI = (Z − 1)
1

2

[

(∂µφ)
2 −m2φ2

]

− (Zm − 1)Zm2 1

2
φ2 +

∑

k

Z
k
2Zkλkφ

k

=
Z − 1

2
(∂µφ)

2 − (Zm − 1)m2Z

2
φ2 +

∑

k

Z
k
2Zkλkφ

k ,

(1.124)

employed as usual directly into Dyson’s formula, replacing φ with a free field with standard
normalisation [φ0, φ̇0] = i, governed by the free Lagrangian

L0 =
1

2

[

(∂µφ)
2 −m2φ2

]

. (1.125)

Combining together L = L0 + LI one finds

L =
Z

2
(∂µφ)

2 − Zmm
2Z

2
φ2 +

∑

k

Z
k
2Zkλkφ

k =
Z

2
(∂µφ)

2 −m2
B

Z

2
φ2 +

∑

k

Z
k
2λBkφ

k . (1.126)

The value of Z is determined by the condition that the full two-point propagator of φ at the
particle pole has residue 1. The values of Zm and Zk are fixed instead by comparison with
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experiments of m and λk, and so must reabsorb any remaining divergence in the two-point non-
derivative and k-point vertices. At each order one then includes a suitable contribution in Z,
Zm and Zk in order to fullfil the requirements.

Notice that redefining Zφ = φB , one ends up exactly with the original Lagrangian,

L =
1

2
(∂µφB)

2 −m2
B

1

2
φ2B +

∑

k

λBkφ
k
B . (1.127)

However, if one uses canonical quantisation on this Lagrangian one does not end up having
standard commutation relations for φ and φ̇. Nonetheless, for the perturbative treatment, in
practice one can simply rescale φB , split the desired free part, and use the rest as minus the
interaction Hamiltonian in Dyson’s formula. The resulting perturbative series, suitably modified
for what concerns the external lines, gives the Green’s functions of the renormalised field φ. This
does not obey standard commutation relations [φ, φ̇] = i.

As far as reabsorbing divergences goes, one can use a different set of prescriptions than
the on-shell ones. For example, one can set φB = Z ′ 1

2φ′ and use Z ′ to reabsorb divergences
proportional to p2 − m2, requiring that the residue at the pole be some finite value z; and
set m2

B = Z ′
mm

′2 and require that m′ = zmm for some finite zm - or something else which is,
however, practically equivalent to this. The definition of the renormalised couplings is inherently
arbitrary, and one can employ also unphysical conditions like, e.g., the value of the k-point
function for some off-shell choice of momenta; for notational uniformity, let λBk = Z ′

kλ
′
k. Again,

at each perturbative order one includes contributions in Z ′, Z ′
m and Z ′

k in order to fullfil the
renormalisation conditions. One ends up with finite values for m′ and λ′k, related by a finite
renormalisation to the physical ones. Of course, this procedure cannot change the S-matrix - as
long as the physical mass and couplings are fixed. On the other hand, it changes the Green’s
functions of the renormalised field φ′. Since φB is always the same if we fix the corresponding
physical theory (i.e., the physical mass and coupling), so will be its Green’s functions, and so

〈0|T{φB(x1) . . . φB(xn)}|0〉 = Z
n
2 〈0|T{φ(x1) . . . φ(xn)}|0〉 = Z ′n

2 〈0|T{φ′(x1) . . . φ′(xn)}|0〉 .
(1.128)
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2 Elements of non-perturbative quantum field theory

The perturbative quantisation procedure outlined above works quite well in practice, at least
for certain theories, but theoretically it is not satisfactory. Its most appealing feature is that it
indeed describes the physics of interacting particles in a manifestly local and Poincaré-invariant
fashion, which is what we set out to do. Moreover, it allows to label the states of the fully
interacting theory that describe the initial and final states of a scattering process in terms of
free-particle quantum numbers (i.e., number and type of particles, energy, momentum, spin,. . . ).
On the other hand, it relies on the adiabatic switching procedure, which is somewhat physically
justified (the actual scattering interaction takes place over a short time) and somewhat not
(interactions have persistent effects that change the asymptotic states themselves), and on the
bold assumption that a perturbative expansion can be done, i.e., that the theory is analytic
at vanishing coupling (which is very likely not the case in most theories, most notably QED).
While one could accept that as an approximation to the true theory, since the perturbative series
is the very device that we are using to define the quantised theory itself, one is left with very
shaky foundations.

It is then important to understand what would a quantum field theory look like under general
assumptions, including symmetry and locality properties, and find out what are the general
properties that one should expect independently of the quantisation procedure. This line of
research is known as “axiomatic quantum field theory” (though nowadays the term “algebraic
quantum field theory” is preferred), and was pursued among others by Lehmann, Symanzik, and
Zimmermann; Wightman; Streater; Haag; Ruelle; Källén. While this is unlikely to help with
practical calculations, it will help understanding QFT itself, and clarify the connection between
the underlying objects, i.e., fields, and the observable entities, i.e., particles.

Wightman’s axioms The starting point of the axiomatic approach is a set of physically
motivated assumptions, or axioms, that a decent QFT has to satisfy. Without any pretense
to mathematical rigour, these are the main basic assumptions on which one wants to build
(Wightman’s axioms). It is understood that the theory is formulated in some (separable) Hilbert
space H, and that fields φi(x) are associated with the points x of spacetime.

1. The theory is symmetric under translations, with translation symmetry implemented by
unitary operators U(a) = e−iP ·a, whose Hermitean generators Pµ = P †

µ are identified with the
four-momentum operator.

2. There is a unique translation-invariant normalisable vacuum state |0〉,

Pµ|0〉 = 0 , 〈0|0〉 = 1 . (2.129)

3. Fields build the Hilbert space out of the vacuum, i.e., all the states (or at least a dense
set of states) is obtained by applying polynomials P [φ] of fields on the vacuum, {P [φ]|0〉} = H.
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4. The theory has a positive energy-momentum spectrum, i.e., the eigenvalues pµ of Pµ
satisfy p2 ≥ 0, p0 ≥ 0. It follows that |0〉 is also the unique state of minimal energy p0 = 0.

5. Lorentz symmetry is implemented by unitary operators U(Λ), and so full Poincaré sym-
metry is implemented by unitary operators. It follows from group composition properties that
|0〉 is also Lorentz invariant. In fact

U(a)U(Λ)|0〉 = U(Λ)U(Λ−1)U(a)U(Λ)|0〉 = U(Λ)U(Λ−1a)|0〉 = U(Λ)|0〉 = |0〉 , (2.130)

where the last passage follows since U(Λ)|0〉 is translation-invariant, but such a state is unique.

6. Fields transform covariantly under Poincaré symmetry,

U(a)†U(Λ)†φi(x)U(Λ)U(a) = Sij(Λ)φj(Λ
−1x+ a) , (2.131)

where Sij(Λ) is some finite-dimensional irreducible representation of the proper orthocronous
Lorentz group. This is a technical assumption that is not strictly necessary, but which greatly
simplifies things.

7. Fields obey the microcausality (locality) condition

[φi(x), φj(y)]± = 0 for (x− y)2 < 0 , (2.132)

where commutators [·, ·]− or anticommutators [·, ·]+ are used depending on the spin of the
representation S(Λ).

From this set of physically motivated axioms one can derive rigorously many appealing
properties. An important one is the cluster property of vacuum expectation values of products
of fields (Wightman’s functions),

〈0|φ(x1) . . . φ(xn)φ(y1 + λa) . . . φ(ym + λa)|0〉
→
λ→∞

〈0|φ(x1) . . . φ(xn)|0〉〈0|φ(y1 + λa) . . . φ(ym + λa)|0〉

= 〈0|φ(x1) . . . φ(xn)|0〉〈0|φ(y1) . . . φ(ym)|0〉 .
(2.133)

Wightman’s reconstruction theorem shows how to reconstruct the full field theory from the
Wightman’s functions 〈0|φ(x1) . . . φ(xn)|0〉. One can also prove the well-known spin/statistics
theorem and CPT theorem. Moreover, the Haag-Ruelle theory of scattering shows the existence
of asymptotic fields and the validity of the LSZ asymptotic condition, that we will discuss below.

While most of what we need can actually be derived from the axioms, for simplicity we will
make further, more detailed assumptions that will make our life simpler. One such assumption
concerns the spectrum of the theory. We will assume that single-particle states |p;α〉 exist, with
Pµ|p;α〉 = pµ|p;α〉 and pµpµ = m2

α, and normalised according to

〈p′;α′|p;α〉 = δα′α2p
0(2π)3δ(3)(~p ′ − ~p) ; (2.134)

and furthermore that the vacuum and the single-particle states are discrete points in the spec-
trum of PµP

µ, with mg = minαmα > 0 (mass gap), and the continuous spectrum of PµP
µ

starting at (2mg)
2. We also assume that the are no other discrete points in the spectrum of

PµP
µ (bound states).

33



Spectral (Källén-Lehmann) representation of the propagator We now derive an im-
portant property of the two-point function of an interacting field that we have actually used
several times already. Consider a single Hermitean scalar field φ = φ†, and its time-ordered
two-point function

D(x) ≡ 〈0|T{φ(x)φ(0)}|0〉 = θ(x0)〈0|φ(x)φ(0)|0〉 + θ(−x0)〈0|φ(0)φ(x)|0〉 . (2.135)

Inserting a complete set of energy-momentum eigenstates, including the single-particle states,
one finds

〈0|φ(x)φ(0)|0〉 =
∑

n

〈0|φ(x)|n〉〈n|φ(0)|0〉

=
∑

n

〈0|eiP ·xφ(0)e−iP ·x|n〉〈n|φ(0)|0〉 by translation invariance

=
∑

n

e−ipn·x|〈0|φ(0)|n〉|2 Pµ eigenstates .

(2.136)

Plug this back in one finds

D(x) =
∑

n

[

θ(x0)e−ipn·x + θ(−x0)eipn·x
]

|〈0|φ(0)|n〉|2

=

∫

d4p

(2π)4
[

θ(x0)e−ip·x + θ(−x0)eip·x
]

̺(p)

̺(p) ≡
∑

n

(2π)4δ(4)(pn − p)|〈0|φ(0)|n〉|2 .

(2.137)

We can say more about ̺. First of all, one clearly has ̺ ≥ 0. Next, using Lorentz invariance
and covariance of the field, U(Λ)†φ(x)U(Λ) = φ(Λ−1x), one finds

̺(Λp) =
∑

n

(2π)4δ(4)(pn − Λp)|〈0|φ(0)|n〉|2

=
∑

nΛ

(2π)4δ(4)(pnΛ
− Λp)|〈0|φ(0)|nΛ〉|2

=
∑

n

(2π)4δ(4)(Λpn − Λp)|〈0|φ(0)U(Λ)|n〉|2

=
∑

n

(2π)4δ(4)(pn − p)|〈0|φ(0)|n〉|2 = ̺(p) ,

(2.138)

i.e., ̺(p) is a Lorentz-invariant function of p. Together with positivity of the energy spectrum
this implies

̺(p) = 2πθ(p0)ρ(p2) , (2.139)

with ρ ≥ 0. Notice that for single-particle states one has

〈0|φ(0)|p〉 = 〈0|φ(0)|Λp〉 = f(p2) = f(m2) ≡
√
Z , (2.140)

i.e., a p-independent constant, that can be chosen real positive by suitably choosing the phase of
one-particle states. It is then implicitly assumed that Z > 0 and that the positive determination

34



of the square root is used. Using now the properties of ̺ we obtain

D(x) =

∫

d4p

(2π)4
[

θ(x0)e−ip·x + θ(−x0)eip·x
]

2πθ(p0)ρ(p2)

=

∫ ∞

0
ds ρ(s)

∫

d4p

(2π)4
[

θ(x0)e−ip·x + θ(−x0)eip·x
]

2πθ(p0)δ(p2 − s)

=

∫ ∞

0
ds ρ(s)∆F (x; s) =

∫ ∞

0
ds ρ(s)

∫

d4p

(2π)4
e−ip·x

i

p2 − s+ iǫ

(2.141)

where ∆F (x; s) is the free causal (Feynman) propagator for a particle of mass squared s. This is
the spectral, or Källén-Lehmann representation of the propagator. We now use our assumption
on the spectrum, i.e., that there are isolated single-particle states at p2 = m2, and continuous
spectrum starting at the “two-particle threshold” p2 = 4m2, and find

ρ(s) = Zδ(s −m2) + θ(s− 4m2)σ(s)

D̃(p) ≡
∫

d4x eip·xD(x) =
iZ

p2 −m2 + iǫ
+

∫ ∞

4m2

ds σ(s)
i

p2 − s+ iǫ
.

(2.142)

This shows that the full propagator (in momentum space) ∆̃F (p) has a pole at the physical
value of the particle mass, with residue equal to Z > 0. Keeping the position of the pole at
the physical value was used as a requirement in the perturbative approach, and required the
introduction of a suitable mass counterterm, or in other words, a tuning of the mass parameter in
the Lagrangian so that the actual mass of the particle took the desired value. While intuitively
understandable, the reason why one should do that is formalised by this result. Moreover, the
meaning of the residue is now clear:

√
Z is the matrix element of the field (at x = 0) between

the vacuum and the one-particle states. In other words, φ can create
√
Z-times a one-particle

state, with
√
Z generally different from 1, since φ can also create multiparticle states.

In and out states As we have already discussed, at t→ ∓∞ the states of our system should
look like those of a set of non-interacting particles. In the approach based on the adiabatic
switching procedure, we saw how in and out states are obtained from free particle states via the
Møller operators. However, here we want to avoid using the unphysical adiabatic switching, so
working with a time-translation invariant system all along. In this case the interaction picture
becomes problematic (recall Haag’s theorem), and basically one cannot use both H0 and H in
the same Hilbert space. We thus want to avoid entirely the introduction of a free Hamiltonian
H0 in our formalism.

At the same time, we want to make use the experimental fact that the states of a real,
interacting scattering system can be labelled by momenta and spin, precisely like the continuum
states of a free field theory. We then just postulate the existence of complete sets of in and
out states |p1, . . . , pn〉in,out, corresponding to states that look like non-interacting multiparticle
states in the far past or in the far future. This means that these states must transform like
multiparticle states under translations and Lorentz transformations,

U(Λ)U(a)|p1, . . . , pn〉in,out = e−i(
∑

j pj)·a|Λp1, . . . ,Λpn〉in,out , p2j = m2 , (2.143)

so that they can be labelled precisely like non-interacting multiparticle states by momenta and
spin (omitted here for simplicity); and provide bases to expand the initial and final (exact!)
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states of the system,

|Ψ+〉 =
∫

dΩp1 . . .

∫

dΩpn f1(p1) . . . fn(pn)|p1, . . . , pn〉in ,

|Ψ′−〉 =
∫

dΩp′1 . . .

∫

dΩp′
n′
f ′1(p

′
1) . . . f

′
n′(p′n′)|p′1, . . . , p′n′〉out .

(2.144)

Such states include invariant, vacuum in and out states as well, which under the assumption
of uniqueness must then be the same state as |0〉, so up to phase factors that can be set to
1, |0〉in = |0〉out = |0〉. Moreover, |p〉in and |p〉out are both eigenstates of Pµ with the same
eigenvalues, in particular with p2 = m2, and since there are only one-particle states with this
property, |p〉in and |p〉out can differ at most by a phase factor that can be set to 1, and so
|p〉in = |p〉out = |p〉.

The existence of these states can be actually derived under Wightman’s axioms using the
so-called Haag-Ruelle theory of scattering. On the other hand, completeness of these states is a
separate (and difficult to prove) matter, and it is usually assumed that in and out states form
two (generally different) complete sets of states in the Hilbert space of the system (asymptotic

completeness condition).
Finally, scattering amplitudes are obtained as

〈Ψ′ − |Ψ+〉 =
∫

dΩp′1 . . .

∫

dΩp′
n′
f ′1(p

′
1)

∗ . . . f ′n′(p′n′)∗
∫

dΩp1 . . .

∫

dΩpn f1(p1) . . . fn(pn)

× out〈p′1, . . . , p′n′ |p1, . . . , pn〉in .
(2.145)

As a shorthand notation, we denote the S-matrix elements as

Sβα = out〈p′1, . . . , p′n′ |p1, . . . , pn〉in = out〈β|α〉in . (2.146)

Since in/out states are assumed to be complete, Sβα is a unitary matrix. Defining the S operator
via

out〈β| =
∑

α

(Sβα) in〈α| ≡ in〈β|S , (2.147)

one has from completeness

δβα = out〈β|α〉out = in〈β|SS†|α〉in =⇒ SS† = 1 ,

out〈β|S†S|α〉out = in〈β|SS†S|α〉out = in〈β|S|α〉out
= out〈β|α〉out = δβα =⇒ S†S = 1 ,

(2.148)

implying that S is a unitary operator. Moreover, S is Poincaré invariant, U(a,Λ)†SU(a,Λ) = S,
since

S(Λβ)(Λα) = out〈Λβ|Λα〉in = out〈β|U(Λ)†U(Λ)|α〉in = Sβα ,

S(aβ)(aα) = out〈β|ei
∑

j′ p
′
j′
a
e−i

∑

j pja|α〉in = out〈β|U(a)†U(a)|α〉in = Sβα .
(2.149)

Stability of the vacuum and of the 1-particle states implies

S00 = out〈0|0〉in = 〈0|0〉 = 1 ,

Sp′p = out〈p′|p〉in = 〈p′|p〉 = (2π)32p0δ(3)(~p ′ − ~p) .
(2.150)
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Finally, S connects in and out creation and annihilation operators: since |β〉out is a complete
set,

out〈β|aout(p) = out〈βp| = in〈βp|S = in〈β|ain(p)S = in〈β|SS†ain(p)S = out〈β|S†ain(p)S , (2.151)

and so S†ain(p)S = aout(p), and S
†ain(p)†S = aout(p)

†.
It should be noted that this S operator differs from the one appearing in the approach based

on the interaction picture. In fact, in that case S acts on free-particle states, eigenstates of some
free Hamiltonian H0. Here, instead, it connects the in and out states, that are eigenstates of
the full Hamiltonian H.

In and out fields From the multiparticle in and out states one defines as usual the in and
out creation operators, i.e.,

ain/out(p)
†|0〉 = |p〉in/out , ain/out(p)|0〉 = 0 , (2.152)

and so on. These obey the usual commutation relations,

[ain/out(p), ain/out(q)
†] = 2p0(2π)3δ(3)(~p − ~q) [ain/out(p), ain/out(q)] = 0 . (2.153)

Their transformation properties under translations and Lorentz transformations follow from
Eq. (2.143): for an arbitary set of moments p1, . . . , pn,

[e−ip·aa(Λp)†
in/out

]e−i
∑

j pj ·a|Λp1, . . . ,Λpn〉 = e−ip·ae−i
∑

j pj ·a|Λp,Λp1, . . . ,Λpn〉in/out
= U(Λ)U(a)|p, p1, . . . , pn〉in/out = U(Λ)U(a)ain/out(p)

†|p1, . . . , pn〉
= U(Λ)U(a)ain/out(p)

†U(a)†U(Λ)†U(Λ)U(a)|p1, . . . , pn〉
= [U(Λ)U(a)ain/out(p)

†U(a)†U(Λ)†]e−i
∑

j pj ·a|Λp1, . . . ,Λpn〉 ,

(2.154)

and so
U(Λ)U(a)ain/out(p)

†U(a)†U(Λ)† = e−ip·aa(Λp)†in/out ,

U(Λ)U(a)ain/out(p)U(a)†U(Λ)† = eip·aa(Λp)in/out ;

U(a)†U(Λ)†ain/out(p)
†U(Λ)U(a) = eiΛ

−1p·aa(Λ−1p)†in/out ,

U(a)†U(Λ)†ain/out(p)U(Λ)U(a) = e−iΛ
−1p·aa(Λ−1p)in/out .

(2.155)

In turn, from creation and annihilation operators one defines the in and out fields,

φin/out(x) =

∫

dΩp

{

ain/out(p)e
−ip·x + ain/out(p)

†eip·x
}

, (2.156)

whose transformation properties are inherited from those of a and a†,

U(a)†U(Λ)†φin/out(x)U(Λ)U(a)

=

∫

dΩp

{

e−iΛ
−1p·aain/out(Λ

−1p)e−ip·x + eiΛ
−1p·aain/out(Λ

−1p)†eip·x
}

=

∫

dΩp

{

e−ip·aain/out(p)e
−ip·Λ−1x + eip·aain/out(p)

†eip·Λ
−1x
}

= φ(Λ−1x+ a) .

(2.157)
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Moreover, they obey the standard commutation relations of free fields, as a consequence of
Eq. (2.153),

[φin/out(x), φin/out(y)] =

∫

dΩp

{

e−ip·(x−y) − eip·(x−y)
}

≡ ∆(x− y) , (2.158)

so in particular

[φin/out(x), φ̇in/out(y)]|y0=x0 =
∂

∂y0
[φin/out(x), φin/out(y)]|y0=x0

= i

∫

dΩp p
0
{

e−ip·(x−y) + eip·(x−y)
}

y0=x0
= iδ(~x − ~y ) .

(2.159)

Finally, they obey by construction the free Klein-Gordon equation,

(✷+m2)φin/out(x) = 0 . (2.160)

One could conversely assume the existence of fields φin/out(x) that (1.) transform covariantly
under U(Λ)U(a), (2.) obey the free Klein-Gordon equation, and (3.) obey the free-field com-
mutation relations,16 and obtain their representation Eq. (2.156), and so the in and out states
of Eq. (2.143). In particular, a field obeying (1.) and (2.) necessarily creates only one-particle
states out of the vacuum. In fact, from covariance it follows

∂µφin(x) = ∂µe
iP ·xφin(0)e−iP ·x = eiP ·x[iPµ, φin(0)]e−iP ·x = [iPµ, φin(x)] , (2.161)

and so using (2.)
−✷φin(x) = [Pµ, [P

µ, φin(x)]] = m2φin(x) . (2.162)

But then for any Pµ eigenstate, Pµ|p̄〉 = p̄µ|p̄〉, one finds

m2〈0|φin(x)|p̄〉 = 〈0|[Pµ, [Pµ, φin(x)]]|p̄〉 = −〈0|[Pµ, φin(x)]Pµ|p̄〉
= 〈0|φin(x)PµPµ|p̄〉 = p̄2〈0|φin(x)|p̄〉 ,

(2.163)

i.e., 〈0|φin(x)|p̄〉 6= 0 only if |p̄〉 is a single-particle state, and so

φin(0)|0〉 =
∫

dΩp |p〉〈p|φin(0)|0〉 , (2.164)

with C = 〈p|φin(0)|0〉 a p-independent constant due to Lorentz invariance. The same applies to
φout. Since by construction φin/out only creates one-particle in/out states out of the vacuum,
one also has

φin(0)|0〉 =
∫

dΩp |p〉in in〈p|φin(0)|0〉 , (2.165)

again with Cin = in〈p|φin(0)|0〉 a p-independent constant. But both |p〉 and |p〉in are eigenstates
of Pµ with the same eigenvalues, so |p〉 ∝ |p〉in, and since they have the same normalisation the
proportionality factor is just a phase factor. The same applies to |p〉out as well, so one concludes
again |p〉in = |p〉out = |p〉.

16Under Wightman’s axioms, the Jost-Schroer theorem implies that obeying the free Klein-Gordon equation
automatically implies free-field commutation relations.
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The in and out fields are connected by the S operator discussed above. In fact, since
S†ain(p)S = aout(p), one has immediately that

S†φin(x)S = φout(x) . (2.166)

It is worth mentioning again that while being created out of the vacuum by the free in and out
fields, the in and out states are eigenstates of the full Hamiltonian H, and not of some other free
Hamiltonian H0. As pointed out above, the in and out fields evolve in time with the full Hamil-
tonian H. At the same time, being free fields with the decomposition Eq. (2.156), their temporal
evolution is equally well described in terms of free-field Hamiltonians Hin/out. This apparent con-
tradiction is resolved by noticing that in fact the full Hamiltonian is a functional of the interacting
field φ, H = H[φ, ∂φ], while the in and out Hamiltonians Hin/out = Hin/out[φin/out, ∂φin/out] are
functionals of φin/out, and one simply has H[φ, ∂φ] = Hin/out[φin/out, ∂φin/out].

Asymptotic (LSZ) condition The existence of the free fields φin/out(x), Eq. (2.156) is en-
tirely equivalent to that of the in and out states, Eq. (2.143). The crucial point is assuming now
that these fields are somehow related to the basic fields of our theory in the limit of large times,
so that also the in and out states get related to the basic field. Again, the existence and the
nature of this relation is proven in the Haag-Ruelle theory of scattering: we will be happy with
assuming it.

One could naively think that φ(x) → φin/out(x) as x
0 → ∓∞ as an operator relation, or more

generally that φ(x) →
√
Zφin/out(x) for some constant Z. This, however, leads to contradictions:

for example, for the two-point function one would find

W (x− y) ≡ 〈0|φ(x0 + τ, ~x)φ(y0 + τ, ~y)|0〉
→

τ→−∞
〈0|φin(x0 + τ, ~x)φin(y

0 + τ, ~y)|0〉 =Wfree(x− y) ,
(2.167)

but since the LHS is τ -independent one would haveW (x) =Wfree. But the Jost-Schroer theorem
states that a field obeying W (x) = Wfree is necessarily a free field. This also shows that the
limit cannot be a strong limit either, for otherwise the vector φ(x0 + τ, ~x)|0〉 would tend to
φ(x0+ τ, ~x)|0〉 → φin(x

0+ τ, ~x)|0〉, and the same argument as above leads to φ being a free field.
The correct asymptotic condition is the following. For any normalisable solutions f(x) of

Klein-Gordon equation, (✷+m2)f = 0, define

φf (t) ≡ i

∫

d3x f(x)∗
↔

∂0φ(t, ~x) , φfin,out ≡ i

∫

d3x f(x)∗
↔

∂0φin,out(t, ~x) . (2.168)

This procedure smears the fields in space, provides a Lorentz-invariant quantity, and results in
a t-independent object for the free in/out fields (see below). For any normalisable states |α〉, |β〉
and Klein-Gordon solution f , we assume that φ obeys the asymptotic LSZ condition,

lim
t→−∞

〈α|φf (t)|β〉 =
√
Z〈α|φfin|β〉 ,

lim
t→+∞

〈α|φf (t)|β〉 =
√
Z〈α|φfout|β〉 .

(2.169)

Here
√
Z must be the same for in/out fields, and equals 〈0|φ(0)|p〉 =

√
Z, which is a p-

independent constant due to Lorentz invariance. In fact, taking |β〉 = |0〉 and |α〉 =
∫

dΩp g̃(p)|p〉,
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one has

〈α|φf (t)|0〉 =
∫

dΩp g̃(p)〈p|φf (t)|0〉 = i

∫

dΩp 〈p|φ(0)|0〉g̃(p)
∫

d3x f(x)∗
↔

∂0e
ip·x

= i
√
Z

∫

d3x f(x)∗
↔

∂0

∫

dΩp g̃(p)e
ip·x .

(2.170)

But

g(x) =

∫

dΩp g̃(p)e
ip·x (2.171)

is also a normalisable solution of the Klein-Gordon equation, and so

〈α|φf (t)|0〉 = i
√
Z

∫

d3x f(x)∗
↔

∂0g(x) (2.172)

is t-independent and so

〈α|φf (t)|0〉 = i
√
Z

∫

d3x f(x)∗
↔

∂0g(x) =
√

Zin,out〈α|φfin,out|0〉

=
√

Zin,out

∫

dΩp g̃(p)〈p|φfin,out|0〉 = i
√

Zin,out

∫

dΩp g̃(p)

∫

d3x f(x)∗
↔

∂0e
ip·x

= i
√

Zin,out

∫

d3x f(x)∗
↔

∂0g(x) ,

(2.173)
having used 〈p|φin,out(0)|0〉 = 1.

We now show the Lorentz invariance of (f, g) ≡
∫

d3x f(x)∗
↔

∂0g(x), for any f, g. Rotation
invariance is obvious. Consider a boost in direction 1,

x′0 = γ(x0 − βx1) , x′1 = γ(x1 − βx0) , x′2,3 = x2,3 . (2.174)

It is easy to see that

d3x =
1

γ
d3x′ ,

∂

∂x0
=
∂x′0

∂x0
∂

∂x′0
= γ

∂

∂x′0
. (2.175)

Changing now integration variables, ~x→ ~x′, and denoting fΛ(x) ≡ f(Λx), we find

(fΛ, gΛ) =

∫

d3x f(Λx)∗
↔

∂0g(Λx) =

∫

d3x f(Λx)∗
↔

∂

∂x0
g(Λx) =

∫

d3x′
1

γ
f(x′)∗γ

↔

∂

∂x′0
g(x′)

=

∫

d3x f(x)∗
↔

∂0g(x) = (f, g) .

(2.176)
If we now take f, g to be solutions of the Klein-Gordon equation, with (at least) f vanishing
sufficiently fast at infinity, one has that (f, g) is time-independent. In fact,

∂0

∫

d3x f(x)
↔

∂0g(x) =

∫

d3x {f(x)[∂20g(x)]− [∂20f(x)]g(x)}

=

∫

d3x f(x)[(~∇ 2 −m2)g(x)] − [(~∇ 2 −m2)f(x)]g(x)

=

∫

d3x ~∇ ·
{

f(x)[~∇g(x)] − [~∇f(x)]g(x)
}

= lim
R→∞

∫

∂BR

d2~Σ ·
{

f(x)[~∇g(x)] − [~∇f(x)]g(x)
}

= 0 ,

(2.177)
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where BR is the ball of radius R. This result applies in particular if g is a free field and f is
normalisable.

Reduction formula The asymptotic condition allows one to express S-matrix elements en-
tirely in terms of vacuum expectation values of fields. Consider the matrix element out〈β|αp〉in,
where α and β denote the remaining particles. One has

out〈β|αp〉in = out〈β|ain(p)†|α〉in
= out〈β|aout(p)†|α〉in + out〈β|ain(p)† − aout(p)

†|α〉in

= out〈β − p|α〉in − i

∫

d3x e−ip·x
↔

∂0 out〈β|φin(x)− φout(x)|α〉in
(2.178)

where in the last passage we used the usual relation between free fields and creation operators,

ain/out(p) = i

∫

d3x eip·x
↔

∂0 φin/out(x) , ain/out(p)
† = −i

∫

d3x e−ip·x
↔

∂0 φin/out(x) , (2.179)

and |β− p〉out denotes the state with particle content β from which a particle of momentum p is
removed (if at all present). In general one is interested in the case β 6= α, so this disconnected
term is not our main focus. We now use the t-independence of Eq. (2.179) together with the
LSZ condition to write

out〈β|αp〉in − out〈β − p|α〉in

= −i lim
x0→−∞

∫

d3x e−ip·x
↔

∂0 out〈β|φin(x)|α〉in + i lim
x0→+∞

∫

d3x e−ip·x
↔

∂0 out〈β|φout(x)|α〉in

= − i√
Z

lim
x0→−∞

∫

d3x e−ip·x
↔

∂0 out〈β|φ(x)|α〉in +
i√
Z

lim
x0→+∞

∫

d3x e−ip·x
↔

∂0 out〈β|φ(x)|α〉in

=
i√
Z

∫

d4x ∂0

{

e−ip·x
↔

∂0 out〈β|φ(x)|α〉in
}

.

(2.180)
Next, we exploit the fact that e−ip·x is a solution of the Klein-Gordon equation to show that17

out〈β|αp〉in − out〈β − p|α〉in

=
i√
Z

∫

d4x
{

e−ip·x ∂20 out〈β|φ(x)|α〉in − out〈β|φ(x)|α〉in∂20e−ip·x
}

=
i√
Z

∫

d4x
{

e−ip·x ∂20 out〈β|φ(x)|α〉in − out〈β|φ(x)|α〉in(~∇2 −m2)e−ip·x
}

=
i√
Z

∫

d4x e−ip·x (∂20 − ~∇2 +m2) out〈β|φ(x)|α〉in

=
i√
Z

∫

d4x e−ip·x (✷+m2) out〈β|φ(x)|α〉in .

(2.181)

This is the essence of the reduction formula: particles get replaced by fields, with a suitable
integro/differential operator acting on them. Writing |β〉out = |γp′〉out, we now apply the same

17Here one should use a normalisable solution of the equation in order to drop boundary terms when using
partial integration in space. Notice that boundary terms could not be dropped if one used partial integration in
time since even a normalisable solution does not vanish at large times.
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procedure to an out particle, and find

out〈β|φ(x)|α〉in = out〈γp′|φ(x)|α〉in = out〈γ|aout(p′)φ(x)|α〉in
= out〈γ|aout(p′)φ(x) − φ(x)ain(p

′)|α〉in + out〈γ|φ(x)ain(p′)|α〉in
= out〈γ|aout(p′)φ(x) − φ(x)ain(p

′)|α〉in + out〈γ|φ(x)|α − p′〉in .
(2.182)

The last term is again an uninteresting disconnected term. For the interesting part we have

out〈β|φ(x)|α〉in − out〈γ|φ(x)|α − p′〉in

= i

∫

d3y eip·y
↔

∂y0 out〈γ|φout(y)φ(x) − φ(x)φin(y)|α〉in

= lim
y0→+∞

i

∫

d3y eip·y
↔

∂y0 out〈γ|φout(y)φ(x)|α〉in − lim
y0→−∞

i

∫

d3y eip·y
↔

∂y0 out〈γ|φ(x)φin(y)|α〉in

= lim
y0→+∞

i√
Z

∫

d3y eip·y
↔

∂y0 out〈γ|φ(y)φ(x)|α〉in − lim
y0→−∞

i√
Z

∫

d3y eip·y
↔

∂y0 out〈γ|φ(x)φ(y)|α〉in

=
i√
Z

∫

d4y ∂y0
{

eip·y
↔

∂y0 out〈γ|T{φ(y)φ(x)}|α〉in
}

.

(2.183)
As before, we use integration by parts to get

out〈β|φ(x)|α〉in − out〈γ|φ(x)|α − p′〉in
=

i√
Z

∫

d4y ∂y0
{

eip
′·y ↔

∂y0 out〈γ|T{φ(y)φ(x)}|α〉in
}

=
i√
Z

∫

d4y
{

eip
′·y(∂y0)

2
out〈γ|T{φ(y)φ(x)}|α〉in − out〈γ|T{φ(y)φ(x)}|α〉in(~∇2

y −m2)eip
′·y}

=
i√
Z

∫

d4y eip
′·y(✷y +m2)out〈γ|T{φ(y)φ(x)}|α〉in .

(2.184)
The only difference between an incoming and an outgoing particle is the sign of the exponent in
the phase factor. If we now assume for simplicity that αp ∩ γp′ = ∅, we have putting toghether
the two results above

out〈γp′|αp〉in =

(

i√
Z

)2∫

d4x e−ip·x
∫

d4y eip
′·y(✷x +m2)(✷y +m2) out〈γ|T{φ(y)φ(x)}|α〉in .

(2.185)
One can now repeat the procedure for all the particles. Assuming {p′1, . . . , p′n′}∩{p1, . . . , pn} = ∅,
so that one does not have to worry about disconnected pieces, one finds the LSZ reduction

formula

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in

=

n
∏

j=1

∫

d4xj e
−ipj ·xj

(

✷xj +m2

−i
√
Z

)

n′
∏

j′=1

∫

d4yj′ e
ip′

j′
·yj′
(

✷yj′ +m2

−i
√
Z

)

× 〈0|T{φ(y1) . . . φ(yn′)φ(x1) . . . φ(xn)}|0〉 .

(2.186)

A few comments are in order.
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• The S-matrix is obtained from the Green’s functions of the interacting fields,

Gn(x) = 〈0|T{φ(x1) . . . φ(xn)}|0〉 . (2.187)

• Green’s functions are manifestly symmetric, manifestly implying crossing symmetry.

• The S-matrix is invariant under a field rescaling φ→ √
zφ, since also the value of the matrix

element between the vacuum and the one-particle states also gets rescaled,
√
Z →

√
zZ.

• In the reduction formula, any local operator O(x) with
√
ZO = 〈0|O(0)|p〉 6= 0 can be

used, provided this normalisation constant is used instead of
√
Z.

In momentum space, denoting

Gn+n′(y, x) = 〈0|T{φ(y1) . . . φ(yn′)φ(x1) . . . φ(xn)}|0〉 ,

(2π)4δ(4)(p′ − p)G̃n+n′(−p′, p) =
n
∏

j=1

∫

d4xje
−ipj ·xj

n′
∏

j′=1

∫

d4yj′e
ip′

j′
·yj′Gn+n′(y, x) ,

(2.188)

we find

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in

=(2π)4δ(4)(p′−p) lim
p2,p′ 2→m2

n
∏

j=1

(

p2j −m2

i
√
Z

)

n′
∏

j′=1

(

p′ 2j′ −m2

i
√
Z

)

G̃n+n′(−p′, p) .
(2.189)

This shows that the S-matrix elements are the residues of the multi-poles of momentum-space
Green’s functions at p2j , p

′ 2
j′ → m2, i.e., as the external momenta go on-shell for physical values

of the masses. The factors in front of the n-point function are the inverses of
√
Z times free

propagators Dfree. As we showed above, in the on-shell limit the full propagator is Z times the
free propagator. The reduction procedure then boils down to stripping a full unrenormalised
propagator Du and multiplying by

√
Z for each external line; or stripping a full renormalised

propagator Dr = Du/Z and further dividing by
√
Z for each external line.

Perturbation theory The discussion above provides more solid ground for scattering theory
(in particular clarifying the origin of the

√
Z factors), but does not really help frm the point

of view of calculations. To this end, one has to set up again some approximation scheme to
compute Gn, and perturbation theory is the first thing that comes to mind.

In the discussion above we did not say much about how the fields φ are constructed. We now
assume that they are canonically quantised fields. By construction, also φin,out and πin,out =
φ̇in,out obey canonical commutation relations. We then look for a unitary transformation U(t)
connecting the interacting field and momentum, φ and π, and the free field and momentum, φin
and πin,

φ(t) = U(t)†φin(t)U(t) , π(t) = U(t)†πin(t)U(t) . (2.190)
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Being free canonical fields, φin and πin obey18

φ̇in(x) = i[Hin(φin, πin), φin(x)] ,

π̇in(x) = i[Hin(φin, πin), πin(x)] ,
(2.191)

with

Hin(φin, πin) =
1

2

∫

d3x
{

π2in +
~∇φ2in +m2φ2in

}

. (2.192)

For the interacting (or Heisenberg) field instead

φ̇(x) = i[H(φ, π), φ(x)] ,

π̇(x) = i[H(φ, π), π(x)] .
(2.193)

Finally, let

H(φ, π) = Hin(φ, π) + [H(φ, π) −Hin(φ, π)] ≡ Hin(φ, π) +HI(φ, π) . (2.194)

Taking now the time derivative of φin(t) we find

φ̇in(t) =
∂
∂t [U(t)φ(t)U(t)†]

= U̇(t)φ(t)U(t)† − U(t)φ(t)U(t)†U̇(t)U(t)† + U(t)φ̇(t)U(t)†

= [U̇ (t)U(t)†, φin(t)] + iU(t)[H(φ(t), π(t)), φ(t)]U(t)†

= [U̇ (t)U(t)†, φin(t)] + i[H(φin(t), πin(t)), φin(t)]

= i[Hin(φin, πin), φin(t)] + [U̇(t)U(t)† + iHI(φin(t), πin(t)), φin(t)]

= φ̇in(t) + [U̇(t)U(t)† + iHI(φin(t), πin(t)), φin(t)] .

(2.195)

An identical calculation shows also that

π̇in(t) = π̇in(t) + [U̇(t)U(t)† + iHI(φin(t), πin(t)), πin(t)] . (2.196)

As a consequence

δ

δφin(t, ~x)
[U̇(t)U(t)† + iHI(φin(t), πin(t))] =

δ

δπin(t, ~x)
[U̇(t)U(t)† + iHI(φin(t), πin(t))] = 0 ,

(2.197)
meaning that

iU̇ (t)U(t)† = HI(φin(t), πin(t)) + E0(t) ≡ H ′
I(φin(t), πin(t)) ≡ VI(t) + E0(t) ≡ V ′

I (t) , (2.198)

where E0(t) is a c-number function of time.
To find out what U(t) looks like, define U(t, t′) = U(t)U(t′)†, which obeys the obvious

boundary condition U(t, t) = 1, and the differential equation

∂tU(t, t′) = −iV ′
I (t)U(t, t′) . (2.199)

18Notice that the temporal evolution of φin is governed by H(φ, π),

φ̇in(x) = i[H(φ, π), φin(x)] ,

π̇in(x) = i[H(φ, π), πin(x)] ,

which means that H(φ, π) = Hin(φin, πin) – but not H(φin, πin) = Hin(φin, πin)!
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We already know the solution of this equation

U(t, t′) = U(t)U(t′)† = Texp

{

−i
∫ t

t′
dτV ′

I (τ)

}

= Texp

{

−i
∫ t

t′
dτVI(τ)

}

e−i
∫ t
t′
dτE0(τ) . (2.200)

We will not really need U(t) itself. Plugging this into Green’s function (taking t ≥ maxi ti ≥ −t)

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉
= 〈0|T{U(t1)

†φin(x1)U(t1)U(t2)
†φin(x2)U(t2) . . . U(tn)

†φin(xn)U(tn)}|0〉
= 〈0|U(t)†T{U(t, t1)φin(x1)U(t1, t2)φin(x2) . . .U(tn−1, tn)

†φin(xn)U(tn,−t))}U(−t)|0〉

= 〈0|U(t)†T{φin(x1) . . . φin(xn)exp
{

−i
∫ t

−t
dτV ′

I (τ)

}

}U(−t)|0〉

= lim
t→∞

〈0|U(t)†T{φin(x1) . . . φin(xn)exp
{

−i
∫ t

−t
dτV ′

I (τ)

}

}U(−t)|0〉

(2.201)

We now show that

lim
t→∞

〈0|U(t)†T{φin(x1) . . . φin(xn)exp
{

−i
∫ t

−t
dτV ′

I (τ)

}

}U(−t)|0〉

= lim
t→∞

〈0|T{φin(x1) . . . φin(xn)exp
{

−i
∫ t

−t
dτV ′

I (τ)

}

}|0〉〈0|U(t)† |0〉〈0|U(−t)|0〉 .
(2.202)

To do this, consider for a generic particle content α

in〈pα|U(−t)|0〉 = −i
∫

d3x eip·x
↔

∂0 in〈α|φin(x)U(−t)|0〉

= −i
∫

d3x eip·x
↔

∂0 in〈α|U(x0)φ(x)U(x0)†U(−t)|0〉

= −i
∫

d3x in〈α|U(x0)[eip·x
↔

∂0φ(x)]U(x0)†U(−t)|0〉

− i

∫

d3x eip·xin〈α|[U̇ (x0)U(x0)†, U(x0)φ(x)U(x0)†]U(−t)|0〉

(2.203)

Setting now x0 = −t, since VI depend only on φin but not on πin, we have

in〈pα|U(−t)|0〉 = −i
∫

d3x in〈α|U(−t)[eip·x
↔

∂0φ(x)]|0〉

− i

∫

d3x eip·x in〈α|[−iVI (−t), φin(x)]U(−t)|0〉

= −i
∫

d3x in〈α|U(−t)[eip·x
↔

∂0φ(x)]|0〉

→
t→∞

−i
∫

d3x in〈α|U(−t)[eip·x
↔

∂0

√
Zφin(x)]|0〉 =

√
Z in〈α|U(−t)a(p)in|0〉 = 0 .

(2.204)
An entirely analogous result holds for out〈pα|U(t)|0〉 in the limit t→ ∞. It follows then that

lim
t→∞

U(±t)|0〉 = λ±|0〉 , (2.205)
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for some constants λ± = limt→∞〈0|U(±t)|0〉. But then

lim
t→∞

〈0|U(t)†|0〉〈0|U(−t)|0〉 = lim
t→∞

〈0|U(−t)|0〉〈0|U(t)† |0〉

= lim
t→∞

〈0|U(−t)U(t)†|0〉 = lim
t→∞

〈0|U(t)U(−t)†|0〉∗

= lim
t→∞

〈0|Texp
{

−i
∫ t

−t
dτV ′

I (τ)

}

|0〉∗
(2.206)

With this result we complete the derivation of the Gell-Mann–Low formula,

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉 = lim
t→∞

〈0|T{φin(x1) . . . φin(xn)exp
{

−i
∫ t
−t dτV

′
I (τ)

}

}|0〉

〈0|Texp
{

−i
∫ t
−t dτV

′
I (τ)

}

|0〉

=
〈0|T{φin(x1) . . . φin(xn)exp

{

−i
∫ +∞
−∞ dτV ′

I (τ)
}

}|0〉

〈0|Texp
{

−i
∫ +∞
−∞ dτV ′

I (τ)
}

|0〉

=
〈0|T{φin(x1) . . . φin(xn)exp

{

−i
∫ +∞
−∞ dτVI(τ)

}

}|0〉

〈0|Texp
{

−i
∫ +∞
−∞ dτVI(τ)

}

|0〉
,

(2.207)

where in the last passage we dropped the contribution of E0 since it cancels out anyway. This is
the starting point of the perturbative expansion:

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉

=

∑

N
(−i)N
N ! 〈0|T{φin(x1) . . . φin(xn)

∫ +∞
−∞ dτ1VI(τ1) . . .

∫ +∞
−∞ dτNVI(τN )}|0〉

∑

M
(−i)M
M ! 〈0|T{

∫ +∞
−∞ dτ1VI(τ1) . . .

∫ +∞
−∞ dτMVI(τM )}|0〉

,
(2.208)

to which one applies the usual machinery of Feynman diagrams. The numerator equas all
diagrams (connected and disconnected) with N external sources, corresponding to a vertex Jφ.
The denominator equals the sum vacuum-to-vacuum diagrams, and so cancels out disconnected
vacuum bubbles in the numerator. Putting together the LSZ reduction formula and the Gell-
Mann–Low formula we find (for {p′1, . . . , p′n′} ∩ {p1, . . . , pn} = ∅)

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in

= (2π)4δ(4)(p′ − p) lim
p2,p′ 2→m2

n
∏

j=1

(

p2j −m2

i
√
Z

)

n′
∏

j′=1

(

p′ 2j′ −m2

i
√
Z

)

× {∑ diagrams with n′ + n legs (−p′, p)}
{∑ vacuum-to-vacuum diagrams}

= (2π)4δ(4)(p′ − p)Z−n+n′

2 {
∑

connected amputated diagrams with n′ + n legs (−p′, p)}

= (2π)4δ(4)(p′ − p)Z
n+n′

2 {
∑

connected fully amputated diagrams with n′ + n legs (−p′, p)} .
(2.209)

Since for scalar particles the wave function read u(p) = ū(p) = 1, the (p2 −m2)/i × 1 factors
correspond to removing the last free propagator from each external line and replacing it with the

46



particles’ wave functions. Including the factor 1/
√
Z one precisely recovers the rules discussed

before when using adiabatic switching.
As we already know, this expansion needs renormalisation. After renormalising to the (phys-

ical) mass mB = Zmm, in order for the pole of the two-point function to be at the right place,
one still has a (possibly divergent) residue Z in the propagator, and further divergences associ-
ated with the vertices. With E = n+n′ lines one has for vertices and internal lines the relation
E =

∑

k kVk − 2I, and so the Z factors coming from the reduction formula read

Z
n+n′

2 = Z
E
2 = Z−I+

∑
k kVk
2 . (2.210)

Introducing the renormalised couplings λBk = Zkλk, one has an overall factor

Z−I+
∑

k kVk
2

∏

k

ZVkk = Z−I∏

k

(

ZkZ
k
2

)Vk
, (2.211)

where Z−I takes care of renormalising (fully dressed) internal lines, and the combinations ZkZ
k
2

take care of renormalising the vertex functions.
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• The treatment of in and out fields, and the derivation of the LSZ reduction formula and
of the Gell-Mann–Low formula is adapted from

J.D. Bjorken, S.D. Drell, “Relativistic quantum fields”

3 Path-integral techniques

Green’s functions can be represented in terms of path integrals as follows,

Gn(x1, . . . , xn) = 〈0|T{φ̂(x1) . . . φ̂(xn)}|0〉 =

∫

[Dφ] eiS[φ]φ(x1) . . . φ(xn)
∫

[Dφ] eiS[φ]
, (3.212)

where formally19
∫

[Dφ] =

∫

φ(+∞,~x)
=φ(−∞,~x)

∏

x

dφ(x) . (3.213)

19This should be understood as the limit of integrals over a discrete lattice, i.e.,

∫

[Dφ] = lim
T,L→∞

lim
Nt,Ns→∞

∫

∏

i1,2,3=−Ns,...,Ns

{

∏

it=−Nt,...,Nt

dφ
(

it
T
Nt
,~ı L

Ns

)

}

δ
(

φ
(

T,~ı L
Ns

)

− φ
(

−T,~ı L
Ns

))

.
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The Gn can be obtained by functional differentiation from the generating functional Z[J ],

Z[J ] ≡
∫

[Dφ] eiS[φ]+iJ ·φ , J · φ ≡
∫

d4xJ(x)φ(x) . (3.214)

In fact, defining functional derivatives via the relation
∫

d4x
δF [J ]

δJ(x)
q(x) ≡ lim

ǫ→0

F [J + ǫq]− F [J ]

ǫ
, (3.215)

where q = q(x) is arbitrary, we have

Gn(x1, . . . , xn) =
1

Z[0]

(

−i δ

δJ(x1)

)

. . .

(

−i δ

δJ(xn)

)

Z[J ]

∣

∣

∣

∣

J=0

. (3.216)

Notice that in operator language

Z[J ]

Z[0]
= 〈0|Texp{iJ · φ̂}|0〉 = 〈0|Texp

{

i

∫

d4xJ(x)φ̂(x)

}

|0〉

= 〈0|Texp
{

i

∫

dt eiHt
[∫

d3xJ(t, ~x)φ̂(0, ~x)

]

e−iHt
}

|0〉 .
(3.217)

For a time-dependent Hamiltonian

HJ(t) ≡ H −
∫

d3xJ(t, ~x)φ̂(0, ~x) , (3.218)

the temporal evolution operator U(t, t′), obeying
∂

∂t
UJ(t, t′) = −iHJ(t)U(t, t′) , UJ(t, t) = 1 , (3.219)

reads

UJ(t, t′) = Texp

{

−i
∫ t

t′
dtHJ(t)

}

= Texp

{

−i
∫ t

t′
dt

[

H −
∫

d3xJ(t, ~x)φ̂(0, ~x)

]}

= e−iHtTexp
{

i

∫ t

t′
dt eiHt

[∫

d3xJ(t, ~x)φ̂(0, ~x)

]

e−iHt
}

.

(3.220)

In fact, the first expression clearly obeys the differential equation and boundary condition in
Eq. (3.219), while for the last expression

∂

∂t
e−iHtTexp

{

i

∫ t

t′
dt

∫

d3xJ(t, ~x)eiHtφ̂(0, ~x)e−iHt
}

= −ie−iHt
(

H −
∫

d3xJ(t, ~x)eiHtφ̂(0, ~x)e−iHt
)

× Texp

{

i

∫ t

t′
dt

∫

d3xJ(t, ~x)eiHtφ̂(0, ~x)e−iHt
}

= −i
(

H −
∫

d3xJ(t, ~x)φ̂(0, ~x)

)

× e−iHtTexp
{

i

∫ t

t′
dt

∫

d3xJ(t, ~x)eiHtφ̂(0, ~x)e−iHt
}

= −iHJ(t)e
−iHtTexp

{

i

∫ t

t′
dt

∫

d3xJ(t, ~x)eiHtφ̂(0, ~x)e−iHt
}

,

(3.221)
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so the two expressions muts be equal due to uniqueness of the solution of the initial-value
problem. Then, since H|0〉 = 0, we have

〈0|UJ (+∞,−∞)|0〉 = 〈0|Texp
{

i

∫

dt eiHt
[
∫

d3xJ(t, ~x)φ̂(0, ~x)

]

e−iHt
}

|0〉 = Z[J ]

Z[0]
, (3.222)

i.e., Z[J ]/Z[0] is the amplitude for the transition from the vacuum state (i.e., |0〉) at t = −∞
to the vacuum state at t = ∞ in the presence of an external source J . This will be used later
when giving a physical interpretation to the generating functional.

Perturbative expansion∗ The path integral representation is particularly suited for a per-
turbative expansion, and makes the bookkeeping transparent. Separating the Lagrangian into
a free, quadratic part L0 and an interaction part, L = L0 + LI , and the action accordingly,
S = S0 + SI , one has

Z[J ] =

∫

[Dφ] ei(S0[φ]+SI [φ])+iJ ·φ =

∫

[Dφ] eiS0[φ]+iJ ·φ
∞
∑

n=0

in

n!
SI [φ]

n

=

∞
∑

n=0

in

n!
SI
[

−i δδJ
]n
∫

[Dφ] eiS0[φ]+iJ ·φ = e
iSI

[

−i δδJ
] ∫

[Dφ] eiS0[φ]+iJ ·φ

= e
iSI

[

−i δδJ
]

Z0[J ] .

(3.223)

The free generating functional Z0 can be computed explicitly. Since the quadratic part of the
action reads in general

S0 =
1

2

∫

d4x

∫

d4y φ(x)K(x, y)φ(y) +

∫

d4x c(x)φ(x) =
1

2
φT ·K · φ+ c · φ , (3.224)

for some kernel K and function c, one has

S0 + J · φ = 1
2φ

T ·K · φ+ (J + c) · φ

=
1

2
[φ+K−1(J + c)]T ·K · [φ+K−1(J + c)] − 1

2
(J + c)T ·K−1 · (J + c) ,

(3.225)

and so performing the Gaussian integral leads to

Z0[J ]

Z0[0]
=
e−

i
2
(J+c)T ·K−1·(J+c)

e−
i
2
cT ·K−1·c = e−

i
2
JT ·K−1·J−iJT ·K−1·c . (3.226)

The quantity Z0[0] is just a constant and plays no role. The expectation value of the field reads

〈φ〉0 =
1

i

δ

δJ(x)

Z0[J ]

Z0[0]

∣

∣

∣

∣

J=0

= −K−1c . (3.227)

Then
Z0[J ]

Z0[0]
e−iJ〈φ〉0 =

∫

[Dφ] eiS0[φ]+iJ ·(φ−〈φ〉0) = e−
i
2
JT ·K−1·J (3.228)

is the generating functional of the correlation functions of φ̄ = φ − 〈φ〉0. The free two-point
function of this field reads

〈φ̄(x)φ̄(y)〉0 = 〈φ(x)φ(y)〉0 − 〈φ(x)〉0〈φ(y)〉0 = (−i)−2(−i)K−1 = iK−1 . (3.229)

49



In the standard case K = −(✷+m2) + iǫ, so in momentum space

ĩK−1 =
i

p2 −m2 + iǫ
. (3.230)

The perturbative expansion of the generating functional is obtained by expanding e
iSI

[

−i δδJ
]

in
Eq. (3.223) in powers of the coupling and acting with the result on Z0[J ] from Eq. (3.228). For
example, for a φ4 interaction

e
iSI

[

−i δδJ
]

=

∞
∑

n=0

in

n!

(

λ

4!

)n ∫

d4x1
1

i

δ4

δJ(x1)4
. . .

∫

d4xn
1

i

δ4

δJ(xn)4
. (3.231)

Each derivative removes a source factor J , leaving a sum of products of factors K−1(xi, xj) and
K−1(xi, yk)J(yk), integrated over xi and yk. This can be represented graphically by associating
each xi with an interaction vertex with four lines coming out of it, each yk with a source term
where a single line ends, and each K−1 with a line. For a fixed number E of sources J , and at
order V in the perturbative expansion, the total number of K−1 factors (i.e., of lines) appearing
is E + I, with E equal to the number of K−1 factors paired ot a source (i.e., external lines),
and I equal to the number of K−1s not paired to a source (i.e., internal lines). The number of
derivatives appearing in the procedure is equal to E + 2I, since two are required to produce an
internal line, and one is required to produce an external line; but it is also equal to 4V , hence
E + 2I = 4V .

Going over to momentum space [see Eq. (3.230)],

iK−1(x, y) =

∫

d4p

(2π)4
e−ip·(x−y)

i

p2 −m2 + iǫ
=

∫

d4p

(2π)4
e−ip·(x−y)D̃0(p) ,

J(x) =

∫

d4q

(2π)4
e−iq·xJ̃(q) ,

(3.232)

one associates a momentum p with each internal or external line, and integration over the position
of the vertices leads to momentum-conserving delta functions. Since one of these simply expresses
conservation of total momentum, i.e.,

∑

k qk = 0 with the sum extending over the sources, one
is left with a number of momentum integrals equal to I − V + 1 ≡ L. This is by definition the
number of loops of the diagram.

The formulation of renormalised perturbation theory is straightforward in the path integral
formalism. In fact, focussing for simplicity on the φ4 scalar theory,

L (φ) =
1

2
(∂µφB)

2 − 1

2
m2
Bφ

2
B +

λB
4!
φ4B , S[φ] =

∫

d4xL (φ) , (3.233)

one first changes variables to φB =
√
Zφ, so that

Z[J ] =

∫

[DφB ] e
iS[φB ]+iJ ·φB =

∫

[Dφ] eiS[
√
Zφ]+i

√
ZJ ·φ , (3.234)
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up to an irrelevant proportionality factor, and then sets m2
B = Zmm

2 and λB = Zλλ and splits20

L (
√
Zφ) =

Z

2
(∂µφ)

2 − Z

2
Zmm

2φ2 +
λZλZ

2

4!
φ4 = L0(φ) + LI(φ) + Lc.t.(φ) ,

L0(φ) =
1

2
(∂µφ)

2 − 1

2
m2φ2 ,

LI(φ) =
λ

4!
φ4 ,

Lc.t.(φ) = (Z − 1)
1

2

[

(∂µφ)
2 −m2φ2

]

− (Zm − 1)Zm2 1

2
φ2 +

λ(ZλZ
2 − 1)

4!
φ4 .

(3.235)

The free Lagrangean L0(φ) has the same form as the free part of the initial Lagrangean, but it
contains the renormalised field φ and renormalised mass m, and is used to define the free prop-
agator to be employed in the perturbative expansion. The interaction part of the Lagrangean
is split into an interaction part proper, LI(φ), identical in form to the original interaction
Lagrangean but depending on φ and on the renormalised coupling λ, and a counterterm La-
grangean, Lc.t.(φ), which contains all the renormalisation constants. In practice, the coefficients
C1 = Z − 1, C2 = (Zm − 1)Zm2, and C3 = (ZλZ

2 − 1)λ are determined at each perturbative
order by imposing suitable renormalisation conditions [see Eqs. (1.60) and (1.61) and the sub-
sequent discussion], and incidentally cancel out the divergences appearing in loop diagrams.
The treatment of Lc.t.(φ) as an interaction Lagrangean is justified since this procedure leads to
C1,2,3 = O(λ).

Generating functional of connected Green’s functions From the generating functional
of the Green’s functions, Z[J ], one obtains the generating functional of the connected Green’s
functions, W [J ], via

Z[J ] = eiW [J ] . (3.236)

This is understood immediately in terms of Feynman diagrams, for which the concept of con-
nectedness is directly related to connectedness as a graph. In general, Z[J ] is the sum of all
Fenyman diagrams with any number of external legs ending at the position xi of sources J(xi),
and each diagram can be written as the product of its connected parts. A graph is connected if
for any pair of vertices (including those coupling the field to the external source) one can find a
path (i.e., a sequence of internal lines in the graph – including those going from a vertex to a
source) that goes from one to the other. Then

Z[J ] =
∑

g∈graphs
Zg =

∑

g∈graphs

∏

g(c)∈g
Zg(c)

=

∞
∑

N=0

1

N !





∑

g(c)∈conn. graphs
Zg(c)





N

= e
∑

g(c)∈conn. graphs
Z
g(c) .

(3.237)

Then iW [J ] is the sum of all connected graphs with any number of external lines attached to
sources J(x).

20In principle one should set m2
B = δm2+Zmm

2, allowing for additive renormalisation of the mass. In general,
divergences corresponding to the insertion of an interaction term (DIV)φ2 read in terms of the UV cutoff Λ as
(DIV) = aΛ2 + bm2 log Λ, for dimensionless coefficients a, b. However, if one employs dimensional regularisation
there are no power divergences, only logarithmic ones, and so only multiplicative renormalisation is required.
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One can define connectedness independently of Feynman diagrams in a recursive manner.
The idea is to isolate the contributions to a correlation function 〈φ(x1) . . . φ(xn)〉 that vanish
when one or more of the points xi, say, {x1, . . . , xj} are far from the others. From the cluster
property one has

〈φ(x1) . . . φ(xj)φ(xj+1) . . . φ(xn)〉 → 〈φ(x1) . . . φ(xj)〉〈φ(xj+1) . . . φ(xn)〉 , (3.238)

so that 〈φ(x1) . . . φ(xj)φ(xj+1) . . . φ(xn)〉 − 〈φ(x1) . . . φ(xj)〉〈φ(xj+1) . . . φ(xn)〉 vanishes in the
limit. The plan is to do this systematically. One then starts by defining 〈φ(x)〉c ≡ 〈φ(x)〉, since
being there only one point it can only be close to itself. Then, for the two point function,

〈φ(x1)φ(x2)〉 ≡ 〈φ(x1)φ(x2)〉c + 〈φ(x1)〉c〈φ(x2)〉c = 〈φ(x1)φ(x2)〉c + 〈φ(x1)〉〈φ(x2)〉 , (3.239)

where the first equality defines the two-point connected component. One then proceeds to the
three-point function, defining its connected component by the relation

〈φ(x1)φ(x2)φ(x3)〉 ≡ 〈φ(x1)φ(x2)φ(x2)〉c
+ 〈φ(x1)φ(x2)〉c〈φ(x3)〉c + 〈φ(x2)φ(x3)〉c〈φ(x1)〉c + 〈φ(x3)φ(x1)〉c〈φ(x2)〉c
+ 〈φ(x1)〉c〈φ(x2)〉c〈φ(x3)〉c ,

(3.240)
where the two-point and one-point connected functions have already been defined at the previous
stages. In general,

〈φ(x1) . . . φ(xn)〉 ≡
∑

P={Pi}
Pi 6=∅, Pi∩Pj=∅
∪iPi={1,...,n}

∏

{Pi}

〈

∏

j∈Pi

φ(xj)

〉

c

,
(3.241)

where the sum is over partitions of all the partitions of {1, . . . , n} into nonempty disjoint sets
Pi (parts), the first product is over the parts Pi of the partition, and the second product is over
the elements j ∈ Pi. All but one of the terms on the right-hand side have been defined already
when dealing with the correlation functions of order n − 1 and lower, so Eq. (3.241) provides
the definition of 〈φ(x1) . . . φ(xn)〉c. Clearly, this can be expressed entirely in terms of ordinary
correlation functions 〈φ(x1) . . . φ(xn)〉. For example, for the two-point and three-point functions
one has

〈φ(x1)φ(x2)〉c = 〈φ(x1)φ(x2)〉 − 〈φ(x1)〉〈φ(x2)〉 ,
〈φ(x1)φ(x2)φ(x2)〉c = 〈φ(x1)φ(x2)φ(x3)〉

− 〈φ(x1)φ(x2)〉〈φ(x3)〉 − 〈φ(x2)φ(x3)〉〈φ(x1)〉 − 〈φ(x3)φ(x1)〉〈φ(x2)〉
+ 2〈φ(x1)〉〈φ(x2)〉〈φ(x3)〉 .

(3.242)
By construction, each connected part vanishes when any two of the spacetime points to which
the fields are attached are far apart. This can be verified explicitly in Eq. (3.242) by using the
cluster property. The same construction applies to the correlation functions in the presence of
a source, defined as

〈φ(x1) . . . φ(xn)〉J =

∫

[Dφ] eiS[φ]+iJ ·φφ(x1) . . . φ(xn)
∫

[Dφ] eiS[φ]+iJ ·φ
=

1

Z[J ]

1

i

δ

δJ(x1)
. . .

1

i

δ

δJ(xn)
Z[J ] ,

(3.243)
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that can be decomposed into connected components starting from 〈φ(x)〉J c = 〈φ(x)〉J and using
the recursive procedure.

To recover the generating functional Z[J ] one has to add up all the n-point functions. Using
a source J0 as the expansion point, one has

Z[J ]

Z[0]
=

∞
∑

n=0

1

n!

∫

d4x1 i(J(x1)− J0(x1)) . . .

∫

d4xn i(J(xn)− J0(xn))〈φ(x1) . . . φ(xn)〉J0

=

∞
∑

n=0

1

n!

∫

d4x1 i∆J(x1) . . .

∫

d4xn i∆J(xn)〈φ(x1) . . . φ(xn)〉J0

=
∑

n

1

n!

∑

P={Pi}
Pi 6=∅, Pi∩Pj=∅
∪iPi={1,...,n}

∏

{Pi}

〈

∏

j∈Pi

∫

d4xj i∆J(xj)φ(xj)

〉

J0 c

,

(3.244)
where the n = 0 term corresponds to 〈1〉J = 1, and in the last passage we used the decomposition
in connected components. Since coordinates are integrated over, the only feature of the partitions
that enters Eq. (3.244) is the number nk of subsets of {1, . . . , n} of size k = 1, . . . , n appearing
in it, with partitions differing only by a permutation of the xj giving the same contribution. For
a given set of {nk},

∑n
k=1 knk = n one finds n!

∏

k nk!(k!)
nk

identical contributions to Z[J ]/Z[0],

and so

Z[J ]

Z[0]
=

∞
∑

n=0

1

n!

∑

nk=0,...,n
∑n

k=1 knk=n

n!
∏

k nk!(k!)
nk

∏

k

〈

(
∫

d4x i∆J(x)φ(x)

)k
〉nk

J0 c

.
(3.245)

The sum over k can be extended from k = 0, since k = 0 and will not contribute anyway to
∑n

k=1 knk. Moreover, since we are summing over n, we can drop the constraint and allow k to
go from 0 to ∞. We find

Z[J ]

Z[0]
=

∞
∑

n=0

∑

{nk}
nk≥0

δ∑∞
k=0 knk,n

1
∏

k nk!(k!)
nk

∞
∏

k=0

〈

(
∫

d4x i∆J(x)φ(x)

)k
〉nk

J0 c

=

∞
∏

k=0

∞
∑

nk=0

1

nk!

{

1

k!

〈

(
∫

d4x i∆J(x)φ(x)

)k
〉

J0 c

}nk

=

∞
∏

k=0

exp

{

1

k!

〈

(∫

d4x i∆J(x)φ(x)

)k
〉

J0 c

}

= exp

{ ∞
∑

k=0

1

k!

∫

d4x1 i∆J(x1) . . .

∫

d4xk i∆J(xk)〈φ(x1) . . . φ(xk)〉J0 c
}

,

(3.246)
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and so from the definition Eq. (3.236)

i(W [J ]−W [0])

=

∞
∑

k=0

1

k!

∫

d4x1 i∆J(x1) . . .

∫

d4xk i∆J(xk)〈φ(x1) . . . φ(xk)〉J0 c

=

∞
∑

k=0

1

k!

∫

d4x1 i(J(x1)− J0(x1)) . . .

∫

d4xk i(J(xk)− J0(xk))〈φ(x1) . . . φ(xk)〉J0 c .

(3.247)

The quantity W [0] is the sum of connected vacuum bubbles, and plays no role in correlation
functions.

For the skeptics, here is an explicit calculation. Using the definition Eq. (3.243),

1

i

δ

J(x)
iW [J ] =

1

i

δ

J(x)
logZ[J ] =

1

Z[J ]

1

i

δZ[J ]

δJ(x)
= 〈φ(x)〉J = 〈φ(x)〉J c ,

1

i

δ

δJ(x1)

1

i

δ

δJ(x2)
iW [J ] =

1

i

δ

δJ(x1)

1

i

δ

δJ(x2)
logZ[J ] =

1

i

δ

δJ(x1)

(

1

Z[J ]

1

i

δZ[J ]

δJ(x2)

)

=
1

Z[J ]

1

i2
δ2Z[J ]

δJ(x1)δJ(x2)
− 1

Z[J ]2

(

1

i

δZ[J ]

δJ(x1)

)(

1

i

δZ[J ]

δJ(x2)

)

= 〈φ(x1)φ(x2)〉J − 〈φ(x1)〉J〈φ(x2)〉J = 〈φ(x1)φ(x2)〉J c ,

(3.248)

and in general
1

in−1

δnW [J ]

δJ(x1) . . . δJ(xn)
= 〈φ(x1) . . . φ(xn)〉J c . (3.249)

Effective action There is one more generating functional of great importance. Let us denote

ϕJ(x) = 〈φ(x)〉J =
δW [J ]

δJ(x)
. (3.250)

The classical field ϕJ (x) corresponds to the expectation value of the quantum field φ(x) in the
presence of a source J(x). One can invert the relation, and for a prescribed ϕ(x) find the source
Jϕ(x) that produces it, i.e., 〈φ(x)〉Jϕ = ϕ(x). We then define the effective action by means of a
Legendre transform as

Γ[ϕ] ≡W [Jϕ]− Jϕ · ϕ . (3.251)

It is straightforward to show that

δΓ[ϕ]

δϕ(x)
=

∫

d4y
δJϕ(y)

δϕ(x)

δW [J ]

δJ(y)

∣

∣

∣

∣

J=Jϕ

−
∫

d4y
δJϕ(y)

δϕ(x)
ϕ(y)− Jϕ(x)

=

∫

d4y
δJϕ(y)

δϕ(x)
ϕ(y)−

∫

d4y
δJϕ(y)

δϕ(x)
ϕ(y) − Jϕ(x) = −Jϕ(x)

(3.252)

or in compact notation

δΓ[ϕ]

δϕ

∣

∣

∣

∣

ϕ=ϕJ

=
δJϕ
δϕ

· δW [J ]

δJ

∣

∣

∣

∣

J=Jϕ

− δJϕ
δϕ

· ϕ− Jϕ =
δJϕ
δϕ

· ϕ− δJϕ
δϕ

· ϕ− Jϕ = −Jϕ . (3.253)
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The inverse transformation reads

W [J ] = Γ[ϕJ ] + J · ϕJ , (3.254)

since clearly

δW [J ]

δJ
=
δΓ[ϕJ ]

δϕJ
· δϕJ
δJ

+ J · δϕJ
δJ

+ ϕJ = −J · δϕJ
δJ

+ J · δϕJ
δJ

+ ϕJ = ϕJ , (3.255)

and so ϕJϕ = ϕ.
The field ϕJ = 〈φ〉J , which is a c-number field but of quantum origin, obeys the quantum-

corrected equation of motion
δΓ[ϕ]

δϕ

∣

∣

∣

∣

ϕ=ϕJ

+ J = 0 . (3.256)

In particular, in the absence of an external source, the possible vacuum expectation values
ϕ0 = 〈φ〉J=0 of the quantum field φ must obey

δΓ[ϕ]

δϕ

∣

∣

∣

∣

ϕ=ϕ0

= 0 . (3.257)

This should be compared with the classical case, in which the equations of motion in the presence
of an external source read

δS[ϕc]

δϕc

∣

∣

∣

∣

ϕc=ϕcJ

+ J = 0 , (3.258)

and in particular δS[ϕc]
δϕc

= 0 are the equations of motion without a source.
Besides providing the equations of motion for ϕJ , the effective action has a second interpre-

tation as the generating functional of one-particle-irreducible (1PI) Feynman diagrams. These
are diagrams that cannot be made disconnected by cutting a single internal line. Clearly, the
most general connected diagram can be built out of 1PI diagrams with at least three external
legs, connected by fully dressed propagators, which in turn are obtained from 1PI diagrams by
simply resumming a geometric series. Denoting

W (2)(x1, x2) =
δ2W [J ]

δJ(x1)δJ(x2)

∣

∣

∣

∣

J=0

= i〈φ(x1)φ(x2)〉c = iD(x1 − x2) ,

W
(2)
0 (x1, x2) =

δ2W0[J ]

δJ(x1)δJ(x2)

∣

∣

∣

∣

J=0

= i〈φ(x1)φ(x2)〉0 c = iD0(x1 − x2) ,

(3.259)

with W0 the generating functional of the free theory, one has

W (2) =W
(2)
0 +W

(2)
0 · (1PI)2 ·W (2)

0 +W
(2)
0 · (1PI)2 ·W (2)

0 · (1PI) ·W (2)
0 + . . .

=W
(2)
0 · 1

1− (1PI)2 ·W (2)
0

=
1

[W
(2)
0 ]−1 − (1PI)2

,
(3.260)

where (1PI)2 denotes the sum of 1PI diagrams with two external legs. On the other hand, from
the definitions of W and Γ,

δ2W [J ]

δJ(x)δJ(y)
=
δϕJ (x)

δJ(y)
,

δ2Γ[ϕ]

δϕ(x)δϕ(y)
= −δJϕ(x)

δϕ(y)
(3.261)
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and so
∫

d4z
δ2W [J ]

δJ(x)δJ(z)

∣

∣

∣

∣

J=Jϕ

δ2Γ[ϕ]

δϕ(z)δϕ(y)
= −

∫

d4z
δϕJ (x)

δJ(z)

∣

∣

∣

∣

J=Jϕ

δJϕ(z)

δϕ(y)

= −δϕJϕ(x)
δϕ(y)

= −δϕ(x)
δϕ(y)

= −δ(4)(x− y) .

(3.262)

This means that, denoting

Γ(2)(x1, x2) =
δ2Γ[ϕ]

δϕ(x1)δϕ(x2)

∣

∣

∣

∣

ϕ=0

, (3.263)

one has
Γ(2) = −[W (2)]−1 = −

(

[W
(2)
0 ]−1 − (1PI)2

)

= −[W
(2)
0 ]−1 + (1PI)2 . (3.264)

Going over to momentum space,

Γ̃(2) = − 1

iD̃0

+ (̃1PI)2 = p2 −m2 + iǫ+ (̃1PI)2 . (3.265)

To show that Γ generates the 1PI diagrams, we follow Coleman’s approach and define a new
theory by means of

eiWΓ[J,g] ≡
∫

[Dφ] e
i
g
(Γ[φ]+J ·φ) . (3.266)

This means that we build our interactions using as propagators and vertices those appearing in
Γ,

Γ[φ] =
∞
∑

n=0

1

n!

∫

d4x1 . . .

∫

d4xn Γ
(n)(x1, . . . , xn)φ(x1) . . . φ(xn)

= Γ[0] +

∫

d4xΓ(1)(x)φ(x) +
1

2

∫

d4x1

∫

d4x2 Γ
(2)(x1, x2)φ(x1)φ(x2)

+

∞
∑

n=3

1

n!

∫

d4x1 . . .

∫

d4xn Γ
(n)(x1, . . . , xn)φ(x1) . . . φ(xn) .

(3.267)

Ignoring Γ[0], which is just a constant that gets cancelled out in correlation functions, and sub-
tracting the vacuum expectation value −[Γ(2)]−1 ·Γ(1) [see Eq. (3.227)] from the field, correlation
functions are built perturbatively using the propagator g[Γ(2)]−1, which plays here the same role
as K−1 did before, and the vertices g−1Γ(n) and g−1J , with the latter a single-line vertex that
corresponds to external lines in a diagrammatic representation. For a fixed number V of vertices
with n ≥ 3, I internal lines, and E external lines, the corresponding power of g is equal to the
number of propagators (including those ending in a source) minus the total number of vertices
(including those associated with sources), and so

gI+Eg−(V +E) = gI−V . (3.268)

A generic, connected L-loop diagrams, L = I − V + 1, comes then with a power gL−1. The
expansion in powers of g is then an expansion in the number of loops. This device can be used
also in the ordinary case, introducing a formal parameter g that is eventually set to 1.
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In the case at hand, the loop expansion reads

WΓ[J, g] =

∞
∑

L=0

gL−1W
(L)
Γ [J ] , (3.269)

withW
(L)
Γ [J ] the sum of connected graphs with L loops obtained from the functional Eq. (3.266),

i.e., using Γ(n) as the coefficient of the n-point vertex. In particular, W
(0)
Γ [J ] is the sum of tree

graphs (i.e., graphs with no loops) obtained in this way, and dominates the sum in the limit
g → 0. On the other hand, WΓ[J, g] in the limit g → 0 can be obtained also via a saddle-point
calculation. One has, setting φ = φs.p. +

√
gχ,

eiWΓ[J,g] =

∫

[D
√
gχ] e

i
g (Γ[φs.p.+

√
gχ]+J ·(φs.p.+√

gχ))

= e
i
g
(Γ[φs.p.]+J ·φs.p.)

∫

[D
√
gχ] e

i
g

(√
g(Γ′[φs.p.]+J)·χ+1

2gχ
T ·Γ′′[φs.p.]·χ+O(g

3
2 χ3)

)

.

(3.270)

Choosing φs.p. to satisfy the saddle-point equation Γ′[φs.p.] + J = 0, one has

eiWΓ[J,g] = e
i
g
(Γ[φs.p.]+J ·φs.p.)

∫

[D
√
gχ] e

i
2χ

T ·Γ′′[φs.p.]·χ (1 +O(gχ4)
)

, (3.271)

where the correction are proportional to integer powers of g, since only even powers of the field
χ contribute. Then

ei(WΓ[J,g]−WΓ[0,g]) =
e

i
g
(Γ[φs.p.[J ]]+J ·φs.p.) ∫ [D

√
gχ] e

i
2χ

T ·Γ′′[φs.p.[J ]]·χ (1 +O(gχ4)
)

e
i
g
(Γ[φs.p.[0]])

∫

[D
√
gχ] e

i
2χ

T ·Γ′′[φs.p.[0]]·χ (1 +O(gχ4))

= e
i
g
(Γ[φs.p.[J ]]+J ·φs.p.−Γ[φs.p.[0]]+O(1)) ,

(3.272)

and so
W

(0)
Γ [J ]−W

(0)
Γ [0] = Γ[φs.p.[J ]] + J · φs.p. − Γ[φs.p.[0]] , (3.273)

but by the definition of φs.p. and the relation between W and Γ

W
(0)
Γ [J ]−W

(0)
Γ [0] =W [J ]−W [0] . (3.274)

Then, ignoring the J-independent terms that do not contribute to correlation functions, W [J ]
equals the sum of connected tree diagrams built using i

n!Γ
(n)φn, n ≥ 3, as vertices and i[Γ(2)]−1 =

−iW (2) = D as propagator. On the other hand, W [J ] also equals the sum of connected tree
diagrams built using the sum of 1PI diagrams with n external lines as vertices, connected by
fully dressed propagators D = −iW (2). It then follows that iΓ(n) equals the sum of 1PI diagrams
with n legs, and so iΓ is the generating functional of 1PI diagrams.

The identification of iΓ(n) with the sum of 1PI diagrams with n legs follows from the fact
that a tree diagram with E external lines cannot be built using vertices with more than E lines
attached, and using at most one vertex with E lines attached. Then, if one has identified iΓ(n)

with the sum of 1PI diagrams with n legs for n ≤ N , at n = N + 1 there is only one possible
diagram containing the sum of 1PI diagrams with N + 1 legs, namely the diagram made out of
the sum of 1PI diagrams with N +1 legs to which N +1 full propagators are attached; and only
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one possible diagram containing iΓ(N+1), namely that having a single vertex iΓ(N+1) with N +1
full propagators attached; and therefore iΓ(N+1) is identified with the sum of 1PI diagrams with
N + 1 legs. Since the 3-point function is necessarily built out of the sum of 1PI diagrams with
three full propagators attached, and, parallelly, out of Γ(3) with three full propagators attached,
the identification is complete (this is true even if the three point function vanishes).

It remains to show the initial statement. It follows from the relations E+2I =
∑

n nVn and
I − V + 1 = L that

2L = 2I − 2V + 2 =
∑

n

nVn − 2
∑

n

Vn + 2− E =
∑

n

(n− 2)Vn + 2− E

=
∑

n≤E
(n− 2)Vn +

∑

n>E

(n− 2)Vn + 2− E

>
∑

n≤E
(n− 2)Vn + (E − 2)

(

−1 +
∑

n>E

Vn

)

.

(3.275)

For E > 2, if there is at least one vertex with n > E then the last term is non-negative, and
since the first one is also non-negative (since n ≥ 2), one has necessarily L > 0. Then no vertices
with more than E lines can appear in a tree diagram with E external lines. Therefore for such
a diagram

0 = 2− E +
∑

n≤E
(n − 2)Vn = 2− E + (E − 2)VE +

∑

n<E

(n− 2)Vn

= (E − 2)(VE − 1) +
∑

n<E

(n− 2)Vn .
(3.276)

Since the second term is non-negative, for E > 2 this equation can hold only if VE = 1 and
Vn<E = 0, or otherwise if VE = 0 and E− 2 =

∑

n<E(n− 2)Vn. In particular, no more than one
E-point vertex can appear, and if it does then it is the only vertex.21

Background field method A practically convenient method to compute Γ is provided by
the background field method. Define the following generating functional,

eiW̃φ0
[J ] =

∫

[Dφ] eiS[φ+φ0]+J ·φ . (3.277)

A simple change of variables shows that

eiW̃φ0
[J ] =

∫

[Dφ] eiS[φ]+J ·(φ−φ0) = eiW [J ]−iJ ·φ0 , (3.278)

i.e.,
W̃φ0 [J ] =W [J ]− J · φ0 . (3.279)

Define now the associated effective action. One has

ϕ̃J =
δW̃φ0 [J ]

δJ
=
δW [J ]

δJ
− φ0 = ϕJ − φ0 , (3.280)

21It is possible that for the lowest nonzero n-point function one has n > 3. From the above, for E = 3 only
a 3-point vertex is possible, and so 3-point 1PI and Γ(3) coincide. If one vanihses, so does the other. Then one
should look at E = 4, where only 4- and 3-point vertices are possible, but since the three-point function vanishes
one has only the 4-point vertex, and so 4-point 1PI and Γ(4) coincide. If this function vanishes one continue until
the first nonzero one.
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and so

Γ̃φ0 [ϕ̃J ] = W̃φ0 [J ]− J · ϕ̃J =W [J ]− J · φ0 − J · (ϕJ − φ0) =W [J ]− J · ϕJ = Γ[ϕJ ] . (3.281)

In general then
Γ̃φ0 [ϕ− φ0] = Γ[ϕ] , (3.282)

and choosing ϕ = φ0
Γ[φ0] = Γ̃φ0 [0] . (3.283)

The left-hand side of this equation is the generating functional we are after. The right-hand side
is the sum of connected, one-particle irreducible vacuum diagrams (i.e., no external lines) for
the theory defined by the shifted action S[φ+ φ0]. In particular, the sum of 1PI diagrams with
n external lines of the original theory is equal to the sum of connected 1PI vacuum diagrams of
the shifted theory where n factors of φ0 appear.

Symmetries of the effective action Symmetries of the classical action S reflect into symme-
tries of the quantum effective action Γ. Let S be invariant under the infinitesimal transformation

φa → φa + δsφa , δsφa(x) = ǫFa[φ;x] , (3.284)

with F depending functionally on the fields at x, e.g.,

Fa[φ;x] = Aabφb(x) +Babx
µ∂µφb(x) + Cabcφb(x)φc(x) + . . . . (3.285)

The simplest case is that of a linear transformation, F
(L)
a [φ;x] = Labφb(x). Let the functional

integration measure be invariant as well under the transformation Eq. (3.284).22 Symmetry of
S and [Dφ] implies

Z[J ] =

∫

[Dφ] eiS[φ]+iJ ·φ =

∫

[Dφ] eiS[φ+δsφ]+iJ ·(φ+δsφ) =
∫

[Dφ] eiS[φ]+iJ ·(φ+δsφ)

=

∫

[Dφ] eiS[φ]+iJ ·φ(1 + J · δsφ) = Z[J ](1 + ǫJ · 〈F [φ;x]〉J ) ,
(3.286)

and since ǫ is arbitrary
J · 〈F [φ;x]〉J = 0 . (3.287)

On the other hand, for Jϕ such that 〈φ〉Jϕ = ϕ one has Jϕ = − δΓ
δϕ , and so

0 = Jϕ · 〈F [φ;x]〉Jϕ = −δΓ[ϕ]
δϕ

〈F [φ;x]〉Jϕ . (3.288)

This can be equivalently written as

Γ[ϕ+ ǫ〈F [φ;x]〉Jϕ ] = Γ[ϕ] , (3.289)

known as Slavnov-Taylor identity. This identity is particularly transparent if F is a linear
transformation. In this case in fact

〈F [φ;x]〉Jϕ = 〈Lφ(x)〉Jϕ = L〈φ(x)〉Jϕ = Lϕ , (3.290)

22It would actually suffice that [Dφ] eiS[φ] be invariant.
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and the Slavnov-Taylor identity reads

Γ[ϕ+ ǫLϕ] = Γ[ϕ] ⇒ Γ[ϕ+ δsϕ] = Γ[ϕ] , (3.291)

i.e., the same transformation δs but applied to the fields ϕ is a symmetry of Γ. In more
general cases 〈F [φ;x]〉Jϕ 6= F [〈φ〉Jϕ ;x] = F [ϕ;x], so the form of the symmetry transformation
is modified.

Goldstone’s theorem The effective action formalism can be used to provide a proof of Gold-
stone’s theorem about the presence of massless particles (Nambu-Goldstone bosons) in the spec-
trum of theories where a continuous symmetry is spontaneously broken.

Assume that the action S = S[φ], with φa a set of N real scalar fields, is symmetric under
linear transformations L, φ′j = Ljkφk, providing a unitary representation L = L(g), g ∈ G, of
some continuous Lie group G, i.e., L(g1g2) = L(g1)L(g2), g1,2 ∈ G. Since we are dealing here
with real fields, the representation is actually orthogonal, i.e., L(g−1) = L(g)−1 = L(g)T . As
we discussed above, for linear transformations S[Lφ] = S[φ] implies Γ[Lϕ] = Γ[ϕ]. The first
implication of this fact is that if ϕ0 is a possible vacuum of the theory, satisfying Γ′[ϕ0] = 0,
then so is Lϕ0: since Γ[Lϕ0] = Γ[ϕ0], taking derivatives with respect to ϕ0a(x)

0 =
δΓ[ϕ]

δϕj(x)

∣

∣

∣

∣

ϕ=ϕ0

=

∫

d4y
δΓ[ϕ]

δϕk(y)

∣

∣

∣

∣

ϕ=Lϕ0

δ(Lϕ0(y))k
δϕ0j(x)

=

∫

d4y
δΓ[ϕ]

δϕk(y)

∣

∣

∣

∣

ϕ=Lϕ0

Lkjδ
(4)(y − x) =

δΓ[ϕ]

δϕk(x)

∣

∣

∣

∣

ϕ=Lϕ0

Lkj ,

(3.292)

and since L are invertible matrices it follows that Γ′[Lϕ0] = 0. If Lϕ0 6= ϕ0, this provides a
different solution to the quantum equations of motion.

We will now assume that all the vacua, i.e., the solutions ϕ̄0 of Γ′[ϕ̄0] = 0, can be obtained
from each other by a symmetry transformation, and so ϕ̄0 = L(g)ϕ0 for some g and for some
chosen vacuum ϕ0. Let furthermore H ⊆ G be the (largest) subgroup of G that leaves ϕ0

invariant, L(h)ϕ0 = ϕ0 ∀h ∈ H. This is called the stability subgroup, and in the setup we
are considering it is independent of ϕ0.

23 Choose now the generators T aG of G to be {T aG} =
{T aH}∪{T a}, with {T aH} generators of H, and {T a} a basis of the complement of the linear space
spanned by {T aH} within the Lie algebra of G.24 Let {taG} = {taH} ∪ {ta} be the corresponding
representatives of the generators induced by the representation L, i.e., given g = exp{iαaT aG}
one has L(g) = exp{iαataG}. Since L(h)ϕ0 = ϕ0 ∀h ∈ H, one has that the (representatives of)
its generators annihilate the vacuum, taHϕ0 = 0. On the other hand, taϕ0 6= 0 (for otherwise the
algebra of the stability group would contain another generator and H would not be the largest
group leaving ϕ0 invariant).

Let us now work out further consequences of the symmetry. Starting from Γ[Lϕ] = Γ[ϕ] for
generic ϕ and L = exp{iαataG}, and taking the derivative with respect to αa and then setting

23If L(h)ϕ0 = ϕ0 ∀h ∈ Hϕ0
, then for any other vacuum ϕ̄0 = L(g)ϕ0 one has

ϕ̄0 = L(g)ϕ0 = L(g)L(h)ϕ0 = L(gh)L(g−1)L(g)ϕ0 = L(ghg−1)ϕ̄0 = L(h̄)ϕ̄0 ,

i.e., L(h̄)ϕ̄0 = ϕ̄0 ∀h̄ ∈ Hϕ̄0
= gHϕ0

g−1 ∼ Hϕ0
, i.e., the stability groups are all isomorphic to each other.

24Recall that the Lie algebra g of a Lie group G is first of all a real linear space, for which one can choose a
basis {taG}. We choose this basis to contain a basis {T a

H} of the Lie algebra h of H , which is a subspace of g, and
complete it with a basis of the complement of h in g.
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all αb to 0, we find

0 =

∫

d4x
δΓ[ϕ̄]

δϕ̄j(x)

∣

∣

∣

∣

ϕ̄=Lϕ

∂(Lϕ(x))j
∂αa

∣

∣

∣

∣

{αb}=0

=

∫

d4x
δΓ[ϕ]

δϕj(x)
(taG)jkϕk(x) . (3.293)

Taking now the functional derivative with respect to ϕk(y), we find

0 =

∫

d4x

[

δ2Γ[ϕ]

δϕl(y)δϕj(x)
(taG)jkϕk(x) +

δΓ[ϕ]

δϕj(x)
(taG)jkδklδ

(4)(y − x)

]

=
δΓ[ϕ]

δϕj(y)
(taG)jl +

∫

d4x
δ2Γ[ϕ]

δϕl(y)δϕj(x)
(taG)jkϕk(x) .

(3.294)

If we now set ϕ = ϕ0, the first term vanishes and we obtain

∫

d4x
δ2Γ[ϕ]

δϕl(y)δϕj(x)

∣

∣

∣

∣

ϕ=ϕ0

(taG)jkϕ0k(x) = 0 , (3.295)

or in compact notation
δ2Γ[ϕ0]

δϕ2
· (taGϕ0) = 0 . (3.296)

As a matrix equation, Eq. (3.296) tells us that Γ′′[ϕ0] = −(W ′′[0])−1 has zero modes provided
by taϕ0 (while taHϕ0 = 0 and so give a trivial identity). For a translation-invariant theory,
the vacua are x-independent, ϕ0(x) = ϕ0, and so denoting with Djk(x, y) = Djk(x − y) the
coordinate-space propagator,

Djk(x− y) = 〈φj(x)φk(y)〉 − 〈φj(x)〉〈φk(y)〉 = −i(W ′′[0])jk(x, y) , (3.297)

and with D̃jk(p) the momentum-space propagator,

Djk(x) =

∫

d4p

(2π)4
e−ip·xD̃jk(p) , (3.298)

then Eqs. (3.295) and (3.296) tell us that

0 =

(

∫

d4x
δ2Γ[ϕ]

δϕl(y)δϕj(x)

∣

∣

∣

∣

ϕ=ϕ0

)

(ta)jkϕ0k

= Γ̃
(2)
lj [ϕ0](p = 0)(ta)jkϕ0k = i(D̃(p = 0))−1

jk (t
a)jkϕ0k ,

(3.299)

i.e., (ta)jkϕ0k are zero modes of the inverse propagator at zero momentum, [D̃(0)]−1. There
are then at least as many zero modes of D(0)−1 as the number n0 of “broken generators”, i.e.,
group generators for which taϕ0 6= 0. Clearly, if [D̃(0)]−1 has zero modes it cannot be inverted,
and so the propagator D̃(0) does not exist in the (at least) n0-dimensional zero-mode subspace,
signaling a singularity at p = 0 and the presence of at least n0 massless particles in the theory.
This is the content of Goldstone’s theorem.
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To see this in more detail, notice that from Γ[Lϕ] = Γ[ϕ] one finds, expanding Γ[ϕ] around
a generic ϕ0 and Γ[Lϕ] around Lϕ0, that

Γ[ϕ] = Γ[ϕ̄0] + Γ′[ϕ̄0] · (ϕ− ϕ̄0) +
1

2
(ϕ− ϕ̄0)

T · Γ′′[ϕ̄0] · (ϕ− ϕ̄0)

+
∑

n≥3

Γ(n)[ϕ̄0](ϕ− ϕ̄0)
n

= Γ[Lϕ] = Γ[Lϕ̄0] + Γ′[Lϕ̄0] · (Lϕ− Lϕ̄0) +
1

2
(Lϕ− Lϕ̄0)

T · Γ′′[Lϕ̄0] · (Lϕ− Lϕ̄0)

+
∑

n≥3

Γ(n)[Lϕ̄0](Lϕ− Lϕ̄0)
n .

(3.300)

Taking ϕ̄0 to be our vacuum, ϕ̄0 = ϕ0, for every Lh = L(h) the representative of an element of
the stability group, Lhϕ0 = ϕ0, this equation becomes

Γ[ϕ0] +
1

2
(ϕ− ϕ0)

T · Γ′′[ϕ0] · (ϕ− ϕ0) +
∑

n≥3

Γ(n)[ϕ0](ϕ− ϕ̄0)
n

= Γ[ϕ0] +
1

2
(ϕ− ϕ0)

T · (LThΓ′′[ϕ0]Lh) · (ϕ− ϕ0) +
∑

n≥3

Γ(n)[ϕ0](Lh(ϕ− ϕ̄0))
n ,

(3.301)

so in particular for the second-order term

LThΓ
′′[ϕ0]Lh = Γ′′[ϕ0] , (3.302)

or in other words
D(p)−1 = LThD(p)−1Lh . (3.303)

The subspace of zero modes is invariant under Lh, since given D(0)−1v = 0 one has

D(0)−1(Lhv) = Lh(L
T
hD(0)−1Lh)v = LhD(0)−1v = 0 . (3.304)

Splitting RN into the subspace of zero modes of D(0)−1 and its complement, one has for D(p)−1

D(p)−1 =

(

d1(p
2)−1 0

0 d0(p
2)−1

)

, (3.305)

with [Lh, d0,1(p
2)−1] = 0,25 and where Lorentz invariance has been used to write D(p)−1 as a

function of p2 only. For small p2 we find

D(p)−1 =

(

a1 + b1p
2 + . . . 0

0 b0p
2 + . . .

)

, (3.306)

and so

D(p) ≃
p2→0

(

a−1
1 0

0 b−1
0

1
p2

)

, (3.307)

having assumed that b0 is invertible, while a1 must be so (otherwise the corresponding zero
modes should have been included in the zero-mode subspace). As we know from the Källén-
Lehmann representation, the poles of D(p) correspond to the masses of the particles that appear
in the theory. The dimension of the lower right block is at least n0 × n0 with n0 the number of
broken generators, so the corresponding pole at p2 = 0 is of rank at least n0, corresponding to
at least n0 massless modes.

25In general, the induced representation of H is not irreducible even if the representation of G is, so we cannot
conclude that d0,1 are multiples of the identity in RN .
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Energy interpretation of the effective action If we smoothly turn on a source J(t, ~x) in
the distant past, leading up to a time-independent source j(~x) between t = −T/2 and t = +T/2,
that we subsequently turn off smoothly in the distant future, the vacuum |0〉 in the absence
of a source is adiabatically transformed into the ground state |j〉 in the presence of a time-
independent source j, which is then adiabatically transformed back to the vacuum |0〉. The
vacuum-to-vacuum transition amplitude is given in general by Eq. (3.222), and in the case at
hand, since we can neglect the contribution from the switching on and the switching off of the
source (assumed to take place in a time much smaller than T ), we have

ei(W [J ]−W [0]) =
Z[J ]

Z[0]
= 〈0|UJ (+∞,−∞)|0〉 = 〈j|UJ

(

+T
2 ,−T

2

)

|j〉

= 〈j|Texp
{

− i

∫ +
T
2

−T2
dt

[

H −
∫

d3x j(~x)φ̂(0, ~x)

]}

|j〉

= 〈j|e−iHjT |j〉 = e−iEjT ,

(3.308)

where

Hj ≡ H −
∫

d3x j(~x)φ̂(0, ~x) ,

Hj|j〉 = Ej |j〉 ,
(3.309)

and so
W [J ]−W [0] = −EjT . (3.310)

Consider now a different line of thought. We want to find the state |Ω〉 that minimises the
energy expectation value,

〈H〉Ω =
〈Ω|H|Ω〉
〈Ω|Ω〉 , (3.311)

subject to the constraint that the fields have prescribed time-independent expectation values,

〈φ̂(0, ~x)〉Ω =
〈Ω|φ̂(0, ~x)|Ω〉

〈Ω|Ω〉 = ϕ(~x) . (3.312)

Minimisation could of course be performed for 〈Ω|H|Ω〉 with the constraints Eq. (3.312) and
〈Ω|Ω〉 = 1. This problem is equivalently formulated using Lagrange multipliers, as the uncon-
strained minimisation over Ω, α and β(~x) of the quantity

〈Ω|H|Ω〉 − α〈Ω|Ω〉 −
∫

d3xβ(~x)〈Ω|φ̂(0, ~x)|Ω〉 . (3.313)

Minimisation over |Ω〉 gives the equation
(

H −
∫

d3xβ(~x)φ̂(0, ~x)

)

|Ω〉 = α|Ω〉 . (3.314)

On the other hand, we know that the state |j〉 provides a solution to this equation with α = Ej ,
β(~x) = j(~x), if the prescribed values of the fields in Eq. (3.312) are chosen to be ϕ(~x) = 〈φ〉J =
ϕJ (~x) with the source J described above, i.e., constant and equal to j for t ∈ [−T/2, T/2]:

(

H −
∫

d3x j(~x)φ̂(0, ~x)

)

|j〉 = Ej |j〉 , 〈j|j〉 = 1 ,

〈j|φ̂(x)|j〉 = 〈φ〉J =
δW [J̄ ]

δJ̄

∣

∣

∣

∣

J̄=J

.

(3.315)
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To find out what the corresponding minimum of 〈H〉Ω is, notice that

min〈H〉Ω = 〈H〉Ω=j =

∫

d3x j(~x)〈j|φ̂(0, ~x)|j〉 + Ej〈j|j〉 = Ej +

∫

d3x j(~x)ϕJ(0, ~x)

=
1

T

(

TEj +

∫

d4x j(~x)ϕJ (0, ~x)

)

=
1

T
(−W [J ] + J · ϕJ +W [0]− 0 · 0)

= − 1

T
(Γ[ϕJ ]− Γ[0]) .

(3.316)

Then, ignoringW [0] and Γ[0] which are respectively J-independent and ϕ-independent constants
that can be set to zero without any loss of information, one has that

• −W [J ]/T = Ej is the energy of the ground state in the presence of a time-independent
source j;

• −Γ[ϕ]/T = min〈H〉Ω is the minimal expectation value of the energy over normalised
states |Ω〉 under the constraint that quantum fields have the prescribed time-independent
expectation value 〈Ω|φ̂|Ω〉 = ϕ.

For translation-invariant theories, the n-point functions W (n) depend only on the coordinate
differences, and therefore so do the functions Γ(n) that are derived from them. Regularising the
effective action in a finite four-dimensional box of size V4 = T ×V , we have for an x-independent
field configuration ϕ0 that

Γ[ϕ0] = V4V[ϕ0] = TV V[ϕ0] . (3.317)

According to the discussion above, V[ϕ0] is then the minimal expectation value of the energy
density on states for which the expectation value of the field is ϕ0.

26 This happens for example
for the solutions of Γ′[ϕ0] = 0, i.e., for the vacua of the theory (in the absence of external
sources), which are x-independent for translation-invariant theories.
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4 Non-Abelian gauge theories

The symmetry properties of a system impose strong restrictions on its dynamics. This is even
more so when the symmetry is local, i.e., the system is invariant under transformations that
depend on the spacetime point. We will consider field theories defined by Lagrangeans L

involving one or more sets of fields φ
(R)
i (x), i = 1, . . . , NR, that are transformed into each other

by the symmetry transformations. The label R indicates explicitly the representation DR of
the symmetry group G under according to which they transform. We restrict our attention to
matrix Lie groups G, that we now briefly review.

Matrix Lie groups and Lie algebras A matrix Lie group G is a matrix group that is
at the same time a smooth manifold, that can be parameterised (at least locally) by DG real
parameters αa, a = 1, . . . ,DG; DG is called the dimension of the group. This means that every
g ∈ G is a function g = g(α) of the parameters {α}. The parameterisation is chosen so that
g(0) = e is the identity element, eg = ge = g, ∀g ∈ G. The Lie algebra g of G is the real vector
space X = XaLa, X

a ∈ R spanned by the group generators La ≡ −i∂g(α)/∂αa|α=0, equipped
with the commutator. It is a property of Lie groups that [X,Y ] ∈ g, ∀X,Y ∈ g, a property that
thanks to linearity is equivalently expressed by the relations

[La, Lb] = if cabLc . (4.318)

The real numbers f cab are the structure constants of the group, and are completely determined
once that a parameterisation {α} of the group near the identity is given.27 Explicitly,

[La, Lb] = [(−i) ∂
∂αa

g(α)
∣

∣

α=0
, (−i) ∂

∂βb
g(β)

∣

∣

β=0
]

= − ∂2

∂αa∂βb
[g(α), g(β)]

∣

∣

α=0,β=0
= − ∂2

∂αa∂βb
(g(α)g(β) − g(β)g(α))

∣

∣

α=0,β=0

= − ∂2

∂αa∂βb
[g(γ(α, β)) − g(γ(β, α)]

∣

∣

α=0,β=0

= −
(

∂2γc(α, β)

∂αa∂βb
− ∂2γc(β, α)

∂αa∂βb

) ∣

∣

∣

∣

α=0,β=0

∂g(γ)

∂γc

∣

∣

∣

∣

γ=0

= −i
(

∂2γc(α, β)

∂αa∂βb
− ∂2γc(α, β)

∂αb∂βa

) ∣

∣

∣

∣

α=0,β=0

(−i)∂g(γ)
∂γc

∣

∣

∣

∣

γ=0

= i

(

−∂
2γc(α, β)

∂αa∂βb
+
∂2γc(α, β)

∂αb∂βa

) ∣

∣

∣

∣

α=0,β=0

Lc = if cabLc ,

(4.319)

where the group property has been used to express g(α)g(β) as g(γ(α, β)) for suitable functions
γc, c = 1, . . . ,DG, that obey γ

c(0, 0) = 0.

27A change in parameterisation corresponds to a change of basis in g.
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Representations of Lie groups and algebras Representations of G are maps of G on the
space of invertible NR ×NR complex matrices that preserve the group multiplication law, i.e.,
there is a DR(g) for any g ∈ G, and furthermore

DR(g1)DR(g2) = DR(g1g2), ∀g1,2 ∈ G . (4.320)

A representation of the group induces a representation dR(X) of the algebra, via

−i ∂

∂αa
DR(g(α))

∣

∣

∣

∣

α=0

≡ dR(La) ≡ taR , (4.321)

extended by linearity, i.e., dR(X) = dR(X
aLa) = XadR(La) = XataR. A representation of the

algebra is a linear mapping of g on a space complex matrices that preserves the commutator, i.e.,
dR([X,Y ]) = [dR(X), dR(Y )]. Using Eq. (4.321) and repeating the calculation of Eq. (4.319),
we find

[taR, t
b
R] = [(−i) ∂

∂αa
DR(g(α))

∣

∣

α=0
, (−i) ∂

∂βb
DR(g(β))

∣

∣

β=0
]

= − ∂2

∂αa∂βb
[DR(g(α)),DR(g(β))]

∣

∣

α=0,β=0

= − ∂2

∂αa∂βb
(DR(g(α)g(β)) −DR(g(β)g(α)))

∣

∣

α=0,β=0

= − ∂2

∂αa∂βb
(DR(g(γ(α, β))) −DR(g(γ(β, α))))

∣

∣

α=0,β=0

= −
(

∂2γc(α,β)
∂αa∂βb

− ∂2γc(β,α)
∂αa∂βb

)

∣

∣

α=0,β=0

∂DR(γ)

∂γc

∣

∣

∣

∣

γ=0

= −i
(

∂2γc(α,β)
∂αa∂βb

− ∂2γc(α,β)
∂αb∂βa

)

∣

∣

α=0,β=0
(−i)∂DR(γ)

∂γc

∣

∣

∣

∣

γ=0

= if cabt
c
R ,

(4.322)

with the same coefficients f cab as in Eq. (4.319). Here we used the fact thatDR is a representation
to go from the second to the third line.

Global and local symmetries The statement that L = L (φ) is globally invariant under
the symmetry group G is expressed mathematically as follows,

L (DR(g)φ
(R)) = L (φ(R)), ∀g ∈ G , (4.323)

where g is an x-independent group element. With φ without a superscript we denote callectively
all the fields present in the theory. In infinitesimal form, the invariance condition δL = L (φ+
δφ) − L (φ) = 0, where

δφ
(R)
j (x) = iǫa(taR)jkφ

(R)
k (x) , (4.324)

and ǫa are x-independent infinitesimal parameters. Since any element of a (connected) Lie group
G can be obtained by multiplying elements in a neighbourhood of the identity, the infinitesimal
form Eq. (4.324) is as good as the finite form Eq. (4.323). A symmetry is said to be local

if Eq. (4.323) holds for x-dependent g = g(x), or, in infinitesimal form, if (4.324) holds for
x-dependent ǫa = ǫa(x),

δφ
(R)
j (x) = iǫa(x)(taR)jkφ

(R)
k (x) . (4.325)

A transformation of this type is called an infinitesimal gauge transformation. Given a globally-
invariant Lagrangean, L = L (φ), its upgrading to a locally invariant one is problematic if there
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are field derivatives, which is the case for all the interesting Lagrangeans. The problem is that
global invariance amounts to

δglobalL (φ, ∂µφ) = δφ
(R)
j

∂L

∂φ
(R)
j (x)

+ δ(∂µφ
(R)
j )

∂L

∂(∂µφ
(R)
j (x))

= δφ
(R)
j

∂L

∂φ
(R)
j (x)

+ ∂µ(δφ
(R)
j )

∂L

∂(∂µφ
(R)
j (x))

= iǫa(taR)jk

(

φ
(R)
k (x)

∂L

∂φ
(R)
j (x)

+ ∂µφ
(R)
k (x)

∂L

∂(∂µφ
(R)
j (x))

)

= 0 ,

(4.326)

which implies

0 = i(taR)jk

(

φ
(R)
k (x)

∂L

∂φ
(R)
j (x)

+ ∂µφ
(R)
k (x)

∂L

∂(∂µφ
(R)
j (x))

)

=
∂

∂ηa
L (φ+ i(η · t)φ, ∂µφ+ i(η · t)∂µφ)

∣

∣

∣

η=0
,

(4.327)

where η · t = ηata and the use of appropriate representation for each of the fields φ(R) is
understood. Since fields and their derivatives are arbitrary, it follows that

∂

∂ηa
L (A+ i(η · t)A,B + i(η · t)B)

∣

∣

∣

η=0
= 0 . (4.328)

On the other hand, under a local transformation

δlocalL (φ, ∂µφ) = δφ
(R)
j

∂L

∂φ
(R)
j (x)

+ δ(∂µφ
(R)
j )

∂L

∂(∂µφ
(R)
j (x))

= δφ
(R)
j

∂L

∂φ
(R)
j (x)

+ ∂µ(δφ
(R)
j )

∂L

∂(∂µφ
(R)
j (x))

= iǫa(x)(taR)jkφ
(R)
k (x)

∂L

∂φ
(R)
j (x)

+ i(taR)jk∂µ(ǫ
a(x)φ

(R)
k (x))

∂L

∂(∂µφ
(R)
j (x))

= iǫa(x)(taR)jk

(

φ
(R)
k (x)

∂L

∂φ
(R)
j (x)

+ ∂µφ
(R)
k (x)

∂L

∂(∂µφ
(R)
j (x))

)

+ i(taR)jk∂µ(ǫ
a(x))φ

(R)
k (x)

∂L

∂(∂µφ
(R)
j (x))

= (∂µǫ
a(x))

(

i(taR)jkφ
(R)
k (x)

∂L

∂(∂µφ
(R)
j (x))

)

6= 0 ,

(4.329)

i.e., there is an extra term involving ∂µǫ
a that does not necessarily vanish – as a matter of fact,

for fields satisfying the equations of motion the unwanted term is equal to (∂µǫ
a)jaµNoether.

Gauge fields The unwanted term can be compensated if we introduce new fields that couple
to the symmetry current and are endowed with a suitable transformation law that involves ∂µǫ

a.
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To achieve this, we introduce the gauge fields Aaµ, a = 1, . . . ,DG, and couple them to the matter

fields φ(R) through the covariant derivatives D
(R)
µ φ(R),

D(R)
µ ≡ ∂µ + igRA

a
µt
a
R ,

(D(R)
µ φ(R))j = ∂µφ

(R)
j + igRA

a
µ(t

a
R)jkφ

(R)
k = (∂µδjk + igRA

a
µ(t

a
R)jk)φ

(R)
k ,

(4.330)

for some constant gR, that may in principle depend on the set of matter fields φ(R) on which it

is applied. If we can make D
(R)
µ φ(R) transform like φ(R), i.e.,

δ(D(R)
µ φ(R))j = iǫa(x)(taR)jk(D

(R)
µ φ(R))k (4.331)

and replace the ordinary derivatives ∂µφ
(R) in L with covariant derivatives D

(R)
µ φ(R), then under

the new transformation δ′local

δ′localL (φ,Dµφ) = δφ
(R)
j

∂L

∂φ
(R)
j (x)

+ δ(Dµφ
(R)
j )

∂L

∂(Dµφ
(R)
j (x))

= iǫa(x)(taR)jk

(

φ
(R)
k (x)

∂L

∂φ
(R)
j (x)

+Dµφ
(R)
k (x)

∂L

∂(Dµφ
(R)
j (x))

)

= ǫa(x)
∂

∂ηa
L (φ+ i(η · t)φ,Dµφ+ i(η · t)Dµφ)

∣

∣

∣

η=0
= 0 ,

(4.332)

thanks to Eq. (4.328). We still need to find the appropriate transformation law for the gauge
fields in order for Eq. (4.331) to hold. To this end, notice that

δ(D(R)
µ φ(R)) = ∂µ

(

δφ(R)
)

+ igRA
a
µt
a
R

(

δφ(R)
)

+ igR
(

δAaµ
)

taRφ
(R)

= iǫa(x)taR∂µφ
(R)(x) + i(∂µǫ

a(x))taRφ
(R)(x)

+ igRA
b
µt
b
Riǫ

a(x)taRφ
(R) + igR

(

δAaµ
)

taRφ
(R)

= iǫa(x)taR(∂µ + igRA
b
µt
b
R)φ

(R)(x)

+ i(∂µǫ
a(x))taRφ

(R)(x) + iǫa(x)igRA
b
µ[t

b
R, t

a
R]φ

(R) + igR
(

δAaµ
)

taRφ
(R)

= iǫa(x)taRD
(R)
µ φ(R)(x)

+ igR

(

1

gR
∂µǫ

a(x)taR − ǫa(x)f cbaA
b
µt
c
R

)

φ(R)(x) + igR
(

δAaµ
)

taRφ
(R)

= iǫa(x)taRD
(R)
µ φ(R)(x)

+ igRt
a
R

(

1

gR
∂µǫ

a(x)− fabcA
b
µǫ
c(x) + δAaµ

)

φ(R)(x) ,

(4.333)

so Eq. (4.331) holds if we set

δAaµ = − 1

gR
∂µǫ

a(x)− fabcǫ
b(x)Acµ = − 1

gR
∂µǫ

a(x) + fabcǫ
c(x)Abµ . (4.334)

However, one and the same transformation law applies to Aaµ, independently of what matter fields
it is coupled to, and so we are forced to set gR = g for all matter fields. Setting (tcA)ab = −ifabc,
we finally have the transformation law of the gauge fields,

δAaµ = − 1

gR
∂µǫ

a(x) + iǫc(x)(tcA)abA
b
µ . (4.335)
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The matrices tcA provide the so-called adjoint representation of the algebra (this follows from
the Jacobi identity [A, [B,C]] + cyclic permutations = 0 applied to the group generators).

Finite transformations Collecting the infinitesimal transformation laws found so far, we
have

δφ
(R)
j (x) = iǫa(taR)jkφ

(R)
k (x) ,

δ(D(R)
µ φ(R))j = iǫa(x)(taR)jk(D

(R)
µ φ(R))k ,

δAaµ = − 1

gR
∂µǫ

a(x) + iǫc(x)(tcA)abA
b
µ .

(4.336)

The behaviour of matter fields and corresponding covariant derivative under finite transforma-
tions is easily found by “exponentiating” the infinitesimal ones. In matrix notation,

φ(R)′(x) = DR(g(x))φ
(R)(x) = UR(x)φ

(R)(x) ,

(D(R)
µ φ(R))′(x) = DR(g(x))(D

(R)
µ φ(R))(x) = UR(x)(Dµφ

(R))(x) ,
(4.337)

where UR(x) is shorthand for UR(x) = DR(g(x)) = eiαa(x)taR . To find the behaviour of Aaµ, notice
first from the second equation in Eq. (4.337) that

(D(R)
µ φ(R))′(x) = (∂µ + igA′a

µ (x)t
a
R)φ

(R)′(x) = (∂µ + igA′a
µ (x)t

a
R)UR(x)φ

(R)(x)

= UR(x)(Dµφ
(R))(x) = UR(x)(∂µ + igAaµ(x)t

a
R)φ

(R)(x) ,
(4.338)

which implies

A′a
µ (x)t

a
R = UR(x)A

a
µ(x)t

a
RUR(x)

−1 − 1

ig
(∂µUR(x))UR(x)

−1

= UR(x)A
a
µ(x)t

a
RUR(x)

−1 − i

g
UR(x)∂µUR(x)

−1 .

(4.339)

The homogeneous part of this equation is seen to correspond to the adjoint group representation
acting on Aaµ, independently of R:

UR(x)A
a
µ(x)t

a
RUR(x)

−1 = Aaµ(x)UR(x)t
a
RUR(x)

−1 = Aaµ(x)t
b
R(UA(x))ba

= taR

(

(UA(x))abA
b
µ(x)

)

.
(4.340)

We now show that also UR(x)∂µUR(x)
−1 = −(∂µUR(x))UR(x)

−1 is a linear combination of taR,
the same independently of R. In fact, recalling that UR(x) = DR(g(x)), since g(x+ dx) is close
to g(x) (assuming differentiability), then

g(x+ dx) = ḡ(dx, g(x))g(x) , (4.341)

where ḡ(dx, g) is a group element close to the identity e, that depends on g(x) and dx. But then

UR(x+ dx) = DR(g(x+ dx)) = DR(ḡ(dx, g(x))g(x)) = DR(ḡ(dx, g(x)))DR(g(x)) ,

(∂µUR(x))UR(x)
−1 =

UR(x+ dx)− UR(x)

dx
UR(x)

−1 =
UR(x+ dx)UR(x)

−1 − 1

dx

=
DR(ḡ(dx, g(x))g(x))DR(g(x)

−1)− 1

dx
=
DR(ḡ(dx, g(x))) − 1

dx
.

(4.342)
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Group elements close to the identity can be written as ḡ(dx, g(x)) = eidxMa(x)La in terms of the
generators L, for some small αa = dxMa(x) that must vanish proportionally to dx. Then, using
Eq. (4.321),

(∂µUR(x))UR(x)
−1 =

DR(e
idxMa(x)La)− 1

dx
=
eidxMa(x)dR(La) − 1

dx
=

1 + idxMa(x)t
a
R − 1

dx
=Ma(x)t

a
R .

(4.343)
For practical purposes, it is convenient to denote Aaµt

a
R = ARµ, which under a finite gauge

transformation transforms as ARµ → URARµU
−1
R − (i/g)UR∂µU

−1
R [see Eq. (4.339)], and keep

in mind that the transformation law that this implies for Aaµ is independent of the R that one
is using.

Field strength tensor In order to endow the gauge fields with some dynamics, one needs to
include suitable kinetic terms in the Lagrangian. This, however, must be done in such a way as
to preserve the local (gauge) symmetry. The simplest way to construct a gauge-invariant object
involving derivatives of Aaµ is to first construct a gauge-covariant object of this type, i.e., an

object that transforms homogeneously under gauge transformations, like the fields φ(R) do, and
like the gauge fields do not because of the term ∂µǫ

a. In turn, a simple way to build such an
object is consider the commutator of two covariant derivatives. One has

[D(R)
µ ,D(R)

ν ] = [∂µ + igtbRA
b
µ, ∂ν + igtcRA

c
ν ]

= ig(∂µt
c
RA

c
ν − ∂νt

b
RA

b
µ + igAbµA

c
ν [t

b
R, t

c
R])

= igtaR

(

∂µA
a
ν − ∂νA

a
µ − gfabcA

b
µA

c
ν

)

≡ igtaRF
a
µν .

(4.344)

Despite being the commutator of two differential operators, this object is not a differential
operator anymore. To find its transformation properties, notice that under a finite gauge trans-
formation

(

[D(R)
µ ,D(R)

ν ]φ(R)
)′

(x) = [D(R)′
µ ,D(R)′

ν ]φ(R)′(x)

= UR(x)[D
(R)
µ ,D(R)

ν ]φ(R)(x)

=
(

UR(x)[D
(R)
µ ,D(R)

ν ]UR(x)
−1
)(

UR(x)φ
(R)(x)

)

=
(

UR(x)[D
(R)
µ ,D(R)

ν ]UR(x)
−1
)

φ(R)′(x)

(4.345)

and so

taRF
′a
µν = UR(x)t

a
RF

a
µνUR(x)

−1 = taR (UA(x))ab F
b
µν ⇒ F ′a

µν = (UA(x))ab F
b
µν , (4.346)

or in infinitesimal form
δF aµν = iǫc(tcA)abF

b
µν . (4.347)

This is the same homogeneous transformation law one would find for a matter field in the adjoint
representation.

70



Restrictions on the gauge group The simplest Lorentz and parity-invariant quantity that
we can construct from F aµν is a quadratic term of the form

−1

4
gabF

a
µνF

bµν (4.348)

for some matrix gab that can be taken symmetric without loss of generality. The prefactor is
introduced for future convenience. Under a gauge transformation, one finds from Eq. (4.347)
that

δ
(

gabF
a
µνF

bµν
)

= gabδ
(

F aµν
)

F bµν + gabF
a
µνδ

(

F bµν
)

= gab

(

iǫc(tcA)adF
d
µνF

bµν + F aµνiǫ
c(tcA)beF

eµν
)

= iǫc (gae(t
c
A)ad + gdb(t

c
A)be)F

d
µνF

eµν

= iǫc (gea(t
c
A)ad + gdb(t

c
A)be)F

d
µνF

eµν .

(4.349)

In order for this to hold for arbitrary ǫc and without imposing restrictions on F aµν , one needs

gea(t
c
A)ad + gdb(t

c
A)be = 0 =⇒ geaf

a
dc + gdbf

b
ec = 0 . (4.350)

Since we intend to use Eq. (4.348) as the kinetic term in a Lagrangean, there are two more
conditions that gab must satisfy: it must be real, so that after quantisation the Hamiltonian
derived from it be Hermitean; and it must be positive-definite, so that a Hilbert space with a
positive-definite scalar product can be built for the quantised system. The origin of the second
condition can be understood by analogy with the case of a scalar field. Noticing that Πai = F ai0

are the canonical momenta conjugate to Aai (more on this later), one has

−gabF aµνF bµν = gab



2
∑

i

F ai0F bi0 −
∑

ij

F aijF
b
ij



 = gab



2
∑

i

(Πai)2 −
∑

ij

F aijF
b
ij



 , (4.351)

similarly to what finds for a real scalar field, for which Π = Z∂0φ if L = Z/2(∂µφ)2 + . . ., and

Z∂µφ∂µφ = Π2/Z − Z(~∇φ)2 . (4.352)

In this case, a calculation identical to that used to derive the Källén-Lehmann representation of
the propagator shows that

〈0|[φ(x), φ(0)]|0〉 =
∫

ds ρ(s)

∫ ∞

0
dΩ(s)

p

(

e−ip·x − eip·x
)

, p0 =
√

s+ ~p 2 . (4.353)

Multiplying by Z, taking the derivative with respect to x0 and then setting x0 = 0, one finds

Z〈0|[φ̇(0, ~x), φ(0)]|0〉 = −iδ(3)(~x) = Z
∫ ∞

0
ds ρ(s)

∫

dΩ(s)
p (−ip0)

(

ei~p·~x + e−i~p·~x
)

= −iδ(3)(~x)Z
∫ ∞

0
ds ρ(s) ⇒ 1

Z =

∫ ∞

0
ds ρ(s) ≥ 0 ,

(4.354)

with positivity of ρ originating in the positivity of the scalar product. Hence, a negative Z is
incompatible with a positive-definite scalar product in the Hilbert space of the quantised system.

We now have to find a matrix gab that is (1.) real, symmetric, positive-definite, and (2.)
satisfies the invariance condition Eq. (4.350). One has the following theorem:
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A matrix gab that satisfies the conditions (1.) and (2.) exists if and only if the Lie
algebra defined by the structure constants fabc is the direct sum of commuting simple
compact and U(1) Lie algebras.

The direct sum of Lie algebras is their direct sum as linear spaces. The U(1) algebra is the Lie
algebra of the group U(1) of complex numbers of modulus 1 equipped with the usual multipli-
cation. More than one copy of the same algebra is allowed. For a direct sum of algebras one can
choose the generators La so that they correspond to the generators of the various component

algebras, i.e., L
(n)
a , where n labels the subalgebra28 and a the generator within the subalgebra

with
[L(n)a, L(m)b] = if

(o)c
(n)a(m)bL(o)c = δmoδnoif

[n]c
abL(n)c (4.355)

and f [n]cab the structure constants of the nth component. A direct sum ⊕igi of Lie algebras gi
corresponding to Lie groups Gi is the Lie algebra of the direct product of the groups ⊗Gi.

A simple Lie algebra is the Lie algebra of a simple Lie group,29 which in turn is a Lie group
without any normal subgroup. A normal subgroup H is such that ghg−1 ∈ H ∀h ∈ H, g ∈ G.
A compact simple Lie algebra is the algebra of a simple Lie group which is also compact as
a manifold (for matrix groups this means a closed and bounded subspace of some space RN ).
In terms of the structure constants fabc, a Lie algebra is simple if and only if the bilinear
form defined by the symmetric matrix Kab = −f cadfdbc is non-degenerate, i.e, if vawbKab = 0
∀w ∈ RDG then v = 0. A Lie algebra is simple and compact if and only if Kab is positive-definite,
i.e., vavbKab ≥ 0 with equality holding only if v = 0. For a simple compact Lie algebra one
can choose the basis of generators La in such a way that the resulting structure constants are
invariant under cyclic permutations of the indices, i.e.,

fabc = f cab = f bca (4.356)

and as such totally antisymmetric, since they are obviously antisymmetric in the second pair of
indices. We can then write them as fabc = fcab = fbca without any ambiguity.

Yang-Mills Lagrangean Having restricted the choice of group as discussed above, and having
chosen the generators so that Eq. (4.355) holds, the invariance condition Eq. (4.350) for the
matrix gab can be written as

0 = gea(t
c
A)ad + gdb(t

c
A)be = gea(−ifadc) + gdb(−ifbec)

= −gea(−ifdac) + gdb(−ifbec) = −(tcA)dagae + gdb(t
c
A)be ,

(4.357)

or in matrix notation
[g, tcA] = 0 . (4.358)

The representatives tcA in the adjoint representation for the choice of generators L(n)a appearing
in Eq. (4.355) read

(

t
(o)c
A

)

(n)a(m)b
= −if (o)c(n)a(m)bδmoδno = δmoδno(−if [o]cab)

= δmoδno(−if [o]cab) = δmoδno(t
[o]c
A )ab ,

(4.359)

28A subalgebra h of a Lie algebra g is a linear subspace of g that is invariant under commutators, i.e., schemat-
ically, [h, h] ⊆ h. Clearly, the various component algebras are subalgebras of their direct sum.

29A more direct characterisation of a simple Lie algebra g is that it does not contain any ideal, other than the
empty set and the whole of g. An ideal is a linear subspace h that is left invariant by commutators with the whole
algebra, schematically [g, h] ⊆ h.
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i.e., they are block-diagonal with non-zero entries only in the diagonal block with n = m = o,
corresponding to the oth subalgebra. The entries of this block provide the adjoint representation
of the oth subalgebra. In particular, blocks corresponding to the U(1) subalgebras are zero. It
is known that the adjoint representation of a simple algebra is irreducible,30 and that a matrix
M that commutes with all the representatives of the generators in an irreducible representation
is a multiple of the identity (Schur’s lemma). Equation reads explicitly (the notation should be
clear)

∑

K,k

gNn,Kkt
Oa
Kk,Mm =

∑

K,k

tOaNn,KkgKk,Mm

∑

K,k

gNn,KkδOKδOM t
[O]a
km =

∑

K,k

δOKδON t
[O]a
nk gKk,Mm

∑

K,k

g
[NK]
nk δOKδOM t

[O]a
km =

∑

K,k

δOKδON t
[O]a
nk g

[KM ]
km

δOM
∑

k

g
[NO]
nk t

[O]a
km = δON

∑

k

t
[O]a
nk g

[OM ]
km

δOMg
[NO]t[O]a = δON t

[O]ag[OM ] .

(4.360)

For N = O 6=M
t[N ]ag[NM ] = 0 , (4.361)

and for N 6= O =M
g[NM ]t[M ]a = 0 . (4.362)

For N corresponding to a U(1) subalgebra and M corresponding to a simple subalgebra, these
two equations tell us that g[NM ] = g[MN ] = 0. For N 6= M both corresponding to a U(1)
subalgebra, these equations are trivially satisfied and give no information on g[NM ]. Consider
then N 6= M corresponding to simple subalgebras. Exponentiating Eq. (4.361) one finds that
the columns of g[NM ] are left invariant by all elements of an irreducible representation of the
Lie group corresponding to the Nth subalgebra, i.e.,

D[N ](α)g[NM ] = ei
∑DG

a=1 αat[N]a
g[NM ] =

(

1 +
∞
∑

n=1

in

n!

(DG
∑

a=1

αat
[N ]a

)n)

g[NM ] = g[NM ] . (4.363)

However, no nontrivial subspace is left invariant by an irreducible representation, and so g[NM ] =
0. Another way to obtain this result is to observe that from Eqs. (4.361) and (4.362) follows
that for N 6=M and all a in the Nth subalgebra,

0 = t[N ]ag[NM ]g[MN ] = g[NM ]g[MN ]t[N ]a , (4.364)

so in particular [t[N ]a, g[NM ]g[MN ]] = 0, and by Schur’s lemma g[NM ]g[MN ] = A1[N ], but since
0 = t[N ]ag[NM ]g[MN ] = At[N ]a it follows A = 0. In particular then

0 = tr g[NM ]g[MN ] =
∑

nm

g[NM ]
nm g[MN ]

mn =
∑

nm

gNn,MmgMm,Nn =
∑

nm

g2Nn,Mm (4.365)

30An irreducible representation leaves no subspace of the representation space invariant. The adjoint represen-
tation represents the Lie algebra g on itself (considered as a linear space), i.e., it is provided by the set of linear
operators adX acting on g defined by adXY = [X, Y ]. One can show easily that adLa = taA. If the adjoint rep-
resentation were reducible, then a nontrivial invariant subspace of the representation space would exist, meaning
s ⊆ g with adXs ⊆ s. But then [X, s] ⊆ s ∀X ∈ g, and so s would be an ideal, which for a simple algebra cannot
be nontrivial.
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and so gNn,Mm = 0 for N 6=M . For N =M instead Eq. (4.360) gives

[g[NN ], t[N ]a] = 0 , (4.366)

and so by Schur’s lemma
g[NN ] = G[N ]1[N ] = g−2

N 1[N ] (4.367)

where G[N ] is necessarily a positive constant due to the positive-definiteness of g, and in the
second passage we have made it explicit by setting G[N ] = g−2

N . While not determined by
Eqs. (4.361)–(4.366), the part of g[NM ] corresponding to U(1) subalgebras can be diagonalised
by a suitable orthogonal transformation, after which one finds

gNn,Mm = g
[NM ]
nk = g−2

N δNM δnk , (4.368)

i.e., a diagonal positive-definite matrix of couplings.
In conclusion, the most general gauge group that can be used is the direct product of simple

compact and U(1) groups, and for such a group the most general Lagrangean of the form
Eq. (4.348) can be cast by a suitable redefinition of the fields as

LYM = −1

4

∑

N

g−2
N F [N ]a

µν F [N ]aµν , (4.369)

where the sum runs over the subgroups/subalgebras. This is the Yang-Mills Lagrangean (strictly

speaking, a generalisation thereof). A simple redefinition of the fields, A
[N ]a
µ = gN Ā

[N ]a
µ , allows

to remove g−2
N from Eq. (4.369), at the price of redefining the field strength tensor and the

covariant derivative as

F̄ [N ]a
µν = ∂µĀ

[N ]a
ν − ∂µĀ

[N ]a
ν − ggNfabcĀ

[N ]b
µ Ā[N ]c

ν

= ∂µĀ
[N ]a
ν − ∂µĀ

[N ]a
ν − ḡNfabcĀ

[N ]b
µ Ā[N ]c

ν ,

D(R)
µ [Ā] = ∂µ +

∑

N

iggN Ā
[N ]a
µ t

[N ]a
R = ∂µ +

∑

N

iḡN Ā
[N ]a
µ t

[N ]a
R ,

LYM(Ā) = −1

4

∑

N

F̄ [N ]a
µν F̄ [N ]aµν .

(4.370)

The gauge transformation of the gauge fields read

δĀ[N ]a
µ = δ(g−1

N A[N ]a
µ ) = − 1

ggN
∂µǫ

a(x) + iǫc(x)(tcA)abg
−1
N A[N ]b

µ

= − 1

ḡN
∂µǫ

a(x) + iǫc(x)(tcA)abĀ
[N ]b
µ .

(4.371)

The simplest locally (gauge) invariant generalisation of a globally invariant Lagrangian L (φ, ∂φ)
is then

L (φ, ∂φ) → L (φ,D[Ā]φ) + LYM(Ā) . (4.372)

Notably, each simple factor of the gauge group is associated with one universal coupling constant,
the same for each matter field. The same coupling constant also appears in the self-interaction
terms involving the gauge fields only. While apparently the same holds for the U(1) factors, since
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any real number gives a possible representative t
[U(1)]
R of the single generator of the algebra, this

restriction does not hold.31 The universality of the coupling and the presence of self-interactions
of the gauge fields are distinctive features of non-Abelian gauge fields, as opposed to the Abelina
(i.e., U(1)) fields.

Topological term∗ If one requires Lorentz but not parity invariance, theere is a second
quadratic terms that one can build from F aµν , namely

θabǫµνρσF
aµνF bρσ = θabF

aµν F̃ bµν , (4.373)

with θab symmetric without loss of generality. Gauge invariance leads to the same condition
Eq. (4.350) found previously for the Yang-Mills term, i.e.,

θeaf
a
dc + θdbf

b
ec = 0 . (4.374)

For the type of gauge groups discussed above, using the same argument used above for gab,
this condition leads to θAa,Bb = δABδabθA. However, restricting our attention to a single simple
compact factor, the term

q =
1

32π2
ǫµνρσF

aµνF aρσ =
ḡ2

32π2
ǫµνρσF̄

aµν F̄ aρσ (4.375)

is the divergence of a four-vector, q = ∂µK
µ, with

Kµ =
1

16π2
ǫµνρσAaν

(

F aρσ +
g

3
fabcA

b
ρA

c
σ

)

=
1

8π2
ǫµνρσAaν

(

∂ρA
a
σ −

g

3
fabcA

b
ρA

c
σ

)

. (4.376)

It follows that q does not affect the equations of motion, and can be ignored for the moment.
To show that q = ∂µK

µ, notice that

∂µ(16π
2Kµ) = 2ǫµνρσ(∂µA

a
ν)
(

∂ρA
a
σ −

g

3
fabcA

b
ρA

c
σ

)

+ 2ǫµνρσAaν

(

∂µ∂ρA
a
σ −

g

3
fabc∂µ(A

b
ρA

c
σ)
)

= 2ǫµνρσ(∂µA
a
ν)
(

∂ρA
a
σ −

g

3
fabcA

b
ρA

c
σ

)

− 4g

3
ǫµνρσAaνfabc(∂µA

b
ρ)A

c
σ

= 2ǫµνρσ(∂µA
a
ν)∂ρA

a
σ − 2gǫµνρσfabc(∂µA

a
ν)A

b
ρA

c
σ

=
1

2
ǫµνρσ(∂µA

a
ν − ∂νA

a
µ)(∂ρA

a
σ − ∂σA

a
ρ)− gǫµνρσfabc(∂µA

a
ν − ∂νA

a
µ)A

b
ρA

c
σ

=
1

2
ǫµνρσ

(

F aµνF
a
ρσ − g2fabcfadeA

b
µA

c
νA

d
ρA

e
σ

)

.

(4.377)

31Notice, however, that irreducible representations of the group U(1) = {eiθ , θ ∈ [0, 2π)} are of the form

Dn(e
iθ) = einθ , and so t

[U(1)]
n = n, which basically follows from periodicity in θ. This requires that the “electric”

charges ḡU(1)t
[U(1)]
n = nḡU(1) be integer multiples of a basic unit charge ḡU(1), thus indicating quantisation of the

electric charge. On the other hand, the restriction found above is on the gauge algebra, and since the U(1) algebra
is the same as the R algebra (i.e., real numbers with addition as the group law), one could think of the U(1)
factors in the gauge group as R factors, for which the restriction on the irreducible representations does not apply.
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The second term, however, is zero: exploiting the antisymmetry properties of ǫµνρσ and fabc,
one finds

ǫµνρσfabcfadeA
b
µA

c
νA

d
ρA

e
σ = −ǫµνρσ(tcA)ab(teA)adAbµAcνAdρAeσ = ǫµνρσ(tcA)ba(t

e
A)adA

b
µA

c
νA

d
ρA

e
σ

=
1

2
ǫµνρσ

(

(tcA)ba(t
e
A)adA

b
µA

c
νA

d
ρA

e
σ + (teA)ba(t

c
A)adA

b
µA

e
νA

d
ρA

c
σ

)

=
1

2
ǫµνρσ

(

(tcA)ba(t
e
A)adA

b
µA

c
νA

d
ρA

e
σ + (teA)ba(t

c
A)adA

b
µA

c
σA

d
ρA

e
ν

)

=
1

2
ǫµνρσ

(

(tcA)ba(t
e
A)adA

b
µA

c
νA

d
ρA

e
σ − (teA)ba(t

c
A)adA

b
µA

c
νA

d
ρA

e
σ

)

=
1

2
ǫµνρσ ((tcA)ba(t

e
A)ad − (teA)ba(t

c
A)ad)A

b
µA

c
νA

d
ρA

e
σ

=
1

2
ǫµνρσifcea(t

a
A)bdA

b
µA

c
νA

d
ρA

e
σ =

1

2
ǫµνρσfceafabdA

b
µA

c
νA

d
ρA

e
σ =

1

2
ǫµνρσfacefabdA

b
µA

c
νA

d
ρA

e
σ

=
1

2
ǫµνρσfacbfaedA

e
µA

c
νA

d
ρA

b
σ = −1

2
ǫσνρµfabcfadeA

b
σA

c
νA

d
ρA

e
µ = −1

2
ǫµνρσfabcfadeA

b
µA

c
νA

d
ρA

e
σ

= 0 .
(4.378)

It follows that
32π2∂µK

µ = ǫµνρσF aµνF
a
ρσ . (4.379)

Equations of motion The prototypical non-Abelian gauge theory involves a single simple
compact factor for the gauge group, and a single fermionic matter field transforming in some
representation R. The corresponding Lagrangean reads

L = −1

4
F aµνF

aµν + ψ̄[i(∂µ + igAaµt
a
R)γ

µ −m]ψ = −1

4
F aµνF

aµν + ψ̄(iD(R)
µ γµ −m)ψ

= −1

4
F aµνF

aµν + ψ̄(i /D
(R) −m)ψ ,

(4.380)

where we have dropped the overbars from the gauge fields for notational clarity. Before quan-
tisation, the complex fermionic fields ψα and ψ̄α, α = 1, . . . , 4, are related via ψ̄ = ψ†γ0, but
can be treated as independent fields corresponding to two different combinations of the real and
imaginary parts of ψ.

The equations of motion for Aaµ are obained from Eq. (4.380) in the usual way. One has

∂L

∂(∂µAaν)
= −1

2
F bρσ

∂F bρσ

∂(∂µAaν)
= −1

2
F bρσδab

(

δµρδ
ν
σ − δµσδ

ν
ρ

)

= −F aµν ,

∂L

∂Aaν
= −1

2
F bρσ

∂F bρσ

∂Aaν
+ i2gψ̄taRγ

νψ

= −1

2
F bρσ(−gfbcd)

(

δacδ
ν
ρA

d
σ + δadA

c
ρδ
ν
σ

)

− gψ̄taRγ
νψ

= gfbadF
bνσAdσ − gψ̄taRγ

νψ

= ig(−ifabd)F bσνAdσ − gψ̄taRγ
νψ = ig(tdA)abA

d
σF

bσν − gψ̄taRγ
νψ

= ig(tdA)abA
d
µF

bµν − gψ̄taRγ
νψ .

(4.381)
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Setting
Jaν = JaνG + JaνF ,

JaνG = ig(tdA)abA
d
µF

bµν = −gfadbAdµF bµν ,
JaνF = −gψ̄taRγνψ ,

(4.382)

we find the EOM

∂µ
∂L

∂(∂µAaν)
=
∂L

∂Aaν
=⇒ −∂µF aµν = Jaν . (4.383)

The EOM for the matter fields are obtained by noticing that L is independent of ∂µψ̄, so

0 =
∂L

∂ψ̄
= (i /D

(R) −m)ψ . (4.384)

It follows from Eq. (4.383) that Jaν are conserved currents, since trivially ∂ν∂µF
aµν = 0 due to

antisymmetry of the field strength tensor. This equation can also be recast as

−(∂µF
aµν + JaνG ) = JaνF ,

−(∂µδab + ig(tcA)abA
c
µ)F

bµν = JaνF ,

−(D(A)
µ )abF

bµν = JaνF .

(4.385)

This form shows that the EOM are gauge-covariant, since both sides transform (homogeneously)
in the adjoint representation. It also shows that the matter current JaνF is covariantly conserved:

−(D(A)
ν )abJ

bν
F = (D(A)

ν )ab(D
(A)
µ )bcF

cµν =
1

2
([D(A)

ν ,D(A)
µ ]))acF

cµν

=
1

2
igF dνµ(t

d
A)
a
cF

cµν =
1

2
gF dνµF

cµνfdac =
1

2
gF dµνF

cµνfadc = 0 ,

(4.386)

since F dµνF
cµν is symmetric and fadc antisymmetric under c↔ d.

The field strength tensor satisfies the identities

(D(A)
µ )abF

b
νρ + (D(A)

ρ )abF
b
µν + (D(A)

ν )abF
b
ρµ = 0 (4.387)

known as Bianchi identities, independently of it being a solution of the equations of motion.
These are proved noticing that

[D(R)
µ , [D(R)

ν ,D(R)
ρ ]] = ig[D(R)

µ , F aνρt
a
R] = ig

(

∂µF
a
νρt

a
R + igAbµF

a
νρ[t

b
R, t

a
R]
)

= igtcR

(

∂µF
c
νρ + igAbµF

a
νρifbac

)

= igtcR

(

∂µδca + igAbµ(t
b
A)ca

)

F aνρ

= igtcR(D
(A)
µ )caF

a
νρ ,

(4.388)

and using the Jacobi identity,

[D(R)
µ , [D(R)

ν ,D(R)
ρ ]] + [D(R)

ρ , [D(R)
µ ,D(R)

ν ]] + [D(R)
ν , [D(R)

ρ ,D(R)
µ ]] = 0 . (4.389)
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Equations of motion and gauge invariance Let us now spell Eq. (4.383) out in detail.
Denoting with j, k = 1, 2, 3 the spatial indices, we have

−∂kF ak0 = Ja0 = ig(tdA)abA
d
kF

bk0 + Ja0F = −gfadbAdkF bk0 + Ja0F ,

−∂0F a0k − ∂jF
ajk = Jak = ig(tdA)abA

d
0F

b0k + ig(tdA)abA
d
jF

bjk + JakF

= −gfadbAd0F b0k − gfdabA
d
jF

bjk + JakF .

(4.390)

Clearly, Ä0 does not appear on the left-hand side of these equations, and not even Ȧ0 appears on
the right-hand side. On the other hand, Äk does appear on the left-hand side, and Ȧ0 appears
in the second set of equations only. We have then a system of equations that are second-order
in time for ~A a and first-order in time for Aa0. Explicitly, using the notation ~∇k = ∂k, ∆ = ~∇ 2,
~A a
k = Aak ~J aFk = JakF , we havefor the left-hand side quantities

∂kF
ak0 = ∂k

(

∂kAa0 − ∂0Aak − gfabcA
bkAc0

)

= −~∇ ·
(

~∇Aa0 + ~̇A a + gfabc( ~A
bAc0)

)

,

∂0F
a0k = ∂0

(

∂0Aak − ∂kAa0 − gfabcA
b0Ack

)

= ∂0

(

∂0A
ak + ~∇kA

a0 + gfabc ~A
b
kA

c0
)

∂jF
ajk = ∂j

(

∂jAak − ∂kAaj − gfabcA
bjAck

)

= ~∇j

(

−~∇j
~Aak +

~∇k
~Aaj − gfabc ~A

b
j
~A c
k

)

= −
(

∆ ~Aak − ~∇k
~∇ · ~Aa + gfabc(~∇ · ~A b) ~A c

k + gfabc( ~A
b · ~∇) ~A c

k

)

.

(4.391)

The first equation in Eq. (4.390) reads explicitly

~∇ ·
(

~∇Aa0 + ~̇A a + gfabc( ~A
bAc0)

)

− Ja0 = 0 , (4.392)

and is only first-order in time for ~A a and zero-order for Aa0, acting as a constraint rather than
a dynamical equation. To deal with this asymmetric setting, we can first solve the second set of
equations, that read

∂0

(

∂0A
ak + ~∇kA

a0 + gfabc ~A
b
kA

c0
)

− ~∇jF
ajk + Jak = 0 , (4.393)

for a given, arbitrary Aa0, and then use Eq. (4.392) to possibly constrain Aa0. However, taking
the divergence of Eq. (4.393) we find

0 = ~∇k∂0

(

∂0A
ak + ~∇kA

a0 + gfabc ~A
b
kA

c0
)

− ~∇k
~∇jF

ajk + ~∇kJ
ak

= ∂0

(

~∇k

(

∂0A
ak + ~∇kA

a0 + gfabc ~A
b
kA

c0
)

− Ja0
)

,
(4.394)

which is just the temporal derivative of Eq. (4.392). Therefore, if ~A a have been obtained for

a given Aa0 with initial conditions ~A a(t = 0), ~̇A a(t = 0) at t = 0 that satisfy the constraint
Eq. (4.392), then the constraint will be satisfied at all times, no matter what Aa0 we have chosen.
In other words, Aa0 is completely undetermined, and has to be given as part of the input data
to solve the system of differential equations. Alternatively and perhaps more accurately, if ~A a

have been obtained for a given Aa0 with initial conditions ~A a(t = 0), then the only restriction
on Aa0 is on the initial condition Aa0(t = 0), that has to obey the constraint Eq. (4.392) at
t = 0, while Ȧa0 is entirely aribitrary. Moreover, the combination of ~A a appearing under the
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temporal derivative in Eq. (4.394) is not dynamical, but is entirely determined by the request
that the constraint be obeyed at all times once that Aa0 is given. There are therefore only two
dynamical degrees of freedom for the gauge field.

This finding is not really surprising: after all we are describing a system of equations that is
invariant under gauge transformations, Eqs. (4.337) and (4.339), which leaves an arbitrariness
parameterised by the DG functions αa(x) used to define UR(x) = DR(g(α(x))). This corresponds
to the need to specify the arbitrary functions Aa0 when setting up the system of differential
equations.

A practical way to provide Aa0 is actually indirect, and is based on imposing a gauge condi-
tion C[ ~A] = 0 on the ~Aa that eliminates the gauge freedom. Such condition must be accessible,
i.e., given an arbitrary configuration Aaµ it must be possible by means of a gauge transformation
U to obtain a new (but physically equivalent) configuration AaµU that satisfies C[ ~AU ] = 0. The
gauge condition should also have a unique solution, thus removing the gauge arbitrariness com-
pletely. Once that the gauge condition is imposed, the value of Aa0 is determined by imposing
the constraint equation Eq. (4.392). Looking at it backwards, one has that using the resulting
Aa0 one obtains ~Aa satisfying the desired gauge conditions by imposing the constraint, up to an
initial condition. Either way, at this point both Aa0 and some combination of the ~Aa has been
obtained explicitly in terms of the remaining fields and their derivatives; only these ones still
have to be determined by solving the equations of motion.

Recall now that by definition the canonical momenta conjugate to Aaµ are

Πaµ ≡ ∂L

∂(∂0Aaµ)
= −F a0µ = F aµ0 , (4.395)

so in particular
Πa0 = 0 , (4.396)

and

~Πak ≡ Πak = ∂kAa0 − ∂0Aak − gfabcA
bkAc0 ⇒ ~Πa = −( ~̇Aa + ~∇Aa0 + gfabc ~A

bAc0) . (4.397)

By plugging Eq. (4.395) into the first equation in Eq. (4.390), we find

−∂kF ak0 = Ja0 ⇒ −~∇ · ~Πa = Ja0 . (4.398)

This shows that only two of the ~Πa are independent (before imposing any gauge condition!).
Even after specifying the arbitrary functions Aa0, so that they can be dropped from the set of

dynamical variables, one still has only two sets of independent ~Πa and three sets of ~̇Aa, so that

one cannot invert ~̇Aa for the ~Πa. In order to be able to do so, one needs to impose a gauge

condition on the ~Aa, so that one set of ~̇Aa will be fixed and the inversion becomes possible.
While before A0a was determined by combining the gauge condition with the constraint on
~̇Aa, now it is determined by combining the gauge condition with the constraint on ~̇Πa and the
definition of ~Πa. One can then trade this situation for having the gauge condition on ~Aa plus
a condition on A0a and the constraint equation on ~Πa as given, with the defining relation of
~Πa in terms of A0a and ~̇Aa becoming a dynamical equation for ~̇Aa in terms of ~Πa and A0a. In
particular, the constraint Eq. (4.398) can be recast as a constraint on the momentum conjugate
to the combination of ~Aa determined by the gauge-fixing condition.
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Hamiltonian approach At this point, two coordinates are specified, two momenta are con-
strained, and the remaining pair of coordinates and momenta are actually dynamical. One can
then try to set up a Hamiltonian formalism in a standard way. Naively, one would do so but
performing a Legendre transform with respect to the remaining dynamical variables only and
resolving the constraints in the Lagrangean. This is not generally guaranteed to work, since
taking derivatives of the resulting Hamiltonian with resolved constraints with respect to the
dynamical variables may not lead to equations equivalent to the original Lagrangean equations
plus the gauge condition. This can be seen by the following example:

dF (x, f(x))

dx
=
∂F (x, y)

∂x

∣

∣

∣

∣

y=f(x)

+
∂F (x, y)

∂y

∣

∣

∣

∣

y=f(x)

df(x)

dx
6= ∂F (x, y)

∂x

∣

∣

∣

∣

y=f(x)

. (4.399)

As a matter of fact, a Hamiltonian density H associated with L which is a function of Aµa

and Ȧµa only through Aµa and Πµa(Aµa, Ȧµa) can always be defined. This is obtained in the
standard way as

Hcan = −~Πa · ~̇Aa + πψ̇ − L , (4.400)

where “can” stands for “canonical” and only the constraint Πa0 has been imposed, and π = iψ̄γ0.
By considering an arbitrary variation of Aµa and Ȧµa, one shows that Hcan depends on Ȧµa

only through the variations δΠaµ of the momenta:

δHcan = −δ~Πa · ~̇Aa − ~Πa · δ ~̇Aa + δπψ̇ + πδψ̇ − δAaµ
∂L

∂Aaµ
− δȦaµ

∂L

∂(∂0Aaµ)
− δψ

∂L

∂ψ
− δψ̇

∂L

∂ψ̇

= −δ~Πa · ~̇Aa + δπψ̇ − δAaµ
∂L

∂Aaµ
− δψ

∂L

∂ψ
(4.401)

However, one cannot get the Hamilton equations of motion this way since the δ~Πa are not
independent due to Eq. (4.398). The proper way to deal with this issue is briefly discussed
below. Here we attempt a more direct approach.

Recall the relevant equations. The equations of motions are

∂µF
aµν = −Jaν = −JaνG − JaνF , (4.402)

where the gauge and fermion currents read

JaνG = −gfabcAbµF cµν ,
JaνF = −gψ̄taγνψ .

(4.403)

The conjugate momenta are
Πaµ = F aµ0 , (4.404)

and explicitly

Πa0 = 0 ,

Πak = ∂kAa0 − ∂0Aak − gfabcA
bkAc0 = −(∂kA

a0 + Ȧak + gfabcA
bkAc0)

= −[Ȧak + (∂kδac + gfbacA
b
k)A

c0] = −[Ȧak + (D
(A)
k A0)a] .

(4.405)

The gauge current can be written as

Ja0G = −gfabcAbkF ck0 = −gfabcAbkΠck = gfabcA
bkΠck = gfabc ~A

b · ~Πc ,
JakG = −gfabc(Ab0F c0k +AbjF

cjk) = gfabc(A
b0Πck −AbjF

cjk) .
(4.406)
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The constraint equation, i.e., Eq. (4.402) for ν = 0, is

∂µF
aµ0 = ∂kF

ak0 = −Ja0 , (4.407)

and in terms of momenta
~∇ · ~Πa = −Ja0 . (4.408)

More explicitly

~∇ · ~Πa = −Ja0F − gfabc ~A
b · ~Πc = −Ja0F + gfbac ~A

b · ~Πc ,
−Ja0F = (~∇δac − gfbac ~A

b) · ~Πc = (∇kδac + gfbacA
b
k)Π

ck

= (∇kδac + ig(tbA)acA
b
k)Π

ck = (D
(A)
k )acΠ

ck = ~D(A)
ac · ~Πc .

(4.409)

The dynamical equations of motion, i.e., Eq. (4.402) for ν = k = 1, 2, 3, read

∂0F
a0k + ∂jF

ajk = −∂0F ak0 + ∂jF
ajk = −Jak , (4.410)

and in terms of momenta
Π̇ak = ∂jF

ajk + Jak . (4.411)

The divergence of this equation is

∂kΠ̇
ak = ∂k∂jF

ajk + ∂kJ
ak = ∂kJ

ak = −∂0Ja0 ⇒ ∂0(~∇ · ~Πa + Ja0) = 0 , (4.412)

due to antisymmetry of F ajk and conservation of Jaµ, and so it expresses the consistency of the
constraint Eq. (4.408) with the temporal evolution.

To remove the arbitrariness of Aa0 associated with gauge invariance, we impose the following
condition:

Aa3 = 0 . (4.413)

This is called the axial gauge condition, and one can show that given any gauge configuration,
one can perform a gauge transformation that leads to a new configuration satisfying Eq. (4.413).
Since Eq. (4.413) must hold at all times one has that Ȧa3 = 0, and from Eq. (4.405) it follows
that

Πa3 = −∂3Aa0 . (4.414)

We now solve the constraint equation Eq. (4.408), obtaining

~∇⊥ · ~Πa⊥ + ∂3Π
a3 = ~∇⊥ · ~Πa⊥ − ∂23A

a0 = −Ja0 = −Ja0F − gfabc ~A
b
⊥ · ~Πc⊥

∂23A
a0 = ~∇⊥ · ~Πa⊥ + Ja0 = ~∇⊥ · ~Πa⊥ + gfabc ~A

b
⊥ · ~Πc⊥ + Ja0F = ( ~D

(A)
⊥ · ~Π⊥)

a + Ja0F ,
(4.415)

where the subscript ⊥ indicates that the sum over spatial components is restricted to k = 1, 2.
A solution for Aa0 is obtained by integrating twice over x3 with suitable boundary conditions,
which we denote as

Aa0 =
1

∂23

(

~∇⊥ · ~Πa⊥ + Ja0
)

, (4.416)

where the right-hand side depends only on ~Aa⊥, ~Π
a
⊥, and fermionic (matter) fields. Substituting

in Eq. (4.414) we find

Πa3 = −∂3Aa0 = − 1

∂3

(

~∇⊥ · ~Πa⊥ + Ja0
)

. (4.417)
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Since Πa0 = 0, we now have that the pairs of variables (Aa0,Πa0) and (Aa3,Πa3) are entirely
expressed in terms of ( ~Aa⊥, ~Π

a
⊥) = (Aa1,Πa1, Aa2,Πa2) only. In the remaining, dynamical equa-

tions Eq. (4.411) for k = 1, 2 there appears the following quantities (here F jk⊥ denotes that one
restricts j, k = 1, 2)

∂jF
ajk
⊥ + ∂3F

a3k = ∂jF
ajk
⊥ + ∂3∂

3Aak⊥ = ∂jF
ajk
⊥ − ∂23A

ak
⊥ ,

JakG⊥ = gfabc(A
b0Πck⊥ −Ab⊥jF

cjk
⊥ ) .

(4.418)

where the axial gauge condition has been imposed. Equation (4.411) for k = 1, 2 then reads

Π̇ak⊥ = ∇⊥jF
ajk
⊥ − ∂23A

ak
⊥ + Jak⊥ , (4.419)

with the right-hand side a function of ( ~Aa⊥, ~Π
a
⊥) only [once Aa0 is expressed through Eq. (4.416)].

Using Eq. (4.405) one has the relation

−Ȧak⊥ = Πak⊥ +∇⊥kA
a0 + gfabcA

bk
⊥A

c0 = Πak⊥ + (D
(A)
⊥k A

0)a , (4.420)

which is again entirely determined in terms of ( ~Aa⊥, ~Π
a
⊥).

We now tentatively define a Hamiltonian density as

H = −~Πa⊥ · ~̇Aa⊥ + πψ̇ − L ( ~A⊥, ~Π⊥) , (4.421)

where L is expressed in terms of ( ~Aa⊥, ~Π
a
⊥) using the gauge condition and Eqs. (4.416), (4.417),

and (4.420). Since

F aµνF aµν = 2F ak0F ak0 + F aijF aij = −2ΠakΠak + F aijF aij
Aa3=0
= −2~Πa⊥ · ~Πa⊥ − 2(∂3A

a0)2 + 2∂3 ~A
a
⊥ · ∂3 ~Aa⊥ + F aij⊥ F a⊥ij ,

−Ȧak⊥ = Πak⊥ +∇⊥kA
a0 + gfabcA

bk
⊥A

c0 ,

(4.422)

one finds

H = Πak⊥ (Πak⊥ +∇⊥kA
a0 + gfabcA

bk
⊥A

c0)

− 1

2
~Πa⊥~Π

a
⊥ − 1

2
(∂3A

a0)2 +
1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥ +

1

4
F aij⊥ F a⊥ij

+ πψ̇ − πψ̇ − ψ̄i2gAa0taγ0ψ + ψ̄i2g ~Aaktaγk⊥ψ − ψ̄(i /∇−m)ψ

=
1

2
~Πa⊥~Π

a
⊥ + ~Πa⊥ · ~∇⊥A

a0 −Ac0gfcbaA
bk
⊥Πak⊥ − 1

2
(∂3A

a0)2

+
1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥ +

1

4
F aij⊥ F a⊥ij −Aa0Ja0F + ~Aa⊥ · ~JaF⊥ − ψ̄(i /∇−m)ψ

=
1

2
~Πa⊥~Π

a
⊥ + ~Πa⊥ · ~∇⊥A

a0 −Aa0Ja0 − 1

2
(∂3A

a0)2 +
1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥ +

1

4
F aij⊥ F a⊥ij

+ ~Aa⊥ · ~JaF⊥ − ψ̄(i /∇−m)ψ .

(4.423)
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Integrating over ~x and using integration by parts and Eq. (4.416) one obtains

H =

∫

d3xH

=

∫

d3x

{

1

2
~Πa⊥~Π

a
⊥ −Aa0(~∇⊥ · ~Πa⊥ + Ja0)− 1

2
(∂3A

a0)2 +
1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥

+
1

4
F aij⊥ F a⊥ij + ~Aa⊥ · ~JaF⊥ − ψ̄(i /∇−m)ψ

}

=

∫

d3x

{

1

2
~Πa⊥~Π

a
⊥ +

1

2
(∂3A

a0)2 +
1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥ +

1

4
F aij⊥ F a⊥ij + ~Aa⊥ · ~JaF⊥ − ψ̄(i /∇−m)ψ

}

.

(4.424)
In order for the usual Hamilton equations to describe the temporal evolution of the system, they
should match the one described by Eqs. (4.419) and (4.420). To see that this is the case, we
compute

δH

δΠak⊥ (x)
= Πak⊥ (x)−

∫

d3z Ab0(z)
δ
(

∂23A
b0(z)

)

δΠak⊥ (x)
,

δH

δAak⊥ (x)
= −∂3Aak⊥ (x) + JakF⊥(x) +

∫

d3z

(

−Ab0(z)δ
(

∂23A
b0(z)

)

δAak⊥ (x)
+

1

2
F bij⊥

δF b⊥ij
δAak⊥ (x)

)

.

(4.425)

For the first equation we have

δ
(

∂23A
b0(z)

)

δΠak⊥ (x)
=
(

∇z
⊥kδab + gfbcaA

ck
⊥ (z)

)

δ(3)(z − x)

= (∇z
⊥kδab + gfcbaA

c
⊥k(z)) δ

(3)(z − x) ,

(4.426)

from which we obtain

δH

δΠak⊥ (x)
= Πak⊥ (x)−

∫

d3z Ab0(z) (∇z
⊥kδab + gfcbaA

c
⊥k(z)) δ

(3)(z − x)

= Πak⊥ (x) +

∫

d3z δ(3)(z − x) (∇z
⊥kδab + gfcabA

c
⊥k(z))A

b0(z)

= Πak⊥ (x) +∇⊥kA
a0(x) + gfabcA

bk
⊥ (x)Ac0(x) .

(4.427)

For the second equation we have

δ
(

∂23A
b0(z)

)

δAak⊥ (x)
=

δJb0G (z)

δAak⊥ (x)
= gfbacΠ

ck
⊥ (z)δ(3)(z − x) ,

δF b⊥ij
δAak⊥ (x)

= δab(∂
z
i ηkj − ∂zj ηki)δ

(3)(z − x)− g(fbacηikA
c
⊥j + fbcaηjkA

c
⊥i)δ

(3)(z − x) ,

(4.428)
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from which it follows

δH

δAak⊥ (x)
= −∂3Aak⊥ (x) + JakF⊥(x)

+

∫

d3z
(

−Ab0(z)gfbacΠck⊥ (z)δ(3)(z − x)

+
1

2
F bij⊥ δab(∂

z
i ηkj − ∂zj ηki)δ

(3)(z − x)

−g(fbacηikAc⊥j + fbcaηjkA
c
⊥i)δ

(3)(z − x)
)

= −∂3Aak⊥ (x) + JakF⊥(x) + gfabcA
b0(x)Πck⊥ (x) + ∂iF

aik
⊥ (x)− gfabcA

b
⊥j(x)F

cjk
⊥ (x)

= −∂3Aak⊥ (x) + JakF⊥(x) + gfabc(A
b0(x)Πck⊥ (x)−Ab⊥j(x)F

cjk
⊥ (x)) + ∂iF

aik
⊥ (x)

= −∂3Aak⊥ (x) + JakF⊥(x) + JakG⊥(x) + ∂iF
aik
⊥ (x)

= −∂3Aak⊥ (x) + Jak⊥ (x) + ∂iF
aik
⊥ (x) ,

(4.429)
having used the gauge condition Aa3 = 0 and Eq. (4.406). According to Hamilton’s equations,
one should have32

δH

δΠak⊥ (x)
= −Ȧak⊥ (x) ,

δH

δAak⊥ (x)
= Π̇ak⊥ (x) ,

(4.430)

and comparing with Eqs. (4.419) and (4.420) this is exactly what we find.

Canonical quantisation The main result of the lengthy procedure discussed above are the
Hamilton equations Eq. (4.430), which allow one to write the temporal evolution of the uncon-
strained variables ( ~Aa⊥, ~Π

a
⊥) in terms of a restricted but otherwise standard Poisson bracket,

Ȧa⊥k = {Aa⊥k,H} , Π̇ak⊥ = {Πak⊥ ,H} , (4.431)

where

{F,G} =
∂F

∂Aa⊥k

∂G

∂Πak⊥
− ∂F

∂Πak⊥

∂G

∂Aa⊥k
. (4.432)

In order to quantise the system, one can promote ( ~Aa⊥, ~Π
a
⊥) to operators and the (equal time)

Poisson bracket to a commutator, {·, ·} → −i[·, ·], i.e.,

{Aa⊥k(x),Πbl⊥(y)}ET = δabδ
l
kδ

(3)(x− y) → [Aa⊥k(x),Π
bl
⊥(y)]ET = iδabδ

l
kδ

(3)(x− y) , (4.433)

resulting in the temporal evolution of the operators (
~̂
Aa⊥,

~̂
Πa⊥) being given by (

~̂
Aa⊥,

~̂
Πa⊥) =

(−i[ ~̂Aa⊥, Ĥ ],−i[~̂Πa⊥, Ĥ]), with Ĥ equal to Eq. (4.424) with (
~̂
Aa⊥,

~̂
Πa⊥) set equal to the solution of

Eq. (4.430) (up to operator-ordering issues). Since we are imposing quantisation conditions only
on a restricted set of variables, we are not incurring into contradictions between the commutation
relations of the full set of operators (Aaµ,Π

aµ) and the constraints, since these are determined

by the expressions of Aa0, Aa3, Πa0, and Πa3 in terms of the restricted set of variables ( ~Aa⊥, ~Π
a
⊥)

32The opposite sign with respect to the usual equation is due to Πak
⊥ being conjugate to Aa

⊥k = −Aak
⊥ .
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and by Eq. (4.433), thus resulting in commutation relations, that are automatically compatible
with the constraints. This would not have been the case had we directly imposed the standard
commutation relations

[Aa⊥µ(x),Π
bν
⊥ (y)]ET = iδabδ

ν
µδ

(3)(x− y) , (4.434)

which instead would have been incompatible with the constraints.

Hamiltonian equations of motion - reprise∗ We now briefly return on the Hamiltonian
approach. The canonical Hamiltonian density reads explicitly

Hcan = −~Πa · ~̇Aa + iψ̄γ0∂0ψ − L

= ~Πa · (~Πa + ~∇Aa0 + gfabc ~A
bAc0) +

1

2
F a0kF a0k +

1

4
F ajkF ajk

− i2gψ̄Aa0γ0taRψ − ψ̄(iD
(R)
k −m)γkψ

= ~Πa · (~Πa + ~∇Aa0 + gfabc ~A
bAc0)− 1

2
(~Πa)2 +

1

4
F ajkF ajk

+ gψ̄Aa0γ0taRψ − ψ̄(iD
(R)
k −m)γkψ

=
1

2
(~Πa)2 + ~Πa · ~∇Aa0 − (Ja0G + Ja0F )Aa0 +

1

4
F ajkF ajk

− ψ̄(iD
(R)
k −m)γkψ

=
1

2
(~Πa)2 + (~Πa · ~∇Aa0 − Ja0Aa0) +

1

4
F ajkF ajk − ψ̄(iD

(R)
k −m)γkψ .

=
1

2
(~Πa)2 − (~∇ · ~Πa + Ja0)Aa0 +

1

4
F ajkF ajk − ψ̄(iD

(R)
k −m)γkψ + total divergence .

(4.435)
At this stage the momenta Πaµ are given functions of Aaµ and Ȧaµ, and as such one has that
Πa0 vanishes. This constraint is then imposed in Eq. (4.435) to drop a term Πa0Ȧa0 from the
full Legendre transform ΠaµȦaµ−L . This constraint follows directly from the definition of the
momenta and so it defines the submanifold in the phase space (Aaµ,Πaµ) where any possible
trajectory of the system must lie, not only those that solve the equations of motion. In contrast,
the constraint on ~Πa follows from the equations of motion and so holds only for a the class of
trajectories that obey them, and should not be imposed at this stage. It should be noted that
extending Hcan beyond the constraint surface Πa0 = 0 involves some arbitrariness, since all that
is required is that it agrees with Eq. (4.435) on the constraint surface.

As explained above, although Hcan depends on the temporal derivatives of the fields only
through the momenta, one cannot get the equations of motion straightforwardly from it, since
one cannot get an equation for Aa0 (Ȧa0 does not appear anywhere, and so this quantity is
arbitrary), and since the Lagrangian equations of motion include a constraint on the ~Πa that
depends on Aa0. One can nonetheless modify the Hamiltonian density and the Hamiltonian as
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follows,

H
′ =

1

2
(~Πa)2 + (~Πa · ~∇Aa0 − Ja0Aa0) +

1

4
F ajkF ajk − ψ̄(iD

(R)
k −m)γkψ + uaΠa0 ,

H ′ =
∫

d3x

{

1

2
(~Πa)2 + (~Πa · ~∇Aa0 − Ja0Aa0) +

1

4
F ajkF ajk − ψ̄(iD

(R)
k −m)γkψ + uaΠa0

}

=

∫

d3x

{

1

2
(~Πa)2 −Aa0(~∇ · ~Πa + Ja0) +

1

4
F ajkF ajk − ψ̄(iD

(R)
k −m)γkψ + uaΠa0

}

,

(4.436)
where the ua are a new set of variables, and obtain the correct equations of motion as the
usual Hamilton’s equations, plus the equations obtained by setting δH ′/δua = 0. Recalling
Eq. (4.406), Ja0G = gfabc ~A

b · ~Π c, one finds taking functional derivatives with respect to the
momenta

Ȧa0 =
δH ′

δΠa0
= ua ,

~̇A a
k = − δH

′

δ~Πak
= −~Πak − ~∇kA

a0 + gfcbaA
c0 ~A b

k ,
(4.437)

while taking functional derivatives with respect to the fields one obtains

Π̇a0 = − δH ′

δAa0
= ~∇ · ~Πa + Ja0 ,

~̇Π a
k =

δH ′

δ ~Aak
=

∫

d3x

{

1

2

∂F bjl

∂Aak
F bjl −Ab0

∂Jb0

∂Aak

}

− gψ̄taRγ
kψ

=
(

~∇jF
ajk − gfabcA

b0~Πck +
~JaGk + gfabcA

b0~Πck

)

+ ~JaFk =
~∇jF

ajk + ~Jak

(4.438)

and finally from functional derivatives with respect to ua one recovers the constraint on Πa0,

0 =
δH ′

δua
= Πa0 . (4.439)

The first equation in Eq. (4.437) gives Ȧa0 in terms of an undetermined set of functions ua,
while the second equation can be recast as

~Πak = −( ~̇A a
k + ~∇kA

a0 + gfabc ~A
b
kA

c0) , (4.440)

which is just Eq. (4.397). The constraint equation Eq. (4.439) gives Πa0 = 0, so that substituted
on the left-hand side of the first equation in Eq. (4.438) one obtains the constraint on ~Πa,
Eq. (4.398),

0 = Π̇a0 = ~∇ · ~Πa + Ja0 . (4.441)

Finally, the second equation in Eq. (4.438) is

Jak = ~Jak = ~̇Π a
k − ~∇jF

ajk = ∂0F
ak0 − ~∇jF

ajk = −∂0F a0k − ~∇jF
ajk = −∂µFµk . (4.442)

We have then recovered all the original Euler-Lagrange equations, at the price of introducing
explicitly the undetermined functions ua.
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Constrained Hamiltonian systems∗ The reason why the procedure above works is the
following.33 The situation we are dealing with is a special case of a singular Lagrangean L =
L(q, q̇), a function of qa, q̇a with a = 1, . . . ,m, where the matrix Mab,

Mab =
∂2L

∂q̇a∂q̇b
, (4.443)

is not invertible, i.e., detM = 0. Let the rank of M be m − r, 0 < r ≤ m (we assume for
simplicity that it is constant), and relabel the variables so that the rank of the restricted matrix
MAB , A,B = 1, . . . ,m− r, is equal to m− r. Let

pa =
∂L

∂q̇a
, a = 1, . . . ,m , (4.444)

be the canonical momenta. By the inverse function theorem, at least locally one can invert the
m−r velocities vA = q̇A as a function of the m−r momenta pA, A = 1, . . . ,m−r, of the qa, and
of the remaining velocities vi = q̇i, i = m − r + 1, . . . ,m, i.e., vA = fA(qa, pA, v

i). Substituted
in the equations for the remaining momenta pi, i = m− r+1, . . . ,m, one must have that the pi
are independent of vi, or the rank of M would exceed m− r. There are then r equations,

pi =
∂L

∂q̇i

∣

∣

∣

∣

vA=vA(qa,pA,vi)

= πi(q
a, pA) , i = m− r + 1, . . . ,m , (4.445)

showing that the momenta pa are not all independent. The functions φi(q
a, pa) = pi−πi(qa, pA)

then define constraints φi(q
a, pa) = 0 among the canonical variables, called primary constraints.

One then defines the primary Hamiltonian as

H(qa, pa, v
i) = [pav

a − L(qa, va)]vA=fA(qa,pA,vi)

= pAU
A(qa, pA, v

i) + piv
i − [L(qa, va)]vA=fA(qa,pA,vi)

.
(4.446)

This depends on the canonical variables plus the set of velocities that could not be inverted.
One now shows that H(qa, pa, v

i) is linear in vi with coefficients φi:

∂H(qa, pa, v
i)

∂vi
=

(

pA − ∂L(qa, va)

∂vA

∣

∣

∣

∣

vA=fA(qa,pA,vi)

)

∂fA(qa, pA, v
i)

∂vi

+

(

pi −
∂L(qa, va)

∂vi

∣

∣

∣

∣

vA=fA(qa,pA,vi)

)

= (pA − pA)
∂fA(qa, pA, v

i)

∂vi
+ (pi − πi(q

a, pA)) = φi(q
a, pa) ,

(4.447)

and conclude that
H(qa, pa, v

i) = H̃(qa, pa) + viφi(q
a, pa) , (4.448)

with vi-independent H̃. One can now finally show that the Lagrangean equations of motion are
equivalent to the Hamilton equations,

q̇a =
∂H

∂pa
, ṗa = −∂H

∂qa
, 0 =

∂H

∂vi
. (4.449)

33The following discussion is based on T. Thiemann, “Introduction to Modern Canonical Quantum General
Relativity”, section III.1 [arXiv:gr-qc/0110034].
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In fact,

∂H(qa, pa, v
i)

∂pa
=

[

va + pa
∂va

∂pa
− ∂L(qa, va)

∂va
∂va

∂pa

]

vA=fA(qa,pA,vi)

=

[

va + pa
∂va

∂pa
− pa

∂va

∂pa

]

vA=fA(qa,pA,vi)

= va|vA=fA(qa,pA,vi) ,

∂H(qa, pa, v
i)

∂qa
=

[

pa
∂va

∂qa
− ∂L(qa, va)

∂qa
− ∂L(qa, va)

∂va
∂va

∂qa

]

vA=fA(qa,pA,vi)

=

[

pa
∂va

∂qa
− ∂L(qa, va)

∂qa
− pa

∂va

∂qa

]

vA=fA(qa,pA,vi)

= −∂L(q
a, va)

∂qa

∣

∣

∣

∣

vA=fA(qa,pA,vi)

,

∂H(qa, pa, v
i)

∂vi
= φi(q

a, pa) .

(4.450)

The first equation in Eq. (4.449) gives q̇a = va, which in particular for a = A gives q̇A =
fA(qa, pA, v

i), while q̇i = vi simply assigns the value vi to the temporal derivative of qi. Inverting
the inverse function fA, one sees that the pA are related to q, q̇ by pA(q, q̇) = ∂L(q, v)/∂vA|v=q̇.
The third equation requires φi(q

a, pa) = 0, and so using the definition of the constraint one finds
pi(q, q̇) = ∂L(q, v)/∂vi|v=q̇. Finally, using this in the second equation, one has

ṗa =
d

dt

(

∂L(q, v)

∂va

) ∣

∣

∣

∣

v=q̇

=
∂L(qa, va)

∂qa

∣

∣

∣

∣

v=q̇

, (4.451)

which are the Euler-Lagrange equations of motion. The vi are at this stage arbitrary non-
dynamical variables, not obeying any equation of motion and not restricted by the constraints.
However, the existence of solutions to the equations of motion compatible with the constraints
may impose restrictions on the vi; whether this happens or not depends on the details of the
system.

In our case, L is independent of Ȧa0, so it is easy to identify the velocities that can be
inverted, namely Ȧak, that can be written as functions of Πak and Aa0 (which is a particular
subset of Aaµ and the remaining velocities Ȧa0, on which Ȧak depend trivially). The resulting
primary constraints are simply Πa0 = 0, and the primary Hamiltonian equals the canonical
Hamiltonian plus Πa0va. The primary Hamiltonian then depends on the canonical variables
plus the set of va, and the Hamilton equation for Ȧa0, Ȧa0 = va, merely expresses the fact that
Ȧa0 is arbitrary at this stage. One can show that now restrictions on Ȧa0 are required by the
equations of motion, and so they are fully arbitrary (see below).

Going back to Eqs. (4.436)–(4.439), the equations of motion obtained from H ′ = Hcan +
uaΠa0 can be summarised as

Ȧa0 = ua ,

Ȧak =
∂Hcan

∂Πak
,

Π̇aµ = −∂Hcan

∂Aaµ
.

(4.452)
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Using standard (functional) Poisson brackets,

{F,G} ≡ δF

δAaµ

δG

δΠaµ
− δF

δΠaµ
δG

δAaµ
, (4.453)

Eq. (4.452) can be written in compact form as

Ȧaµ = {Aaµ,H ′} ≈ {Aaµ,Hcan}+ ub{Aaµ,Πb0} ,
Π̇aµ = {Πaµ,H ′} ≈ {Πaµ,Hcan}+ ub{Aaµ,Πb0} ,

(4.454)

where≈means that equality holds when imposing the constraints (after computing the brackets).
This follows since

{F, ubΠb0} = ub{F,Πb0}+ {F, ub}Πb0 ≈ ub{F,Πb0} (4.455)

clearly holds. The ua are arbitrary. For a general function F ,

Ḟ ≈ {F,H ′} . (4.456)

Gauge-fixing in the constrained Hamiltonian language∗ To make the system of equa-
tions fully determined, one can add a set of gauge conditions Ga( ~A) = g( ~Aa) = 0, which act as
a further constraints. Consistency of the primary constraints and of the gauge conditions with
the equations of motion requires

0 ≈ {Πa0,Hcan}+ ub{Πb0,Πb0} = {Πa0,Hcan} = Π̃a = −δHcan

δAa0
,

0 ≈ {Ga,Hcan}+ ub{Ga,Πb0} = {Ga,Hcan} = G̃a = − δGa

δAak
δHcan

δΠak
,

(4.457)

yielding a set of secondary constraints. This procedure should in principle be repeated, but one
can show that no new constraints are generated from Π̃a (which is nothing but the constraint
on ~Πa originating from the equations of motion for Aa0, that we repeatedly discussed). One can
show that {Π̃a,Πb0} = 0, so in particular if no gauge condition were imposed, then no restriction
on ub would be found, implying the full arbitrariness of Ȧa0, as anticipated. Moreover, one clearly
has {Ga,Πb0} = 0, and using the Jacobi identity

{G̃a,Πb0} = {{Ga,H},Πb0} = −{{Πb0, Ga},H} − {{H,Πb0}, Ga} = {Π̃b, Ga} . (4.458)

At this point one has four constraints, and if indeed one imposed a good gauge fixing condition
then the ua should not be undetermined anymore. This is the case if

0 ≈ {G̃a,Hcan}+ ub{G̃a,Πb0} (4.459)

is such that Kab = {G̃a,Πb0} can be inverted to yield a solution for ub. This means that no new
constraints are obtained by requiring consistency of G̃a with the equations of motion, but merely
a (complete) restriction on the ub, and the procedure of looking for new constraints stops.

The matrix of Poisson brackets of all the constraints ΦA = Πa0, Π̃a, Ga, G̃a is of the form

CAB = {ΦA,ΦB} =









0 0 0 −K
0 0 K K̃

0 −K 0 K̂

K 0 −K̂ 0









=

(

0 c
−cT d

)

, (4.460)
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for some K̃ab = {Π̃a, G̃b} and K̂ab = {Ga, G̃b}. Clearly, K, K̃, and K̂ are diagonal. Since
obviously [c,0] = [K, 0] = 0, it follows by elementary linear algebra that

detC = det
(

c cT
)

= (det c)2 = (det(K2))2 = (detK)4 6= 0 . (4.461)

The matrix C is invertible, and one can then construct the Dirac bracket,

{F,G}D = {F,G} − {F,ΦA}(C−1)AB{ΦB , G} . (4.462)

One can show that the Dirac bracket has all the good properties of a Poisson bracket (antisym-
metry, derivative property, Jacobi identity), and moreover is such that if G is a function that has
vanishing Poisson brackets with all the constraints on the resulting constraint surface ΦA = 0
(first-class function), then for an arbitrary F ,

{F,G}D = {F,G} . (4.463)

Moreover, if G is one of the constraints that have at least one non-vanishing Poisson bracket
with another constraint, then {F,G}D = 0 for arbitrary F . Here all the constraints are of this
type, and so {F,ΦA}D = 0. By construction, H ′ = Hcan +ubΠb0 has vanishing Poisson brackets
with all the constraints on the constraint surface ΦA = 0 (the secondary constraints and the ub

were found precisely by requiring this) and so is first class, and therefore

Ḟ ≈ {F,H ′} ≈ {F,H ′}D . (4.464)

One can furthermore show that the Dirac bracket is equal to the Poisson bracket computed with
a suitable restricted set of variables (Qα, Pα),

{F,G}restr. = ∂F

∂Qα
∂G

∂Pα
− ∂F

∂Pα

∂G

∂Qα
. (4.465)

When quantising, one can then promote the Poisson bracket of this restricted set to a commu-
tator of operators, with the resulting operator Hamiltonian H ′ automatically generating their
temporal evolution. One can verify that the restricted set of variables ( ~Aa⊥, ~Π

a
⊥) used when

quantising in axial gauge is precisely such that {F,G}restr. = {F,G}D .

Path-integral quantisation Having performed canonical quantisation of the system, we can
now forget about it and use the equivalent path-integral formalism, where vacuum expectation
values of observables are obtained by suitable insertions of functions O[A,ψ, ψ̄] in the path
integral

∫

DA⊥

∫

DΠ⊥

∫

Dψ

∫

Dπ exp

{

i

∫

d4x
[

−~Πa⊥ · ~̇Aa⊥ + πψ̇ − H

]

}

, (4.466)

where now ~Πa⊥ and ~̇Aa are not related, but are simply integration variables, and H is given by
Eq. (4.423) (or an equivalent expression differing only by a total divergence) where Aa0 should
be expressed as a function of ~Πa⊥ and ~Aa through Eq. (4.416). Here suitable “ǫ” terms are

understood. While the exponent in Eq. (4.466) is quadratic in ~Πa⊥ so that the corresponding
Gaussian path integral could be evaluated explicitly, the result would involve a field-dependent
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functional determinant, and it would be even harder to keep track of the already non-manifest
Lorentz invariance.

To make things easier, we proceed as follows. As mentioned above, H is a function of
H = H (~Πa⊥, ~A

a, Aa0) where Aa0 should be replaced by

Aa0 = Aa(~Πa⊥, ~A
a) ,

Aa(~Πa⊥, ~A
a) =

1

∂23

(

~∇⊥ · ~Πa⊥ + Ja0
)

=
1

∂23
Ba(~Πa⊥, ~A

a) ,

Ba(~Πa⊥, ~A
a) =

(

~∇⊥ · ~Πa⊥ + Ja0
)

= ∂23A
a(~Πa⊥, ~A

a) .

(4.467)

The quantity Aa enters the exponent quadratically, resulting in a factor

exp

{

−i
∫

d4x
1

2
(∂3A

a)2
}

(4.468)

in the integrand. This factor can be expressed as follows exploiting the properties of Gaussian
integrals,

exp

{

−i
∫

d4x
1

2
(∂3A

a)2
}

= exp

{

i

∫

d4x
1

2
Aa∂23A

a

}

= exp

{

i

∫

d4x
1

2
Ba

1

∂23
Ba
}

∝
∫

DA0 exp

{

−i
∫

d4x

(

1

2
Aa0∂23A

a0 − BaAa0
)}

=

∫

DA0 exp

{

i

∫

d4x

[

1

2
(∂3A

a0)2 +Aa0
(

~∇⊥ · ~Πa⊥ + Ja0
)

]}

,

(4.469)
where now Aa0 is a new set of integration variables, unrelated to (~Πa⊥, ~A

a), and the omitted
proportionality factor is field-independent and will drop from any expectation value. Recalling
that Ja0G = Ja0F + gfabc ~A

b
⊥ · ~Πc⊥, one sees that the exponent is linear in ~Πa⊥.

After rewriting the integrand in this way we have for the integral

∫

DA⊥

∫

DA0

∫

DΠ⊥

∫

Dψ

∫

Dψ̄ eiI , (4.470)

where

I =

∫

d4x

[

−~Πa⊥ · ~̇Aa⊥ + ψ̄i∂0γ
0ψ − 1

2
~Πa⊥~Π

a
⊥ +

1

2
(∂3A

a0)2 +Aa0
(

~∇⊥ · ~Πa⊥ + Ja0
)

− 1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥ − 1

4
F aij⊥ F a⊥ij − ~Aa⊥ · ~JaF⊥ + ψ̄(i /∇−m)ψ

]

=

∫

d4x

[

−~Πa⊥ · ~̇Aa⊥ − 1

2
~Πa⊥~Π

a
⊥ +

1

2
(∂3A

a0)2 − ~Πa⊥ · ~∇⊥A
a0 +Aa0(Ja0F + gfabc ~A

b
⊥ · ~Πc⊥)

− 1

2
∂3 ~A

a
⊥ · ∂3 ~Aa⊥ − 1

4
F aij⊥ F a⊥ij − ~Aa⊥ · ~JaF⊥ + ψ̄(i/∂ −m)ψ

]

,

(4.471)
having used integration by parts, and we have set π = iψ̄γ0 (ignoring field-independent factors
in the Jacobian). We can now proceed to perform the Gaussian integral over ~Πa⊥. Collecting all
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the relevant terms, we find

∫

DΠ⊥ exp

{

−i
∫

d4x

[

1

2
~Πa⊥~Π

a
⊥ + ~Πa⊥ · ~̇Aa + ~Πa⊥ · ~∇⊥A

a0 − gfabcA
b0 ~A c

⊥ · ~Πa⊥
]}

∝ exp

{

i

2

∫

d4x
(

~̇Aa⊥ + ~∇⊥A
a0 − gfabcA

b0 ~A c
⊥
)2
}

= exp

{

i

2

∫

d4x
(

∂0Aak⊥ − ∂kAa0 − gfabcA
b0Ack⊥

)2
}

= exp

{

i

2

∫

d4x
(

F a0k⊥
)2
}

= exp

{

− i

2

∫

d4xF a0k⊥ F a⊥0k

}

,

(4.472)
again with an irrelevant, field-independent proportionality factor that can be ignored. The path
integral of interest reads now

∫

DA⊥

∫

DA0

∫

Dψ

∫

Dψ̄ eiĪ , (4.473)

with

Ī =

∫

d4x

[

−1

2
F a0k⊥ F a⊥0k −

1

2
∂3Aa0∂3A

a
0 −

1

2
∂3Aak⊥ ∂3A

a
⊥k −

1

4
F aij⊥ F a⊥ij

+ ψ̄(i/∂ −m)ψ +Aa0J
a0
F +Aa⊥kJ

ak
F⊥

]

=

∫

d4x

[

−1

2
F a0k⊥ F a⊥0k −

1

2
∂3Aa0∂3A

a
0 −

1

2
∂3Aak⊥ ∂3A

a
⊥k −

1

4
F aij⊥ F a⊥ij

+ ψ̄(i/∂ −m)ψ + i2gAa0ψ̄t
aγ0ψ + i2gAa⊥kψ̄t

aγk⊥ψ

]

=

∫

d4x

[

−1

4
F aµνF aµν + ψ̄(i /D −m)ψ

]

Aa3=0

=

∫

d4xL |Aa3=0 ,

(4.474)

with L the original classical Lagrangian from which we started [see Eq. (4.380)], and the notation
L |Aa3=0 indicates that it has to be evaluated at Aa3 = 0. The path integral of interest can now
be written simply as

∫

DA0

∫

DA⊥

∫

Dψ

∫

Dψ̄ ei
∫

d4xL |Aa3=0 =

∫

DA

∫

Dψ

∫

Dψ̄
∏

a,x

δ(Aa3(x)) ei
∫

d4xL ,

(4.475)
where DA =

∏

µDA
µ is the integration measure over all four spacetime components of Aaµ, and

the axial gauge condition is enforced by a product of delta functions. Expression Eq. (4.475)
is particularly nice since it is Lorentz invariance except for the enforcement of the gauge con-
dition, and since it looks exactly like what we would have naively guessed for the path integral
formulation of a gauge theory, with the usual phase factor eiS with S the classical action, and
a constraint on the integration variables enforcing the gauge condition.

Unfortunately, things are not so straightforward, and the simplicity of Eq. (4.475) is a con-
sequence of the gauge choice: if one were to repeat the quantisation procedure in another gauge
fa[A;x] = 0, one would not find the same expression with

∏

a,x δ(A
a3(x)) replaced by the corre-

sponding gauge-fixing quantity
∏

a,x δ(f
a[A;x]) (beside encountering other complications along
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the way). On the other hand, the explicit breaking of Lorentz invariance in axial gauge is unde-
sirable, and one would prefer to use other gauges where Lorentz invariance is manifest. We will
see below how one should modify the formalism in order to be able to do so.

Gauge fixing In the meantime, one word about what kind of gauge fixing we are generally
interested in, also to explain some notation that will be extensively used below. We have
already used above the notation fa[A;x]. These are meant to be non-gauge-invariant gauge-
fixing functionals of the Abµ(y) that depend on a and x. The simplest possibilities are fa[A;x] that

are functions of the Abµ(x) and their derivatives at x, such as the axial gauge condition fa = Aa3

used above, or the well-known Lorenz gauge condition fa = ∂µA
aµ. On the other hand, one

could also use non-local functionals, such as exp{tafa[A;x]} = Pexp{ig
∫

Cx0,x
dxµAbµt

b}, with
Cx0,x specified paths from a reference point x0 to x and Pexp the path-ordered exponential,

Pexp

{

ig

∫

Cx0,x
dxµAbµt

b

}

=

∞
∑

n=0

(ig)n

n!

∫ 1

0
ds1 . . .

∫ 1

0
dsn ẋ

µ1(s1) . . . ẋ
µn(sn)P(Aµ1(s1) . . . Aµn(sn)) ,

x(0) = x0 , x(1) = x , ẋµ(s) =
dxµ(s)

ds
,

P(Aµ1(s1) . . . Aµn(sn)) = θ(sn − sn−1) . . . θ(s2 − s1)A
b1
µ1t

b1 . . . Abnµnt
bn .

(4.476)
Besides the choice of gauge fixing functionals, there is also the question of how these are used,
i.e., how the gauge condition is enforced. The most straightforward way is simply to impose
them strictly at all space-time points.34 On the other hand, one may want to impose the gauge
condition more “softly”, by disfavouring gauge configurations that violate it without entirely
forbidding them in the path integral. In general, one wants to use a numerical functional
B[f ], that depends on the fa[A;x] for all values of a and x, to weigh the gauge configurations.
Examples are the strictly-enforcing delta-functions,

B[f ] =
∏

x,a

δ(fa[A;x]) (4.477)

or the “softer” Gaussian functional

B[f ] = exp

{

− i

2

∫

d4x fa[A;x]fa[A;x]

}

. (4.478)

Gauge-invariance of the integration measure As a preliminary result to extend the path-
integral formalism to a more general setting, we now show that the integration measure is gauge
invariant. To this end it is sufficient to consider infinitesimal gauge transformations,

Aaǫ µ = Aaµ −
1

g
∂µǫ

a + fabcA
b
µǫ
c . (4.479)

34Notice that one has to be cautious when using nonlocal choices such as the one discussed above and in
Eq. (4.476). Requiring fa = 0 is equivalent to imposing W (x0, x) = Pexp{ig

∫

Cx0,x
dxµAb

µt
b} = 1, and in doing so

one should be careful in choosing paths so that no closed paths is formed. In fact, this quantity is gauge-invariant
for closed paths, i.e., for x = x0, so that in this case it cannot be modified by a gauge transformation; and it
obeys the semigroup property W (x0, x1)W (x1, x2) =W (x0, x2).
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One has for the integration measure the relation

DAǫ = DetN DA , (4.480)

where DetN is the functional determinant of the Jacobian matrix

Nab µν xy =
δAaǫ µ(x)

δAbν(y)
= δabδ

ν
µ δ(4)(x− y) + fabcǫ

c(x)δ ν
µ δ(4)(x− y)

= δ ν
µ δ(4)(x− y) [δab + iǫc(x)(tcA)ab] .

(4.481)

One finds, since ǫc are infinitesimal,

DetN = det
µν

(δ ν
µ )Det

xy
(δ(4)(x− y)) det

ab
(δab + iǫc(x)(tcA)ab)

= 1 + iǫc(x)tr tcA = 1 ,
(4.482)

where we use the fact that the functional determinant Det
xy

(δ(4)(x− y)) of the functional identity
δ(4)(x− y) is 1.35

Gauge-group measure A second preliminary result to be discussed is that of the invariant
measure on the gauge group. In general, we are interested in gauge transformations that map our
fields, collectively denoted by φ, into new fields φΛ, where Λ = Λa(x) are the parameters entering
the (finite) gauge transformation matrices U(Λ) = eiΛ

a(x)ta . Due to the group composition law,
if we first transform φ→ φ′ = φΛ2 and then φ′ → φΛ1φ

′, the full transformation is implemented
by the matrix U(Λ1)U(Λ2) = U(K(Λ2,Λ1)), and so is equivalent to the transformation φ →
φK(Λ2,Λ1), for some functions Ka(Λ2(x),Λ1(x)) = K(Λ2,Λ1)

a(x) entirely determined by the
group composition law. Set now

Rab xy(Λ) =
δK(Λ, ǫ)a(x)

δǫb(y)

∣

∣

∣

∣

ǫ=0

= δ(4)(x− y)
∂Ka(Λ(x), ǫ)

∂ǫb

∣

∣

∣

∣

ǫ=0

= δ(4)(x− y)Rab(Λ(x)) . (4.483)

We want to show that the measure

DΛ
1

DetR (4.484)

is left invariant by the change of variables Λ = K(λ, Λ̃), corresponding to setting U(Λ) =
U(Λ̃)U(λ). As a first step, notice that

DΛ = DΛ̃DetM(Λ̃) , Mab xy(Λ̃) =
δK(λ, Λ̃)a(x)

δΛ̃b(y)
. (4.485)

Next, changing variables in R(Λ), we find

Rab xy(Λ(Λ̃)) =
δK(Λ(Λ̃), ǫ)a(x)

δǫb(y)

∣

∣

∣

∣

ǫ=0

=
δK(K(λ, Λ̃), ǫ)a(x)

δǫb(y)

∣

∣

∣

∣

ǫ=0

. (4.486)

35While this statement is a bit shaky from the mathematical point of view, what matters is that DetN is a
numerical factor that does not depend on the fields, and therefore drops from any expectation value.
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The parameters K(K(Λ̃, λ), ǫ) correspond to the a composition of gauge transformations, and
exploiting associativity of the group composition law we find

U(K(K(λ, Λ̃), ǫ)) = U(ǫ)U(K(λ, Λ̃)) = U(ǫ)U(Λ̃)U(λ)

= U(K(Λ̃, ǫ))U(λ) = U(K(λ,K(Λ̃, ǫ))) ,
(4.487)

i.e.,
K(K(λ, Λ̃), ǫ) = K(λ,K(Λ̃, ǫ)) . (4.488)

Using this in Eq. (4.486) we find

Rab xy(Λ(Λ̃)) =
δK(λ,K(Λ̃, ǫ))a(x)

δǫb(y)

∣

∣

∣

∣

ǫ=0

=

∫

d4z
δK(λ,Λ)a(x)

δΛc(z)

∣

∣

∣

∣

Λ=K(Λ̃,ǫ)

δK(Λ̃, ǫ)c(z)

δǫb(y)

∣

∣

∣

∣

ǫ=0

=

∫

d4z
δK(λ, Λ̄)a(x)

δΛ̄c(z)

∣

∣

∣

∣

Λ̄=Λ̃

Rcb zy(Λ̃) =

∫

d4zMac xz(Λ̃)Rcb zy(Λ̃) .

(4.489)
But then

DΛ
1

DetR(Λ)
= DΛ̃DetM(Λ̃)

1

DetR(Λ(Λ̃))
= DΛ̃DetM(Λ̃)

1

DetR(Λ̃)DetM(Λ̃)

= DΛ̃
1

DetR(Λ̃)
,

(4.490)

as it was to prove. Notice that since R is diagonal in space [see Eq. (4.483)], the gauge group
volume equals

VG =

∫

DΛ
1

DetR(Λ)
=
∏

x

∫

dΛ(x)
1

detR(Λ(x))
=
∏

x

VG , (4.491)

where VG is the volume of the group (in the sense of the Haar measure). This is yet another
mathematically not well defined quantity, that is fully regularised by discretising spacetime on
a finite lattice, but diverges in the continuum limit.

Gauge-invariant path-integral formulation What we did so far was to canonically quan-
tise the theory in axial gauge and then represent the result as a path integral. In principle,
one could do without canonical quantisation entirely and formulate the theory directly in terms
of a path integral. This is done by identifying the expectation values of field products defined
from the path integral with the vacuum expectation of (time-ordered) product of field operators,
which implicitly defines the vacuum state and the action of the field operators on it. One then
identifies the states of the system with what one obtains by acting on the vacuum with products
of field operators, and gives them a Hilbert space structure by using the vacuum expectation
values to define scalar products (linearity is trivial). Apart form technical issues, the trickiest
point is showing that the scalar product defined in this way is positive-definite. This is partic-
ularly tricky for gauge theories because the states that one would like to have in the physical
Hilbert space are only a subset of all those that can be built acting on the vacuum with the
field operators, namely the subset which is left invariant by gauge transformations. The initial
construction produces in general a pre-Hilbert space structure where states with zero or nega-
tive norm may be present, from which one has to build a proper Hilbert structure by somehow
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isolating the physical states. This can be done, but it requires us to have a gauge-invariant
path-integral formulation to begin with, so that gauge-invariant combinations of fields can be
identified and used to build gauge-invariant, physical states.

The most straightforward way is to give a precise meaning to the following path integral,

∫

Dφ eiS[φ]O[φ] , (4.492)

where φ denotes collectively the gauge and matter fields and O is a generic observable. Modulo
renormalisability issues, this object is in fact formally gauge invariant if O is, since S and the
measure are. However, precisely because of this reason, each point on a gauge orbit (i.e., the set
of configurations that are connected by gauge transformations) will give the same contribution
to the integral, that will contain a gauge-group volume factor VG, that as we saw above is
divergent. At the very least, then, we need to use

1

VG

∫

Dφ eiS[φ]O[φ] , (4.493)

where formally the divergent gauge-group-volume factors cancel in the numerator and denom-
inator. This expression becomes mathematically well defined if one regularises the integral by
replacing the infinite spacetime continuum with a finite, discrete lattice of points (this takes
care of regularising UV divergences as well). This can be done in a manifestly gauge-invariant
way, which can then be used to define the desired theory in the limit in which the discretisation
is removed. This is the lattice approach to gauge theories.

The lattice approach is, however, quite inconvenient for perturbative calculations, since it
breaks Lorentz invariance. Instead, we would prefer a formulation that works directly in the
continuum and in infinite volume, so that Lorentz invariance can be preserved. In doing this we
have to take into accoount that perturbation theory requires to define a propagator, and this
cannot be done starting from the gauge invariant Lagrangian. In fact, the part quadratic in the
gauge fields reads

L
(2) = −1

4
(∂µAaν − ∂νAaµ)

(

∂µA
a
ν − ∂νA

a
µ

)

= −1

2
Aaµδab (−✷ηµν + ∂µ∂ν)A

bν + total divergence.

(4.494)

The kernel Kab
µν(x−y) = δab(−✷ηµν+∂µ∂ν)δ

(4)(x−y) has zero modes, and so cannot be inverted.
Indeed, the longitudinal component of Aaµ, Aaµ‖ = ∂µ∂νA

aν , is clearly a zero mode of Kµν(x−y).
Even more simply, going over to momentum space one finds

K̃ab
µν(p) = δab

(

p2ηµν − pµpν
)

, (4.495)

and clearly K̃ab
µν(p)p

ν = 0. The longitudinal component of Aaµ is precisely the component
corresponding to the gauge directions (i.e., only Aaµ‖ changes under a gauge transformation),

and unsurprisingly it does not appear in L (2). In order to make the path integral finite and be
able to define a propagator we need to remove these zero modes from the path integral, either
by imposing a gauge condition that just picks out one representative from each gauge orbit; or
at least by including some non-gauge-invariant factor that dampens out the integrand as one
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moves on the gauge orbits, and in doing so lifts the zero modes of Kµν to nonzero modes. One
would then naively consider path integrals of the form

∫

Dφ eiS[φ]O[φ]B[f [φ]] , (4.496)

where, as already explained above, fa[φ;x] are non-gauge-invariant functionals of φ that depend
on a and x, and B[f ] a numerical functional of the fa[φ;x] for all a and x. Such a functional
should be chosen so to make the integral convergent (and at the very least not invariant) along
the gauge orbits. The path integral obtained after canonical quantisation in axial gauge is of this
form, so one may hope to connect that to more general gauge-fixing approaches, in particular
ones that do not spoil Lorentz invariance. It turns out, however, that (4.496) is not a gauge-
invariant quantity even for gauge-invariant observable O, and so is not good enough for our
purposes.

To obtain a gauge-invariant object, we define the matrix

Fab xy[φ] =
∂fa[φǫ;x]

δǫb(y)

∣

∣

∣

∣

ǫ=0

, (4.497)

and its functional determinant DetF [φ], the Faddeev-Popov determinant. Here φǫ denotes the
transformed of φ under an infinitesimal gauge transformation with parameters ǫa(x). Explicitly,

ψǫ(x) = ψ(x) + igǫa(x)taψ(x) ,

ψ̄ǫ(x) = ψ̄(x)− igǫa(x)ψ̄(x)ta ,

Aaǫ µ(x) = Aaµ(x)− 1
g∂µǫ

a(x) + fabcA
b
µ(x)ǫ

c(x) .

(4.498)

The quantity we are going to study is the integral

IO =

∫

Dφ eiS[φ]O[φ]B[f [φ]]DetF [φ] . (4.499)

We will show that for gauge-invariant observables O, IO is independent of fa and depends on B
only through a constant, field-independent factor that drops out of ratios of IO, so in particular
out of the expectation values 〈O〉 = IO/I1. Equation (4.499) can then be used as the starting
point for a gauge-invariant path integral formulation of gauge theories in the continuum that
allows for a perturbative treatment. Notice that IO is well defined also for non-gauge-invariant
O: it simply gives results that do depend on fa and B.

To connect this with our previous result and to have a feeling of how F is computed, notice
that for the axial gauge choice fa = Aa3 and B =

∏

a,x δ(fa[φ;x]) one has

fa[φǫ;x] = Aa3(x)− 1
g∂3ǫ

a(x) + facbA
c
3(x)ǫ

b(x) ,

∂fa[φǫ;x]

δǫb(y)

∣

∣

∣

∣

ǫ=0

= −1
gδab∂3δ

(4)(x− y) + facbA
c
3(x)δ

(4)(x− y) ,

B[f [φ]]DetF [φ] =
∏

a,x

δ(Aa3(x))Det
(

−1
gδab∂3δ

(4)(x− y)
)

,

(4.500)

and so after imposing the axial gauge-fixing condition DetF is a field-independent, constant
quantity that factors out of the path integral, and so drops in expectation values. In other
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words, up to an irrelevant factor the path integral of interest in axial gauge, Eq. (4.475), is a
quantity of the form Eq. (4.499), and the same applies to Eq. (4.475) with the insertion of gauge
invariant observables. According to our statement about IO, results obtained through canonical
in axial gauge and through IO with more general gauge-fixing functionals do coincide.

We now prove the statement. First simply relabel the integration variables as φΛ, and
then change variables to φ so that φΛ[φ] are the fields obtained from φ through a finite gauge
transformation with parameters Λ:

IO =

∫

DφΛ e
iS[φΛ]O[φΛ]B[f [φΛ]]DetF [φΛ]

=

∫

DφDet
δφΛ
δφ

eiS[φΛ[φ]]O[φΛ[φ]]B[f [φΛ[φ]]]DetF [φΛ[φ]]

=

∫

Dφ eiS[φ]O[φ]B[f [φΛ[φ]]]DetF [φΛ[φ]] ,

(4.501)

wheere in the last passage we used gauge invariance of the measure, of S, and of O. The left-
hand side is Λ-independent, so we can integrate it over the gauge group with some factor ρ[Λ]
and divide by the integral of ρ and obtain the same quantity. Then

IO
1

VG

∫

DΛ ρ[Λ] =
1

VG

∫

DΛ ρ[Λ]

∫

Dφ eiS[φ]O[φ]B[f [φΛ[φ]]]DetF [φΛ[φ]] , (4.502)

where we also included a gauge-group volume factor. The key point is now that

F [φΛ[φ]] =
∂fa[(φΛ[φ])ǫ;x]

δǫb(y)

∣

∣

∣

∣

ǫ=0

=
∂fa[(φK(Λ,ǫ)[φ]);x]

δǫb(y)

∣

∣

∣

∣

ǫ=0

=

∫

d4z
∂fa[(φΛ̃[φ]);x]

δΛ̃c(z)

∣

∣

∣

∣

Λ̃=K(Λ,ǫ)

∂K(Λ, ǫ)c(z)

δǫb(y)

∣

∣

∣

∣

ǫ=0

=

∫

d4z Jac xz[φΛ[φ]]Rcb zy[Λ] ,

(4.503)

so that DetF = DetJDetR. This suggests we choose ρ = 1/DetR. Furthermore, DetJ is the
Jacobian factor for the change of variables from Λa(x) to fa[φΛ[φ;x]] and so36

IO = IO
1

VG

∫

DΛ
1

DetR =
1

VG

∫

Dφ eiS[φ]O[φ]

∫

DΛB[f [φΛ[φ]]]
DetJ DetR

DetR ,

=
1

VG

∫

Dφ eiS[φ]O[φ]

∫

Df B[f ] = CB
1

VG

∫

Dφ eiS[φ]O[φ] .

(4.504)

All the dependence on B is contained in the numerical prefactor CB, which does not affect
expectation values, as was to be proved. The formalism developed above is known as the De

Witt-Faddeev-Popov formalism.

36It is implicitly assumed that DetJ never vanishes, so that |DetJ | = ±DetJ with the same sign every-
where, which also means that the change of variables is invertible at all x, and there are no multiple Λs solving
fa[φΛ[φ;x]] = f̄a. This turns out not to be the case due to the existence of Gribov copies. Nonetheless, for
perturbative calculations where one is interested only in fluctuations around vanishing guage fields, this does not
constitute a problem
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In order to set up perturbation theory, it is convenient to use a B that makes calculations
simple. Such a B is for example the Gaussian functional of Eq. (4.478), that we slightly generalise
to

B[f ] = exp

{

− i

2ξ

∫

d4x fa[A;x]fa[A;x]

}

, (4.505)

where ξ is a new gauge parameter. Moreover, it is convenient to use Lorentz-invariant gauge
fixing functionals fa to keep Lorentz invariance manifest, such as the Lorenz gauge gauge-fixing
functional,

fa = ∂µA
aµ , (4.506)

which yields

B[f ] = exp

{

− i

2ξ

∫

d4x
∑

a(∂µA
aµ)2

}

= exp

{

− i

2ξ

∫

d4xL
Lorenz
gf

}

. (4.507)

For this choice one has

Fab xy =
δ

δǫb(y)
∂xµ

(

Aaµ(x)− 1
g∂

µ
x ǫ
a(x) + facbA

cµ(x)ǫb(x)
)

= ∂xµ

(

−1
g∂

µ
x δabδ

(4)(x− y) + facbA
cµ(x)δ(4)(x− y)

)

= −1
g∂xµ

(

∂µx δabδ
(4)(x− y) + ig(−ifcab)Acµ(x)δ(4)(x− y)

)

= −1
g∂xµ

(

∂µx δabδ
(4)(x− y) + ig(tcA)abA

cµ(x)δ(4)(x− y)
)

= −1
g∂xµ(D

(A)µ
x )abδ

(4)(x− y) ,

(4.508)

where it has been made explicit that the derivative ∂xµ and the covariant derivative in the adjoint

representation D
(A)
xµ act here on x. Including the contribution from Eq. (4.507), the quadratic

part of the gauge-fixed Lagrangian L ′ = L + L Lorenz
gf reads

L
′ (2) = −1

2
Aaµ (−✷ηµν + ∂µ∂ν)A

aν +
1

2ξ
Aaµ∂µ∂νA

aν + total divergence

= −1

2
Aaµδab

(

−✷ηµν +

(

1− 1

ξ

)

∂µ∂ν

)

Abν + total divergence.

(4.509)

The modified kernel is now invertible, as it is evident going over to momentum space:

K′ab
µν (p) = δab

[

p2ηµν −
(

1− 1

ξ

)

pµpν

]

= δabp2
[(

ηµν −
pµpν
p2

)

+
1

ξ

pµpν
p2

]

,

K′ −1 ab
µν (p) = δab

1

p2

[(

ηµν −
pµpν
p2

)

+ ξ
pµpν
p2

]

= δab
1

p2

(

ηµν − (1− ξ)
pµpν
p2

)

.

(4.510)

Now that a gauge-field propagator is defined, one can read off the interaction vertices from the
cubic and quartic terms of the gauge-field Lagrangian, as well as off the matter Lagrangian,
and derive the Feynman rules of the theory. Notice that since the propagator is the lowest-
order contribution to the two-point function 〈AaµAbν〉 = K′ −1ab

µν (p) + . . ., it is a gauge-dependent
quantity. Nonetheless, the perturbative series is gauge independent.
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Ghost fields The Faddeev-Popov determinant in the calculation is most easily dealt with by
representing it as a Grassmann path integral,

DetF =

∫

Dω

∫

Dω∗ exp

{

i

∫

d4x

∫

d4y ω∗
a(x)Fab xy ωb(y)

}

=

∫

Dω

∫

Dω∗ exp

{

i

∫

d4xLghost

}

,

(4.511)

where ωa and ω∗
a are two sets of independent Grassmann (anticommuting) variables collectively

called ghost fields, or simply ghosts, with a running over as many values as there are generators
in the gauge group. To distinguish them, ωa are referred to as ghost fields and ω∗

a as antighost
fields. A new quantum number, the ghost number, is introduced, taking value +1 for ωa, −1 for
ω∗
a, and 0 for any other field. In this way one has an ordinary path integral with an extended set

of integration variables and a total Lagrangian that reads Ltot = L ′+Lghost = L +Lgf+Lghost.
The ghost fields are fermionic scalar fields, and as such they violate the spin-statistics con-

nection. The corresponding excitations then represent unphysical states that should not be part
of the physical Hilbert space. We already now that there exist gauges where ghosts are absent,
e.g., the axial gauge, using which a physical Hilbert space, i.e., including only positive-norm
states, can be reconstructed straightforwardly. Since the expectation values of gauge-invariant
operators in the De Witt-Faddeev-Popov formalism is independent of the gauge choice, the cor-
responding states in the reconstructed pre-Hilbert space will automatically have positive norms
independently of the gauge that one uses. One can then construct a physical Hilbert space also
using gauges other than the axial gauge, where in general one finds also zero or negative-norm
states in the pre-Hilbert space obtained from the path integral. These states, however, do not
affect the observable physics.

Nonetheless, the contribution of ghost fields to IO is essential to achieve the desired gauge
invariance, and cures what otherwise would be problems with unitarity of the perturbative series.
In practical calculations, Feynman diagrams with external ghost or antighost lines can simply
be ignored, while those with ghost lines appear only in internal loops must be included. The
corresponding Feynman rules are derived from Lghost in the standard way. For example, in
Lorenz gauge one finds from Eq. (4.508) (using integration by parts)

∫

d4xLghost = −1

g

∫

d4x

∫

d4y ω∗
a(x)∂xµ(D

(A)µ
x )abδ

(4)(x− y)ωb(y)

= −1

g

∫

d4x

∫

d4y
[

(D(A)µ
x )ba∂xµω

∗
a(x)

]

δ(4)(x− y)ωb(y)

= −1

g

∫

d4x
[

(D(A)µ
x )ba∂xµω

∗
a(x)

]

ωb(x)

=
1

g

∫

d4x ∂µω
∗
a(x)(D

(A)µ)ab ωb(x)

=
1

g

∫

d4x [∂µω
∗
a(x)∂

µωa(x) + ig(tcA)ab(∂µω
∗
a(x))ωb(x)A

cµ(x)] .

(4.512)

The factor 1/g can be dropped since it can be reabsorbed in a redefinition of the ghost fields
producing only a constant prefactor for the path integral. The ghost propagator is the same as
that of a massless scalar field, and the only interaction term yields a three-point gauge field-
ghost-antighost vertex. As appropriate for a fermionic variable, ghost loops carry an extra
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minus sign with respect to analogous gauge-field loops, which are present in a non-Abelian
gauge theory due to the self coupling of gauge fields. This can be interpreted as ghost fields
compensating the inclusion of the unphysical degrees of freedom of the gauge fields, i.e., those
that are modified by a gauge transformation, when using gauge fixing procedures that do not
remove them completely. Notice that there are indeed as many ghost-antighost pairs of fields
(ωa, ω

∗
a) as there are independent parameters Λa in a gauge transformation.

As a final remark, we notice that when building up an operator formalism for the ghost
fields, one requires that ωa and ω∗

a be sets of respectively Hermitean and anti-Hermitean scalar
field operators, ω†

a = ωa and ω
∗†
a = −ω∗

a obeying canonical anticommutation relations. However,
the momenta conjugate to ωa and ω

∗
a are proportional respectively to ω̇∗

a and ω̇a. For free fields,
this means that nontrivial anticommutation relations are obeyed by the ghost annihilation and
antighost creation operators, and viceversa.

BRST invariance While the formalism developed above is gauge-invariant, the total action
Ltot is not. Surprisingly, despite the presence of gauge-non-invariant terms, Ltot still displays
invariance under a certain transformation, which is sort of a remnant of the initial gauge invari-
ance. In order to exhibit this symmetry, it is convenient first to recast IO as follows,

IO =

∫

DA

∫

Dψ

∫

Dψ̄

∫

Dω

∫

Dω∗ ei
∫

d4xLtot

=

∫

DA

∫

Dψ

∫

Dψ̄

∫

Dω

∫

Dω∗ ei
∫

d4x (L+Lghost)e−
i
2ξ

∫

d4x fafa

∝
∫

DA

∫

Dψ

∫

Dψ̄

∫

Dω

∫

Dω∗
∫

Dh ei
∫

d4x (L+Lghost)e
iξ
2

∫

d4x hahaei
∫

d4xhafa

=

∫

DA

∫

Dψ

∫

Dψ̄

∫

Dω

∫

Dω∗
∫

Dh ei
∫

d4xLnew ,

(4.513)

where we have used a Gaussian path integral to re-express the gauge-fixing Lagrangian in terms
of a new set of fields ha (the Nakanishi-Lautrup fields), with again as many fields as group
generators, and where

Lnew = L + ω∗
a∆a + hafa +

ξ

2
haha ,

∆a(x) =

∫

d4yFab xy ωb(y) .
(4.514)

We now show that Lnew is invariant under the infinitesimal transformation δθ, defined as follows:

δθψ = −igtaθωaψ ,
δθψ̄ = −igθ(−ta)∗ωaψ̄ ,
δθA

a
µ = θ(D(A)

µ ω)a = θ(∂µωa − gfabcA
b
µωc) ,

δθωa = θ 12gfabcωbωc ,

δθω
∗
a = θgha ,

δθha = 0 .

(4.515)

Here θ is an infinitesimal Grassmann variable, which therefore anticommutes with all fermionic
fields and commutes with all bosonic fields. This transformation is extended to more general
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functionals of fields by treating it as the infinitesimal version of a finite linear transformation.
In particular, it extends trivially by linearity to

δθ(A+B) = (δθA) + (δθB) , (4.516)

while for the product of fields

δθ(AB) = (δθA)B +A(δθB) . (4.517)

This extends straighforwardly by induction to the product of any number of fields. Then, for a
general functional,

F [φ] =
∞
∑

n=0

∑

{Ai}n

∫

d4x1 . . .

∫

d4xn FA1...AnφA1(x1) . . . φAn(xn) , (4.518)

with {Ai}n = (A1, . . . An) and each Ai running over the basic fields (φA = ψ, ψ̄, A, ω, ω∗, h), the
transformation δθF is obtained using Eqs. (4.516) and (4.517) together with the basic transfor-
mation laws Eq. (4.515), and is equal to37

δθF [φ] = (F [φ+ δθφ]− F [φ])|O(θ) =

∫

d4x
δF [φ]

δφA(x)
δθφA(x) . (4.519)

For future purpose it is useful to define the operator s via

δθF [φ] = θsF [φ] . (4.520)

The transformation Eq. (4.515) is known as the Becchi-Rouet-Stora-Tyutin transformation, or
BRST transformation. The transformation law of the gauge and matter fields is easily recognised
as an ordinary gauge transformation with not quite ordinary infinitesimal parameters ǫa =
−gθωa. It is then obvious that δθL = 0 since L is gauge invariant. To prove invariance of the
rest, it is convenient to prove first that the operator s is nilpotent, i.e., s2 = 0. This in turn is
proved in steps, starting from the following observations.

1. For the basic fields one shows by direct calculation that s2φA = 0. This is done below in
detail.

2. For the product Φ1Φ2 of two monomials (i.e., products) of basic fields Φ1,2, one has from
Eq. (4.517)

δθ(Φ1Φ2) = (δθΦ1)Φ2 +Φ1(δθΦ2) = (θsΦ1)Φ2 +Φ1(θsΦ2)

= θ
(

(sΦ1)Φ2 + (−1)F (Φ1)Φ1(sΦ2)
) (4.521)

where F (Φ) is the fermion number of Φ (1 for fermionic fields, 0 for bosonic fields), and
so

s(Φ1Φ2) = (sΦ1)Φ2 + (−1)F (Φ1)Φ1(sΦ2) . (4.522)

37The functional derivative with respect to fermionic fields is also an anticommuting object and one should be
careful in specifying if it acts on the left or on the right of the functional. We will ignore this issue here.
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3. By direct inspection, one has for fundamental fields that the s operator transforms bosons
into fermions and viceversa, and so F (sφA) = 1 − F (φA), and so also for a general
monomial Φ one has

F (sΦ) = 1− F (Φ) (4.523)

which can be seen by using Eq. (4.517) and its generalisation to any number of fields.

By definition, δθsΦ = θs2Φ. Combining Eqs. (4.522) and Eq. (4.523) one finds

θs2(Φ1Φ2) = δθs(Φ1Φ2) = δθ

(

(sΦ1)Φ2 + (−1)F (Φ1)Φ1(sΦ2)
)

= (δθ (sΦ1))Φ2 + (sΦ1) (δθΦ2) + (−1)F (Φ1)[(δθΦ1) (sΦ2) + Φ1 (δθ (sΦ2))]

= θ
(

s2Φ1

)

Φ2 + (sΦ1)θ (sΦ2) + (−1)F (Φ1)[θ (sΦ1) (sΦ2) + Φ1θ
(

s2Φ2

)

]

= θ
[

(

s2Φ1

)

Φ2 + (−1)F (sΦ1)(sΦ1) (sΦ2)

+ (−1)F (Φ1)[(sΦ1) (sΦ2) + (−1)F (Φ1)Φ1

(

s2Φ2

)

]
]

= θ
[

(

s2Φ1

)

Φ2 +
(

(−1)F (sΦ1) + (−1)F (Φ1)
)

(sΦ1) (sΦ2) + Φ1

(

s2Φ2

)

]

= θ
[(

s2Φ1

)

Φ2 +Φ1

(

s2Φ2

)]

,

(4.524)

and so s2(Φ1Φ2) = 0 if s2Φ1,2 are. Since this is true for the basic fields, it follows for any
monomial by induction, and to any polynomial of any order by linearity, hence to any functional
of the fields.

It remains to show that s2φA = 0. For φA = ψ,

θs2ψ = δθsψ = −igta
[

(

θ 12gfabcωbωc
)

ψ − ωaθigt
bωbψ

]

= −θig2ta
[

1
2fabcωbωcψ + itbωaωbψ

]

= −θig2
[

1
2fabct

a + itbtc
]

ωbωcψ = θ
g2

2

[

−ifbcata + [tb, tc]
]

ωbωcψ

= θ
g2

2
[−ifbcata + ifbcat

a]ωbωcψ = 0 ,

(4.525)

having used ωbωc = −ωcωa to replace tbtc with the commutator. The proof for ψ̄ is identical,
replacing the generators ta = taR in representation R with the generators (−ta)∗ = (−taR)∗ in the
complex conjugate representation R̄. For φA = Aaµ,

θs2Aaµ = δθsA
a
µ = ∂µ(θ

1
2gfabcωbωc)− gfabc

[

θ
(

∂µωb − gfbdeA
d
µωe

)

ωc +Abµ(θ
1
2gfcdeωdωe)

]

= θ
{

1
2gfabc∂µ(ωbωc)− gfabc (∂µωb)ωc

+g2fabcfbdeA
d
µωeωc − 1

2g
2fabcfcdeA

b
µωdωe

}

= θ
{

gfabc(∂µωb)ωc − gfabc (∂µωb)ωc + g2Adµωeωc
(

fabcfbde − 1
2fadbfbec

)

}

= θg2Adµωeωc

(

i(tcA)abi(t
e
A)bd +

1
2 i(t

b
A)adfceb

)

= θ
g2

2
Adµωeωc

(

−[tcA, t
e
A] + ifcebt

b
A

)

ad
= 0 ,

(4.526)
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having used the anticommuting nature of the ghost fields to show

fabc∂µ(ωbωc) = fabc[(∂µωb)ωc+ωb(∂µωc)] = fabc[(∂µωb)ωc− (∂µωc)ωb] = 2fabc(∂µωb)ωc , (4.527)

and to replace tcAt
e
A with the commutator in the last passage. For φA = ωa,

θs2ωa = δθsωa =
1

2
fabc[(θsωb)ωc + ωb(θsωc)] = θ

g

2
fabc[(sωb)ωc − ωb(sωc)]

= θgfabc(sωb)ωc = θ
g2

2
fabcfbdeωdωeωc = −θg

2

2
ωcωdωefacbfdeb = 0 ,

(4.528)

where we used the fact that fabcωb(sωc) = fabc(sωc)ωb = −facb(sωc)ωb = −fabc(sωb)ωc since sωc
is bosonic, and where the vanishing of the last quantity follows from the fact that ωcωdωe is
invariant under cyclic permutations of the indices, and that the structure constants satisfy the
identity

facbfdeb + cyclic permutations of the underlined indices = 0 , (4.529)

as a consequence of the Jacobi identity. For φA = ω∗
a,

θs2ω∗
a = δθsω

∗
a = δθha = 0 . (4.530)

Finally, for φA = ha one has trivially

θs2ha = δθsha = 0 . (4.531)

Nilpotency of s is then proved.
To prove BRST invariance of Lnew we now study the transformation properties of fa. To

this end, we use Eq. (4.519) to show that

δθf [φ;x] = (fa[φ+ δθφ;x]− fa[φ;x]) |O(θ) = (fa[φǫ;x]− fa[φ;x]) |ǫ=−gθω

=

∫

d4y
δfa[φǫ;x]

δǫb(y)

∣

∣

∣

∣

ǫ=0

(−gθωb(y)) =
∫

d4yFab xy(−gθωb(y))

= −gθ
∫

d4yFab xyωb(y) = −gθ∆a(x) ,

(4.532)

having used the fact that Fab xy is a bosonic quantity, and so

sfa[φ;x] = −g∆a(x) . (4.533)

Then
g(ω∗

a∆a + hafa) = (sω∗
a)fa − ω∗

a(sfa) = s(ω∗
afa) , (4.534)

and since also
ghaha = (sω∗

a)ha = s(ω∗
aha) , (4.535)

we find

ω∗
a∆a + hafa +

ξ

2
haha = s

(

1
g (ω

∗
afa +

1
2ξω

∗
aha)

)

= s
(

1
gω

∗
a(fa +

1
2ξha)

)

= sΨ . (4.536)

In conclusion,
Lnew = L + sΨ . (4.537)

A quantity of the form sΨ, i.e., in the image of s, is called BRST-exact. A quantity Ψ′ such
that sΨ′ = 0 is instead called BRST-closed. We have already mentioned that sL = 0, and since
the second term is BRST-exact one finds

sLnew = s2Ψ = 0 , (4.538)

since s is nilpotent.
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BRST charge, BRST cohomology, and BRST quantisation As for any other continuous
symmetry, there is a Hermitean conserved charge Q associated with the BRST transformation.
Due to the peculiar nature of the BRST transformation, that involves a Grassmann parameter
rather than an ordinary c-number one, this charge is a fermionic charge, in a sense to be explained
shortly. The charge Q generates the BRST transformation, and so for a generic field operator
Φ̂ with definite fermion number

δθΦ̂ = θsΦ̂ = i[θQ, Φ̂]− = i(θQΦ̂− Φ̂θQ) = iθ(QΦ̂∓ Φ̂Q) = iθ[Q, Φ̂]∓ , (4.539)

where the signs − and + correspond to the commutator and anticommutator, respectively, and
have to be chosen according to whether Φ̂ is bosonic or fermionic, respectively. Then,

[Q, Φ̂]∓ = −isΦ̂ . (4.540)

As a consequence of nilpotency and of the fact that sΦ̂ has fermion number opposite to that of
Φ̂, one has

0 = −s2Φ̂ = [Q, [Q, Φ̂]∓]± = [Q,QΦ̂∓Φ̂Q]± = Q2Φ̂∓QΦ̂Q±(QΦ̂Q∓Φ̂Q2) = [Q2, Φ̂]− . (4.541)

In order for this to vanish for all Φ̂, Q2 must be proportional to the identity operator. But from
Eq. (4.515) we see that Q2 has a nonzero ghost number, since its commutator with a basic field
of ghost number g yields a field with ghost number g + 1 (except for the Nakanishi-Lautrup
fields ha), and so the only possibility is for the proportionality factor to be zero, i.e., Q2 = 0.

We now show that Q|phys〉 = 0 for any physical state |phys〉 = Ô|0〉 obtained by applying a
gauge-invariant operator Ô built out of gauge and matter fields on the vacuum |0〉. Such states
clearly have vanishing ghost number. We know that a BRST transformation of the gauge and
matter fields is a gauge transformation with parameters −gθωa, and so [Q, Ô]∓ = 0. The charge
Q is a spatial integral of field operators, and as such it commutes with spatial translations, i.e.,
[~P ,Q]− = 0. Then 0 = [~P ,Q]−|0〉 = ~PQ|0〉, i.e., Q|0〉 is translation invariant and so Q|0〉 = c|0〉
due to the vacuum being the unique translation-invariant state. But c2 = 〈0|Q2|0〉 = 0, so
Q|0〉 = 0. Then Q|phys〉 = QÔ|0〉 = [Q, Ô]−|0〉 = 0, i.e., they are BRST-closed. If we now add
an arbitrary BRST-exact vector Q|a〉 to a physical state, we find for the scalar products

(

〈phys′|+ 〈a′|Q
)

(|phys〉+Q|a〉) = 〈phys′|phys〉+ 〈a′|Q|phys〉+ 〈phys′|Q|a〉+ 〈a′|Q2|a〉
= 〈phys′|phys〉 .

(4.542)
Since such scalar products entirely encode the physics of the system, we have found that vectors
in the pre-Hilbert space that differ only by a BRST-exact vector represent the same physical
state. The physical Hilbert space is then obtained from the pre-Hilbert space by identifying
vectors differing only by a BRST-exact vector Q|a〉. In mathematical terms, this amounts to
associate physical states with equivalence classes with respect to the equivalence relation ∼
defined by

|v〉 ∼ |w〉 if |v〉 − |w〉 = Q|a〉 for some |a〉 . (4.543)

In particular, vectors corresponding to physical states belong to the kernel of Q, KerQ =
{|v〉 | Q|v〉 = 0}, with vectors differing by an element of the image of Q, ImQ = {|v〉 | |v〉 =
Q|w〉}, representing the same state. Physical states are then the equivalence classes with respect
to ∼ that contain elements of KerQ, which form the quotient space KerQ/ImQ, or in other
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words they are the BRST-closed vectors modulo the BRST-exact ones. For nilpotent operators
Q, the quotient space KerQ/ImQ is called the cohomology of Q.

The discussion above suggests a different way to quantise a gauge theory, known as BRST
quantisation, that departs completely from the route followed above (i.e., generalising from
canonical quantisation in axial gauge). One starts from a path integral

∫

Dφ eiSBRST[φ] , (4.544)

where φ now denotes collectively gauge, matter, ghost, and Nakanishi-Lautrup fields, with SBRST

the most general action of ghost number zero that is invariant under BRST transformations,
as well as under Poincaré and all other desired symmetry, and that satisfies the criteria for
renormalisability by power counting. We will show in a moment that such an action must be of
the form

SBRST[φ] = S[φphys] + sΨ[φ] , (4.545)

with S a gauge-invariant functional of the gauge and matter fields φphys only, and Ψ an arbitrary
functional of ghost number −1. One then identifies the BRST charge Q and the ghost charge
Qg and defines the physical states as the vectors of ghost number zero, i.e., Qg|phys〉 = 0, that
are unaffected by any change δΨ of Ψ. This means that a generic scalar product 〈phys′|phys〉
between two physical states must be left unchanged, i.e.,

0 = δ〈phys′|phys〉 = 〈phys′|isδΨ|phys〉 = −〈phys′|[Q, δΨ]|phys〉 , (4.546)

which is true for arbitrary δΨ only if Q|phys〉 = 0. We then require that physical states belong
to the kernel of Q, with vectors differing by an element of the image of Q being identified. One
can show that the space of physical states selected in this way is a proper, physical Hilbert space
with a positive-definite scalar product, and free of ghosts and antighosts. This is expected since
we already know that quantisation in axial gauge yields a proper Hilbert space of states, free of
ghosts and antighosts that are trivially decoupled. Since scalar products of physical states, that
are annihilated by Q, are independent of the choice of Ψ, and since there is at least one Ψ for
which ghost and antighost states decouple from the rest, this decoupling will take place for an
arbitrary choice of Ψ.38

We finally show that Eq. (4.545) provides the most general BRST invariant functional of
fields. To do this, notice that except when acting on a functional of the ha fields only, the BRST
transformation Eq. (4.515) leaves the total number of ω∗

a and ha fields unchanged. In general,
we can write a generic functional uniquely as

F [φ] = Fh[h] +

∞
∑

N=0

FN [φ] , (4.547)

where FN [φ] are in general sums of functionals containing N fields ω∗
a and ha, and at least one

basic field different from the ha. Since ha is BRST-exact, it is easy to see that so is Fh[h], and so
automatically BRST-closed (i.e., BRST-invariant). Moreover, sFN contains exactly as many ω∗

a

38BRST quantisation (in the canonical formalism) is discussed in T. Kugo and I. Ojima, “Local covariant
operator formalism of nonabelian gauge theories and quark confinement problem”, Prog. Theor. Phys. Suppl. 66
(1979), 1–130.
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and ha fields as FN , and so (sF )N = sFN . The most general BRST-invariant functional SBRST

is then of the form

SBRST[φ] = Sh[h] +
∞
∑

N=0

SN [φ] , (4.548)

with Sh arbitrary but automatically BRST-exact, and sSN = 0. Next, introduce an operator t
defined by

tha =
1
gω

∗
a ,

tφA = 0 , φA 6= ha ,
(4.549)

on the basic fields, and extended by linearity to act on a generic functional.39 Clearly t2 = 0. It
is easy to see that

stha = ha , stφA = 0 , φA 6= ha ,

tsω∗
a = ω∗

a , tsφA = 0 , φA 6= ωa ,
(4.550)

resulting in

{s, t}φA =

{

φA , φA = ω∗
a, ha ,

0 , φA 6= ω∗
a, ha .

(4.551)

Applied on SN , the operator {s, t} then simply counts how many fields ω∗
a and ha are there. To

see this in detail, notice that a generic monomial Φ can be written as ha1 . . . hanh
ω∗
b1
. . . ωbn∗

ω
Φ̄,

with Φ̄ independent of ha and ω∗
b , and so

st ha1 . . . hanh
ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄

=
(

st ha1 . . . hanh

)

ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄− (t ha1 . . . hanh

)
(

s ω∗
b1 . . . ω

∗
bn∗

ω

)

Φ̄

− (−1)nω∗ (t ha1 . . . hanh
)ω∗
b1 . . . ωbn∗

ω
(s Φ̄) ,

ts ha1 . . . hanh
ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄

=
(

t ha1 . . . hanh

)(

s ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄
)

+ ha1 . . . hanh

(

ts ω∗
b1 . . . ω

∗
bn∗

ω

)

Φ̄

=
(

t ha1 . . . hanh

)(

s ω∗
b1 . . . ω

∗
bn∗

ω

)

Φ̄ + ha1 . . . hanh

(

ts ω∗
b1 . . . ω

∗
bn∗

ω

)

Φ̄

+ (−1)nω∗

(

t ha1 . . . hanh

)

ω∗
b1 . . . ω

∗
bn∗

ω

(

s Φ̄
)

,

{s, t}ha1 . . . hanh
ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄

=
(

st ha1 . . . hanh

)

ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄ + ha1 . . . hanh

(

ts ω∗
b1 . . . ω

∗
bn∗

ω

)

Φ̄

= (nh + nω∗)ha1 . . . hanh
ω∗
b1 . . . ω

∗
bn∗

ω
Φ̄ .

(4.552)

Using this result we now have for a BRST-invariant functional SN with N antighost and h fields,

{s, t}SN = NSN = stSN + tsSN = stSN , (4.553)

39Since ha is a bosonic variable, one can write a generic functional F with all hs on the left as (schematically)
hN F̄ , with F̄ independent of h, without having to keep track of signs. Since tF̄ = 0, there are no problems in
choosing the sign when defining tF = (thN )F̄ ±hN (tF̄ ) = (thN )F̄ = (

∑

ω∗hN−1)F̄ , where the sum runs over the
ha, that t replaces with ω∗

a.
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so for N 6= 0
SN = s

(

1
N tSN

)

, (4.554)

i.e., SN is BRST-exact. We then have

SBRST[φ] = S0[φ] + sΨ[φ] , (4.555)

where we collected into sΨ all the BRST-exact terms. As for S0, it does not contain any h or
antighost field, and since we required that SBRST has total ghost number zero it also does not
contain any ghost field. Then S0 = S0[φphys] is a functional of gauge and matter fields only, and
Eq. (4.545) follows.

BRST quantisation of U(1) pure gauge theory As an example of how BRST quantisation
works, consider U(1) pure gauge theory in Lorenz gauge. As this is an Abelian group, the
structure constants vanish. One starts from the Lagrangian Eq. (4.514), setting f = ∂µA

µ.
There are a single gauge field, i.e., the photon field Aµ, and a single pair of ghost and antighost
fields, ω and ω∗. The ghost action is given by Eq. (4.512), and shows that ghost and antighost
do not interact with the photon field. The auxiliary Nakanishi-Lautrup field h can be integrated
out without problems, in practice by setting h = −f/ξ, as long as one takes that into account
in the BRST transformation. The resulting Lagrangian reads

L = −1

4
FµνF

µν − 1

2ξ
(∂µA

µ)2 + ∂µω
∗∂µω , (4.556)

and the BRST transformation i[Q,φ]± = sφ becomes

sAµ = ∂µω , sω = 0 , sω∗ = −g
ξ
∂µA

µ . (4.557)

Following the canonical procedure, one solves the equations of motion for the massless fields Aµ,
ω and ω∗, all required to be Hermitean, and finds

Aµ(x) =

∫

dΩp

(

aµ(p)e
−ip·x + aµ(p)

†eip·x
)

,

ω(x) =

∫

dΩp

(

c(p)e−ip·x + c(p)†eip·x
)

,

ω∗(x) =
∫

dΩp

(

b(p)e−ip·x + b(p)†eip·x
)

,

(4.558)

where dΩp is the usual invariant measure on phase space and p0 = |~p |. One then imposes
canonical (anti)commutation relations on fields and conjugate momenta, that are

Πµ =
∂L

∂(∂0Aµ)
= −F 0µ − 1

ξ
δµ0∂αA

α , (4.559)

for the gauge fields, and40

π =
∂RL

∂(∂0ω)
= ∂0ω∗ π∗ =

∂RL

∂(∂0ω∗)
= −∂0ω , (4.560)

40Here ∂R/∂θi denotes the right derivative with respect to the Grassmann variable θi of a function F (θ) of
Grassmann variables θ1, . . . θn, defined as follows. One can always write the most general F as

F (θ) =
n
∑

k=0

∑

{a1,...,ak}
a1<a2<...<ak

Fa1...ak
θa1

. . . θak
,
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for the ghost and antighost fields. In particular, for the photon field one has

[Aµ(x),Π
ν(y)]ET = iδ ν

µ δ(3)(~x− ~y ) , [Aµ(x), A
ν(y)]ET = [Πµ(x),Π

ν(y)]ET = 0 , (4.561)

which are equivalent to

[Aµ(x), Ȧν(y)]ET = −iη(ξ)µν δ(3)(~x− ~y ) , [Aµ(x), Aν(y)]ET = [Ȧµ(x), Ȧν(y)]ET = 0 , (4.562)

where η
(ξ)
µν = diag(ξ−1,−1,−1,−1). These imply

[aµ(p), aν(q)
†] = −2p0(2π)3η(ξ)µν δ

(3)(~p− ~q ) , [aµ(p), aν(q)] = [aµ(p)
†, aν(q)†] = 0 . (4.563)

The nontrivial anticommutation relations for the b and c operators are instead

{c(p), b(q)†} = −2p0(2π)3δ(3)(~p− ~q ) , {b(p), c(q)†} = −2p0(2π)3δ(3)(~p − ~q ) . (4.564)

Then c† and b† create a ghost and an antighost particle, respectively, and b and c annihilate
a ghost and an antighost particle, respectively. Defining the vacuum state |0〉 as the state
annihilated by all the a(p), b(p), and c(p), and building the Fock space out of it by means of
creation operators, we see from Eqs. (4.563) and (4.564) that this contains states of negative
norm. For example, for the states with one temporal photon |t(p)〉 = a0(p)

†|0〉 one has

〈t(p)|t(q)〉 = 〈0|a0(p)a0(q)†|0〉 = 〈0|[a0(p), a0(q)†]|0〉 = −1

ξ
2p0(2π)3δ(3)(~p − ~q ) . (4.565)

Using now Eq. (4.557), we find

i

∫

dΩp

(

[Q, aµ(p)]e
−ip·x + [Q, aµ(p)

†]eip·x
)

= −i
∫

dΩp

(

pµc(p)e
−ip·x − pµc(p)

†eip·x
)

,

i

∫

dΩp

(

{Q, b(p)}e−ip·x + {Q, b(p)†}eip·x
)

= i
g

ξ

∫

dΩp

(

pµaµ(p)e
−ip·x − pµaµ(p)

†eip·x
)

,

i

∫

dΩp

(

{Q, c(p)}e−ip·x + {Q, c(p)†}eip·x
)

= 0 ,

(4.566)
and matching coefficients we obtain

[Q, aµ(p)] = −pµc(p) , [Q, aµ(p)
†] = pµc(p)

† ,

{Q, b(p)} =
g

ξ
pµaµ(p) , {Q, b(p)†} =

g

ξ
pµaµ(p)

† ,

{Q, c(p)} = 0 , {Q, c(p)†} = 0 .

(4.567)

It follows from the (anti)commutation relations with annihiliation operators that Q|0〉 = 0: in
fact, acting on the vacuum with both sides of the relations one finds aµ(p)Q|0〉 = b(p)Q|0〉 =
c(p)Q|0〉 = 0, so that Q|0〉 ∝ |0〉, but since Q2 = 0 the proportionality constant must be zero.

so it suffices to define ∂R/∂θi for ordered monomials M = θa1
. . . θak

with a1 < a2 < . . . < ak, and then extend
it by linearity. If a monomial contains θi, then it can also be written as M = (−1)ñθã1

. . . θãk−1
θi = M̃θi for

a suitable integer ñ and indices ã1, . . . , ãk−1. Then ∂RM/∂θi = M̃ . If instead M does not contain θi, then
∂RM/∂θi = 0. One analogously defines the left derivative by writing M = (−1)n̂θiθâ1

. . . θâk−1
= θiM̂ and

setting ∂LM/∂θi = M̂ , if M contains θi, and zero otherwise.
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Consider now a generic vector |ψ〉 corresponding to a physical state, i.e., obeying Q|ψ〉 = 0.
If we add a photon with polarisation eµ, i.e., we apply eµaµ(p)

† = e · a(p)† on |ψ〉, then

Qe · a(p)†|ψ〉 = (e · p)c(p)†|ψ〉 , (4.568)

which still obeys the physicality condition if e · p = 0, i.e., if e is transverse, eµ = (0, ~n⊥) with
~n⊥ · ~p = 0, or if e is longitudinal, eµ = pµ, but not if eµ = (|~p |,−~p ). However, since

Qb(p)†|ψ〉 = g

ξ
pµaµ(p)

†|ψ〉 , (4.569)

adding a longitudinal photon gives a BRST-exact state, which is equivalent to the zero vector,
so in particular has norm zero. This equation also tells us that adding an antighost to a physical
state makes it an unphysical state. Finally,

Qc(p)†|ψ〉 = 0 , (4.570)

so that adding a ghost one still finds a physical vector, but since for any eµ such that e · p 6= 0
one has

c(p)†|ψ〉 = Q(e · p)−1 e · a(p)†|ψ〉 , (4.571)

such a state is BRST-exact and so equivalent to the zero vector. One then concludes that the
physical states contain only transverse photons, modulo BRST-exact vectors containing ghosts
and longitudinal photons. Restricted to physical states the scalar product is positive-definite,
and a proper Hilbert space is then obtained.

5 Chiral anomaly

Quantisation of a field theory requires the introduction of suitable regulator, in order to deal
with the infinite number of degrees of freedom of the system. Such a regulator generally breaks
one or more of the symmetries of the classical action, and it is generally not guaranteed that the
classical symmetry is recovered after renormalisation and removal of the regulator. In particular,
finite symmetry breaking effects may ensue from naively vanishingly small symmetry-breaking
terms in the regulated action if they get multiplied by some UV-divergent renormalisation factor.
In this case the classical symmetry is lost at the quantum level, and an anomaly is said to be
present.

An elegant way to understand anomalies is in terms of the non-invariance of the path integral
measure under a transformation of the fields that otherwise leaves the action invariant. To be
mathematically sound, this requires to put path integrals on a more solid ground by formulating
them in Euclidean rather than Minkowskian metric.

Euclidean field theory Recall that in the quantum field theory of a real scalar field the basic
object is the following path integral,

Z =

∫

[Dφ] ei
∫

d4x ( 1
2
(∂µφ∂µφ−m2φ2)− g3

3!
φ3− g4

4!
φ4) =

∫

[Dφ] eiS[φ] . (5.572)

This object is the integral of a wildly oscillating function, and so has very bad convergence
properties, which are a bit improved by the inclusion of suitable “iǫ” terms that damp the
exponential when the field and/or its derivatives are large.
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The convergence properties of Eq. (5.572) would be drastically improved if we could turn
the oscillating factor into a damped exponential altogether. This can be achieved by means of
the so-called Wick rotation, which consists in the analytic continuation of the time variable x0

from real to imaginary values. More precisely, one replaces

x0 → −ixE4 , xi = xEi , (5.573)

everywhere, and in turn one defines the Euclidean field φE(xE) depending on the Euclidean
coordinates xE = (~xE , xE4),

φ(x) = φ(x0, ~x) → φ(−ixE4, ~x) ≡ φE(~xE , xE4) = φE(xE) ,

∂0φ(x) =
∂

∂x0
φ(x0, ~x) → i

∂

∂xE4
φ(−ixE4, ~x) = i∂E4φE(xE) ,

∂jφ(x) =
∂

∂xj
φ(x0, ~x) → ∂

∂xEj
φ(−ixE4, ~x) =

∂

∂xEj
φE(xE) .

(5.574)

Under the replacement Eq. (5.574) the action becomes ((~∇E)j = ∂Ej)

iS[φ] → i(−i)
∫

d4xE

[

1

2

(

i2(∂E4φE(xE))
2 − (~∇EφE(xE))

2 −m2φ2E

)

− g3
3!
φ3E − g4

4!
φ4E

]

= −
∫

d4xE

[

1

2

(

(∂E4φE(xE))
2 + (~∇EφE(xE))

2 +m2φ2E

)

+
g3
3!
φ3E +

g4
4!
φ4E

]

= −
∫

d4xE

[

1

2

(

∂EµφE(xE)∂EµφE(xE) +m2φ2E
)

+
g3
3!
φ3E +

g4
4!
φ4E

]

≡ SE [φE ] .

(5.575)
The action SE is invariant under translations and under the four-dimensional rotation group
SO(4), which are the symmetries of four-dimensional Euclidean space, i.e., R4 endowed with
the Euclidean metric41 XE · YE = XEµYEµ = δµνXEµYEν. This is to be contrasted with the
symmetry under translation of the original action S[φ] under translations and under the (proper
orthocronous) Lorentz group SO(3,1), which are the symmetries of Minkowski space, i.e., R4

endowed with the Minkowski metric X · Y = XµY νηµν . For this reason, Eq. (5.575) is said
to define a quantum field theory in Euclidean signature, or briefly a Euclidean quantum field
theory. The basic integral Eq. (5.572) is replaced by

Z → ZE =

∫

[DφE ] e
−SE [φE ] , (5.576)

which (for positive g4) is the integral of a damped exponential, and so properly convergent
(after suitable regularisation). In fact, Eq. (5.576) is just the canonical partition function of a
spatially four-dimensional statistical mechanics system with Hamiltonian SE and corresponding
Boltzmann weight e−SE ,42 and for this reason is commonly referred to as the partition function
of the system. Correlation functions with respect to the Boltzmann weight e−SE , denoted by
〈. . .〉E , are the result of Wick rotation of the Minkowskian Green’s function. For example,

G(2)(x) = 〈φ(0)φ(x0, ~x)〉 → 〈φ(0)φ(−ixE4, ~x)〉E = 〈φE(0)φE(xE)〉E = G
(2)
E (xE) . (5.577)

41There is no need here to distinguish between covariant and contravariant indices since XEµ = δµνX
ν
E = Xµ

E .
42Here one formally has kBT = 1.
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Here Euclidean correlation functions are defined as

〈φE(xE1) . . . φE(xEn)〉E =
1

ZE

∫

[DφE ] e
−SE [φE ] φE(xE1) . . . φE(xEn) . (5.578)

In operator language, the procedure described above corresponds to analytically continuing the
field operators to imaginary time,

φ̂(t) = eiHtφ̂(0)e−iHt → φ̂(−iτ) = eHτ φ̂(0)e−Hτ ≡ φ̂E(τ) , (5.579)

and represent the Green’s functions for imaginary time argument in terms of a path integral.
The result are the Euclidean correlation functions, in the statistical mechanics sense, of the
fields φE computed using the Boltzmann weight e−SE , which are obtained as in Eq. (5.578).43

As already pointed out above, Euclidean (imaginary time) correlation functions look better
than their Minkowskian (real time) counterparts in terms of convergence properties of the path
integral. As a matter of fact, they can be even studied in a nonperturbative way by discretising
the path integral on a lattice and computing it numerically.

The procedure to get the physically relevant, Minkowskian Green’s function is then to start
from the Euclidean correlation functions, and then analytically continue back in the temporal

variable via xE4 → ix0. For example, for the 2-point function one first computes G
(2)
E (~x, τ),

and then analytically continues from τ ∈ R+ (resp. τ ∈ R−) to it, t ∈ R+ (resp. t ∈ R−), i.e.,
counterclockwise in the complex plane, to get

G(2)(t, ~x) = G
(2)
E (~x, it) . (5.580)

The case of general n-point functions is analogous.44

The extension of Wick rotation to gauge fields requires only a minor modification. Since Aµ
transforms like ∂µ, the temporal component must acquire a factor of i in order for the Wick-
rotated action to display SO(4) invariance. One then performs the following Wick rotation of
the gauge fields,

Aa0(x
0, ~x) → iAaE4(−ixE4, ~xE) , Aaj (x

0, ~x) → AaEj(−ixE4, ~xE) , (5.581)

with ~xE = ~x, resulting in

F a0j(x
0, ~x) → iF aE4j(−ixE4, ~xE) , F ajk(x

0, ~x) → F aEjk(−ixE4, ~xE) , (5.582)

43It should be clear that the replacement Eq. (5.574) is not simply a change of integration variables in the
path integral. Recall that the formal path integral is obtained as the limit T → ∞ of the matrix element
〈Φ(~x)|U(2T )|Φ(~x)〉 of the temporal evolution operator U(t) = e−iHt, integrated over Φ(~x). One then writes
U(2T ) = eiNǫH with T = Nǫ and with large N (eventually infinite) and small (eventually infinitesimal) ǫ, and
inserts complete sets of “coordinate” eigenstates |φ(t, ~x)〉 after each eiǫH . The result is an integral over the discrete
“trajectory” φ(ti, ~x), with identical initial and final points, i.e., φ(T = tN , ~x) = φ(−T = t0, ~x) = Φ(~x). The only
meaningful external parameter is T , with ti being merely an index for the integration variables φ(ti, ~x). The
analytic continuation T → −iT is a nontrivial operation, resulting in ei2TH being replaced by e−2TH , which is a
completely different type of operator. In terms of the continuous trajectory φ(t, ~x) and its derivatives, which are
shorthand notations for φ(ti, ~x) and [φ(ti+1, ~x) − φ(ti, ~x)]/ǫ, and of the temporal integral

∫

dt f(t) in the action,
which is a shortand notation for ǫ

∑

i f(ti), the analytic continuation T → −iT corresponds precisely to the
replacement Eq. (5.574).

44Conditions under which one can reconstruct a proper (Minkowskian) quantum field theory starting from
Euclidean correlation functions (or Schwinger functions) are discussed in K. Osterwalder and R. Schrader, “Axioms
for Euclidean Green’s functions”, Commun. Math. Phys. 31 (1973), 83–112; “Axioms for Euclidean Green’s
functions. 2”, Commun. Math. Phys. 42 (1975), 281.
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with F aEµν identical in form to F aµν except for replecing Minkowskian with Euclidean fields. The
Yang-Mills action is then replaced by

iSYM = −1

4
i

∫

d4xF aµνF
aµν = −1

4
i

∫

d4x
(

−2F a0jF
a
0j + F ajkF

a
jk

)

→ −1

4
i(−i)

∫

d4xE
(

2F aE4jF
a
E4j + F aEjkF

a
Ejk

)

= −1

4

∫

d4xE F
a
EµνF

a
Eµν .

(5.583)

Correlation functions are obtained starting from the partition function

ZE =

∫

[DAE ] e
−

∫

d4xE
1
4
F a
EµνF

a
Eµν , (5.584)

either suitably discretised on a spacetime lattice, or including a suitable gauge-fixing functional
and the corresponding Faddeev-Popov determinant if one is interested in perturbative calcula-
tions. Minkowskian Green’s functions are then obtained from the Euclidean correlation functions
by reversing the analytic continuation Eq. (5.581).

For fermionic fields the Wick rotation reads

ψ(x0, ~x) → ψE(−ixE4, ~xE) , ψ̄(x0, ~x) → ψ̄E(−ixE4, ~xE) . (5.585)

Rotation invariance of the resulting Euclidean action is made explicit by introducing the Eu-
clidean gamma matrices. In fact, the derivative term of the Dirac action is replaced by

/D = Dµγ
µ = (∂µ + igAaµ(x)t

a)γµ → i(∂E4 + igAaE4(xE)t
a)γ0 + (∂Ej + igAaEj(xE)t

a)γj

= i
[

(∂E4 + igAaE4(xE)t
a)γ0 + (∂Ej + igAaEj(xE)t

a)(−iγj)
]

= iDEµγEµ = i /DE ,
(5.586)

where
DEµ = ∂Eµ + igAaEµ(xE)t

a , (5.587)

and where the Euclidean gamma matrices

γE4 = γ0 , γEj = −iγj (5.588)

are Hermitean and obey the anticommutation relations

{γEµ, γEν} = 2δµν . (5.589)

The fifth gamma matrix is

γE5 = −γE1γE2γE3γE4 = iγ0γ1γ2γ3 = γ5 , (5.590)

which anticommutes with all γEµ,
{γE5, γEµ} = 0 . (5.591)

The Dirac action is then replaced by

iSD = i

∫

d4x ψ̄(i /D −m)ψ → i(−i)
∫

d4xE ψ̄E(i
2 /DE −m)ψE = −

∫

d4xE ψ̄E( /DE +m)ψE .

(5.592)
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Putting together the gauge and fermionic parts of the action, the relevant Euclidean partition
function is then

ZE =

∫

[DAE ]

∫

[DψE ]

∫

[Dψ̄E ] e
−SE ,

SE =

∫

d4x

(

1

4
F aEµνF

a
Eµν + ψ̄E( /DE +m)ψE

)

.

(5.593)

In the following we will be concerned with the Euclidean theory, and so we will drop the subscript
E for notational simplicity.

Chiral symmetry For a single massless fermion, the fermionic action in Eq. (5.593) is invari-
ant under independent phase transformations of the two chiral components of the fields. Indeed,
since ψ̄γ5 /Dψ = −ψ̄ /Dγ5ψ, setting ψ = ψL + ψR and ψ̄ = ψ̄L + ψ̄R with

ψL,R =
1∓ γ5

2
ψ , ψ̄L,R = ψ̄

1± γ5
2

, (5.594)

one finds

ψ̄L,R /DψR,L = ψ̄
1± γ5

2
/D
1± γ5

2
ψ = ψ̄ /D

1∓ γ5
2

1± γ5
2

ψ = 0 , (5.595)

and so
ψ̄ /Dψ = ψ̄L /DψL + ψ̄R /DψR. (5.596)

The “left-handed” and “right-handed” component are then decoupled, and their phases can
be changed independently. The most general U(1)L × U(1)R chiral transformation can also be
written as

ψ = eiαL
1−γ5

2 eiαR
1+γ5

2 ψ′ ψ̄ = ψ̄′e−iαL
1+γ5

2 e−iαR
1−γ5

2

= ei
αR+αL

2 ei
αR−αL

2
γ5ψ′ = ψ̄′e−i

αR+αL
2 ei

αR−αL
2

γ5

= eiαeiβγ5ψ′ , = ψ̄′e−iαeiβγ5 .

(5.597)

The chiral symmetry group is then also written as U(1)L × U(1)R ∼ U(1)V × U(1)A, with the
common change of phase eiα of the two chiralities being the “vector” part of the transformation,
while the opposite change of phase effected by eiβγ5 is the “axial” part of the transformation.
Invariance under U(1)V is recognised as the usual invariance under a phase transformation,
corresponding, e.g., to electric charge or baryon number conservation. This symmetry can be
preserved without problems when regulating the theory, and so it will survive the renormalisation
procedure.45 The situation is, however, more complicated for the axial part of the symmetry. In
general, under the transformation Eq. (5.597) one finds for the integration measure in the path
integral

DψDψ̄ = Dψ′Dψ̄′
(

Det

(

eiα 0
0 e−iα

)

Det

(

eiβγ5 0
0 eiβγ5

))−1

= Dψ′Dψ̄′e−2iβTrγ5 . (5.598)

Naively, one expects Trγ5 = 0 since tr γ5 = 0. On the other hand, Tr formally represents
the trace over x, as well as over the discrete indices of the fermion fields, of an x-independent
quantity, and it is not warranted that the sum over the discrete indices has to be taken before
that over x. One has formally a 0×∞ kind of indeterminacy with the result depending on how
the summation is performed, and only after introducing a suitable regularisation to make the
whole expression meaningful one can determine the result.

45While it could still possibly break down spontaneously, the Vafa-Witten theorem forbids it. See C. Vafa and
E. Witten, “Restrictions on symmetry breaking in vector-like gauge theories”, Nucl. Phys. B 234 (1984), 173–188.
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Regularisation of the path integral Formally, the fermionic path integral consists of con-
tinuously infinitely many Grassmann integrations. To make the number of integrations countable
one regulates the theory by putting the system in a finite box with periodic boundary condi-
tions, which makes the spectrum of the Dirac operator /D discrete. One then expands ψ on
the complete orthonormal basis of eigenmodes uk = uk(x)αa of the anti-Hermitean operator /D,
/Duk = iλkuk, with λk real. Here α = 1, . . . 4 is the Dirac index and a = 1, . . . , Nc is the index
associated with the gauge group representation. Similarly, one expands ψ̄ on the basis u†k (the
difference being due to the different transformation properties under SO(4) transformations). In
both cases, the expansion coefficients are Grassmann variables, and one defines the path integral
as the integration over such expansion coefficients, i.e.,

ψ =
∑

k

akuk , ψ̄ =
∑

k

āku
†
k , DψDψ̄ =

∏

k

dakdāk = DaDā . (5.599)

The fermionic action reads now

SF =

∫

d4x ψ̄ /Dψ =
∑

k,k′

āk′ak

∫

d4xu†k′ /Duk =
∑

k,k′

āk′ak(uk′ , /Duk) =
∑

k

iλkāk′ak , (5.600)

where

(uk, uk′) =
∑

αa

∫

d4xuk(x)
∗
aαuk′(y)αa ,

(uk,Muk′) =
∑

αa,βb

∫

d4x

∫

d4y uk(x)
∗
αaMαa,βb(x, y)uk′(y)βb .

(5.601)

To see what is the effect of an axial transformation on Eq. (5.600), notice that if /Dψ = iλψ then

/Dγ5ψ = −γ5 /Dψ = −iλγ5ψ . (5.602)

For nonzero modes, λk 6= 0, we can then organise the modes into pairs uk and u−k = γ5uk
with opposite eigenvalues. For zero modes, Eq. (5.602) tells us that /D commutes with γ5 when
restricted to the zero sector, and so one can diagonalise them together. One can then choose
zero modes ψ0 with definite chirality, i.e., /Dψ0 = 0 and γ5ψ0 = ξψ0, ξ = ±1. Under an axial
transformation then (ignoring zero modes that do not appear in Eq. (5.600) )

ψ =
∑

k

akuk = eiβγ5ψ′ =
∑

k

a′ke
iβγ5uk =

∑

k

a′k (cos βuk + i sin βu−k)

=
∑

k

(

cos βa′k + i sin βa′−k
)

uk ,

ψ̄ =
∑

k

āku
†
k = ψ̄′eiβγ5 =

∑

k

ā′ku
†
ke
iβγ5 =

∑

k

ā′k
(

cos βu†k + i sin βu†−k

)

=
∑

k

(

cos βā′k + i sin βā′−k
)

u†k ,

(5.603)

from which one reads off the transformation properties of ak and āk thanks to completeness of
the basis,

ak = cos βa′k + i sin βa′−k ,

āk = cos βā′k + i sin βā′−k .
(5.604)
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For zero modes one has simply

ψ|zero modes =
∑

k0,λk0=0

ak0uk0 = eiβγ5ψ′|zero modes =
∑

k0,λk0=0

a′k0e
iβξk0uk0 ,

ψ̄|zero modes =
∑

k0,λk0=0

āk0u
†
k0

= ψ̄′|zero modese
iβγ5 =

∑

k0,λk0=0

ā′k0e
iβξk0u†k0 ,

(5.605)

and so
ak0 = a′k0e

iβξk0 , āk0 = ā′k0e
iβξk0 . (5.606)

One can verify explicitly that Eq. (5.600) is left invariant by this transformation, since

ākak − ā−ka−k = (cos βā′k + i sin βā′−k)(cos βa
′
k + i sin βa′−k)

− (cos βā′−k + i sin βā′k)(cos βa
′
−k + i sin βa′k)

= [(cos β)2 + (sin β)2](ā′ka
′
k − ā′−ka

′
−k)

+ i(sin β cos β − sin β cos β)(ā′−ka
′
k + ā′ka

′
−k)

= a′kā
′
k − a′−kā

′
−k .

(5.607)

Organising the Grassmann variables in vectors, schematically of the form a = (ak, a0, a−k) and
ā = (āk, ā0, ā−k) with k > 0 and the subscript 0 denoting the zero modes, the transformation
Eqs. (5.604) and (5.605) can be written as

a = eiβΓa′ , ā = eiβΓā′ , Γ =





0 0 1
0 ξ 0
1 0 0



 , (5.608)

i.e., Γ is simply γ5 in the basis {uk}, Γkk′ = (uk, γ5uk′). In fact, Eqs. (5.604) and (5.605) can be
obtained more directly as46

ak = (uk, e
iβγ5ψ′) =

∑

k′

(uk, e
iβγ5uk′)a

′
k′ , āk = (e−iβγ5 ψ̄′, uk) =

∑

k′

(uk, e
iβγ5uk′)ā

′
k′ .

(5.609)
The Jacobian of the change of variables is then

DaDā = Da′Dā′ e−2iβTr Γ = Da′Dā′ e−2iβTr γ5 , Tr γ5 =
∑

k

(uk, γ5uk) . (5.610)

Sums like that in Eq. (5.610) generally appear when evaluating the Grassmann path integral
to compute correlation functions of fermionic fields. In fact, these turn out to be given by the
functional determinant of the Dirac operator times several copies of the fermion propagator,
which is the inverse of the Dirac operator. These can be written respectively as (for a massive
fermion)

Det ( /D +m) =
∏

k

(iλk +m) =
∑

k

elog(iλk+m) ,
1

/D +m
=
∑

k

uku
†
k

1

iλk +m
. (5.611)

46Here (v,Aψ) = vαAαβψβ and (Aψ̄, v) = ψ̄βA
∗
αβvα = ψ̄βA

†
βαvα when Grassmann variables appear in the

scalar product.
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The infinite sums over eigenmodes in Eqs. (5.610) and (5.611) are generally divergent and require
regularisation. Since we want to preserve gauge invariance, we need a gauge-invariant regulator,
which will be removed at the end of the calculation. We will then take care of the large modes by
inserting a factor f( /D

2
/M2) whenever needed, where f is some smooth function with f(0) = 1

and f(∞) = 0, and M is a mass scale that will eventually be sent to infinity. Any choice of f

would do; we will take e /D
2
/M2

for simplicity. Then, for example,

1

/D +m
→
∑

k

e
/D2

M2 uku
†
k

1

iλk +m
=
∑

k

e−
λ2k
M2 uku

†
k

1

iλk +m
=
∑

k

uku
†
ke

/D2

M2
1

iλk +m
. (5.612)

Choosing f as a function of /D guarantees that gauge invariance is preserved in the regulated
theory, and that the contributions of large eigenvalues are suppressed in the sum over eigen-
modes.

Transformation of the integration measure Consider now the effect of an axial transfor-
mation on the path integral measure. For the integration measure of pairs of opposite nonzero
modes we have

dakda−kdākdā−k = da′kda
′
−kdā

′
kdā

′
−k

[

det

(

cos β i sin β
i sin β cos β

)]−2

= da′kda
′
−kdā

′
kdā

′
−k , (5.613)

while for the zero modes one finds

dak0dāk0 = da′k0dā
′
k0e

−2iβξk0 , (5.614)

and so
DψDψ̄ = e

−2iβ
∑

k0,λk0
=0 ξk0Dψ′Dψ̄′ = e−2iβ(n+−n−)Dψ′Dψ̄′ , (5.615)

where n± is the number of zero modes of chirality ±1. Apparently there is no need for the
regulator here, but this is only because we paired opposite nonzero eigenvalues before doing
the sum. This is just one specific way of computing the sum Tr γ5 in Eq. (5.610). As already
pointed out, this sum is only conditionally convergent, meaning that its result depends on how
we organise the terms, and gives Eq. (5.615) only if we sum over pairs of opposite nonzero
eigenvalues first. Summing over positive modes first we would instead get infinity, form which
we should then subtract infinity obtained from the sum over negative modes. To get rid of this
ambiguity, we regulate the sum as explained above to get

Tr γ5 → lim
M→∞

Tr γ5e
/D2

M2 = lim
M→∞

∑

k

(uk, γ5e
/D2

M2 uk) = lim
M→∞

∑

k

e−
λ2k
M2 (uk, γ5uk)

= lim
M→∞

∑

λk0=0

ξk0 = n+ − n− ,
(5.616)

having used the fact that for nonzero modes uk and u−k are orthogonal, since they correspond
to different eigenvalues. Here n± is the number of zero modes of chirality ±1.

For a generic gauge configuration there is in general no reason to expect n+ − n− to vanish,
and so the integration measure has no reason to be invariant under an axial transformation.
The U(1)A symmetry is the generally anomalous. To convince ourselves of this, and also to
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understand when there really is an anomaly, we need to recast this quantity in terms of properties
of the gauge configuration. Since the trace does not depend on the basis used to evaluate it, we
can as well estimate Eq. (5.616) by employing the plane wave basis,

ϕ(j)
p = u(j)eip·x , (5.617)

where u(j) is a complete orthonormal basis of Dirac and colour space, i.e.,

∑

j

(u(j))αa(u
(j)†)βb = δαβδab . (5.618)

To evaluate the trace, we write

/D
2
= DµDνγµγν = DµDν

(

1
2{γµ, γν}+ 1

2 [γµ, γν ]
)

= D2 + i
2 [Dµ,Dν ]

1
2i [γµ, γν ]

= D2 − 1
2Fµνσµν = [∂µ∂µ + 2igAµ∂µ + ig(∂µAµ)− g2AµAµ]− g

2Fµνσµν ,
(5.619)

where
σµν =

1
2i [γµ, γν ] , Fµν = taF aµν , Aµ = taAaµ . (5.620)

In general, the results of acting with a differential operator F (∂) =
∑

n Fn(x)∂
n
x on the functions

g(x) and eikxg(x) differ in a simple way,

F (∂)eikxg(x) = eikxF (∂ + ik)g(x) . (5.621)

Acting with e
/D2

M2 on a plane wave we find then

e
/D2

M2 ϕ(j)
p = eip·x exp

{

1

M2

[

(D + ip)2 − g

2
Fµνσµν

]

}

u(j)

= eip·x exp
{

− 1

M2

[

p2 − 2ip ·D −D2 +
g

2
Fµνσµν

]

}

u(j) .

(5.622)

The trace therefore reads

Tr γ5e
/D2

M2 =
∑

j

∫

d4p

(2π)4

∫

d4xu(j)†e−ip·xeip·xγ5e
− 1

M2 (p2−2ip·D−D2+ g
2
Fµνσµν)u(j)

=

∫

d4p

(2π)4

∫

d4x e−
p2

M2 trD,c γ5e
1

M2 (2ip·D+D2− g
2
Fµνσµν)

=

∫

d4p

(2π)4

∫

d4xM4 e−p
2
trDtrc γ5e

1
M2 (2iMp·D+D2− g

2
Fµνσµν) ,

(5.623)

where trD,c denote the traces over Dirac and colour indices only. In the large-M limit, only
terms of order O(M−4) or higher from the expansion of the exponential can survive. On the
other hand, due to the trace over Dirac indices, only terms containing at least four Dirac gamma
matrices give a nonzero contribution, and so at least two powers of Fµνσµν , which already come
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with a factor M−4. Then

lim
M→∞

Tr γ5e
/D2

M2 =

∫

d4p

(2π)4
e−p

2

∫

d4x
g2

8
trc FµνFρσtrD γ5σµνσρσ

= −g
2

8

(

1

2
√
π

)4

trc t
atb trD γ5γµγνγργσ

∫

d4xF aµνF
b
ρσ

= −g
2

8

dR
16π2

δab(−4)ǫµνρσ

∫

d4xF aµνF
b
ρσ

=
g2dR
32π2

∫

d4x ǫµνρσF
a
µνF

a
ρσ =

g2dR
16π2

∫

d4xF aµν F̃
a
µν ,

(5.624)

where F aµν F̃
a
µν = 1

2ǫµνρσF
a
µνF

a
ρσ , having used the identity

trD γ5γµγνγργσ = −4ǫµνρσ , (5.625)

and having chosen the normalisation

trc t
atb = dRδ

ab (5.626)

for the generators in representation R. For the fundamental representation one usually chooses
dR = 1

2 . We then find

n+ − n− =
g2dR
16π2

∫

d4xF aµν F̃
a
µν , (5.627)

and

DψDψ̄ = Dψ′Dψ̄′ e−iβ
g2dR
8π2

∫

d4xF a
µν F̃

a
µν = Dψ′Dψ̄′ eiβ

∫

d4xA (x) . (5.628)

for the transformation of the integration measure.
The nontrivial anomaly function A (x) results from the compensation of a factor M4, origi-

nating from the divergent sum over modes, with a factor 1/M4, appearing only as a consequence
of regularising the theory. One can show directly that using any function f( /D/M) with the prop-
erties f(0) = 1 and f(∞) = 0 leads to the same result for A (x). The use of a function of this
type is forced on us by the request of preserving gauge invariance, and so while it is possible
to get A = 0 if one uses gauge-non-invariant regulators, there is no way of finding a vanishing
anomaly if gauge invariance is to be preserved. While being a consequence of the need to regu-
larise the theory, though, the nontrivial anomaly is at the same type independent of the specific
choice of gauge-invariant regulator, and so it is not simply an artefact of the regularisation
procedure.

Anomaly and topology More insight on the anomaly is obtained by realising that one has
A (x) = −4dRq(x), with

q(x) =
g2

32π2
F aµν F̃

a
µν =

g2

32π2
ǫµνρσF

a
µνF

a
ρσ (5.629)

the topological charge density. Equation (5.627) then reads

n+ − n− = 2dRQ , (5.630)
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a result is known as the Atiyah-Singer index theorem, where Q is the topological charge,

Q =

∫

d4x q(x) =
g2

32π2

∫

d4x ǫµνρσF
a
µνF

a
ρσ . (5.631)

This quantity is a topological invariant, i.e., it is left unchanged by continuous deformations of
the gauge configuration, that moreover takes only integer values. The presence of a nontrivial
integrated anomaly is then related to nontrivial topological properties of the gauge group, that
allow the existence of configurations with Q 6= 0.47

The change of the integration measure under an axial transformation can then be seen also
as a change in the action, S → S − 2iβdRQ. A term iθQ could be added to the action without
breaking gauge invariance, while P and C invariance would be lost.48 An axial transformation
would then correspond to θ → θ−2βdR. If one considers a massive rather than massless fermion,
the result obtained above for the anomaly does not change. On the other hand, the mass term
in the fermionic Lagrangian is not left invariant by an axial transformation. This can be used
to make the mass coefficients in the Dirac Lagrangian always real, sweeping any nontrivial
phase into the coefficient θ of the topological term. The experimental value of θ (defined as the
coefficient of Q when all fermion masses are real) is tightly bounded, |θ| < 10−10. Explaining
why it is so is the so-called “strong CP problem”.

It is worth noticing that q(x), and so A (x), is the total divergence of a current. Indeed,
understanding that ta are in the fundamental representation with dF = 1

2 , we have 2trFµνFρσ =
F aµνF

a
ρσ and

ǫµνρσtrFµνFρσ = 4ǫµνρσtr
[

(∂µAν)(∂ρAσ) + 2ig(∂µAν)AρAσ − g2AµAνAρAσ
]

= 4ǫµνρσtr [∂µ(Aν∂ρAσ) + 2ig(∂µAν)AρAσ]

= 4∂µǫµνρσtr

[

Aν∂ρAσ +
2ig

3
AνAρAσ

]

,

(5.632)

and so

q(x) = ∂µKµ , Kµ =
g2

8π
ǫµνρσtr

[

Aν∂ρAσ +
2ig

3
AνAρAσ

]

, (5.633)

with Kµ known as the Chern-Simons current. The topological term therefore would not af-
fect the equations of motion even for θ 6= 0. On the other hand, it would lead to nontrivial
nonperturbative effects.

47The topological charge classifies gauge configurations that tend to pure gauge at infinity, Aµ(x) →
U(x̂)∂µU(x̂)†, where x̂ = x/|x| is the direction in which infinity is approached. Since x̂ ∈ S3 is a point on
the sphere x2 = 1 in four dimensions, configurations of this type provide a mapping from S3 to the gauge group
G. More generally, in dimension n + 1 one ends up considering mappings from Sn to G. Such mappings can
be classified in equivalence classes, each class corresponding to configurations that can be continuously deformed
into each other, i.e., A(1)(x) and A(2)(x) are equivalent if A

(1)
µ (x) = Aµ(x, 0) and A

(2)
µ (x) = Aµ(x, 1) for some

continuous function Aµ(x, t), t ∈ [0, 1]. Each class is called a homotopy class, and the set of all these classes form
the homotopy group πn(G). Configurations with different Q belong to different classes, and Q 6= 0 is possible
only if πn(G) is a nontrivial group, i.e., πn(G) 6= {0}. For example, π1(U(1)) = Z, which means that U(1) gauge
theory in two dimensions has topologically nontrivial configurations. The same is true for SU(N) theory in four
dimensions, since π3(SU(N)) = Z. On the other hand, π3(U(1)) = π1(SU(N)) = {0}, so topology is trivial for
four-dimensional U(1) theory and two-dimensional SU(N) theory. For details see, e.g., M. Nakahara, “Geometry,
topology and physics”.

48When Wick-rotating back to Minkowski spacetime, ǫµνρσFµνFρσ is analytically continued to a real quantity,
hence a factor of i is required in iθQ to obtain a term iStop in the Minkowskian path integral.
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Ward identities The consequences of the anomaly for correlation functions are summarised
in the Ward identities, obtained by working out the effect of an infinitesimal x-dependent axial
transformation,

ψ(x) = (1 + iβ(x)γ5)ψ
′(x) , ψ̄(x) = ψ̄′(x)(1 + iβ(x)γ5) . (5.634)

A straighforward calculation shows that

ψ̄(x) /Dψ(x) = ψ̄′(x)(1+iβ(x)γ5) /D(1+iβ(x)γ5)ψ
′(x) = ψ̄′(x) /Dψ′(x)+i(∂µβ(x))ψ̄′(x)γµγ5ψ′(x) ,

(5.635)
and so

S[ψ, ψ̄] = S[ψ′, ψ̄′]− i

∫

d4xβ(x)∂µψ̄
′(x)γµγ5ψ′(x)

= S[ψ′, ψ̄′]− i

∫

d4xβ(x)∂µ
(

ψ̄′(x)γµγ5ψ′(x)
)

= S[ψ′, ψ̄′]− i

∫

d4xβ(x)∂µj5µ .

(5.636)

The Jacobian of the transformation can be obtained by adapting the calculation of the anomaly
to an x-dependent β, which amounts to replace49

βTr γ5e
/D2

M2 → Tr βγ5e
/D2

M2 =
∑

k

(βuk, γ5e
/D2

M2 uk) =
∑

k

e−
λ2k
M2

∫

d4xβ(x)uk(x)
†γ5uk(x) . (5.637)

Evaluating the trace on the plane wave basis as above, one finds simply

DψDψ̄ = ei
∫

d4x β(x)A (x)Dψ′Dψ̄′ = e−2dRi
∫

d4xβ(x)q(x)Dψ′Dψ̄′ . (5.638)

For the expectation value of an observable O[ψ, ψ̄] that under Eq. (5.634) transforms as

O[ψ, ψ̄] = O[ψ′, ψ̄′] + i

∫

d4xβ(x)∆[ψ′, ψ̄′;x] , (5.639)

we find

〈O〉 = Z−1

∫

DA

∫

Dψ

∫

Dψ̄ e−S[ψ,ψ̄]O[ψ, ψ̄]

= Z−1

∫

DA

∫

Dψ

∫

Dψ̄ e−S[ψ,ψ̄]−i
∫

d4x β(x)(−∂µj5µ+2dRq(x))

×
(

O[ψ, ψ̄] + i

∫

d4xβ(x)∆[ψ, ψ̄;x]

)

=

〈[

1− i

∫

d4xβ(x)[−∂µj5µ(x) + 2dRq(x)]

](

O + i

∫

d4xβ(x)∆(x)

)〉

,

(5.640)

49For an x-dependent infinitesimal transformation [see Eq. (5.609)],

ak ≃ (uk, (1 + iβγ5)uk′)a′k′ = a′k + i(uk, βγ5uk′)a′k′ ,

and
DψDψ̄ = Dψ′Dψ̄′Det [(1 + iβγ5)]

−2 = Dψ′Dψ̄′e−2iTr βγ5 .
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and so
−∂µ〈j5µ(x)O〉+ 2dR〈q(x)O〉 = 〈∆(x)〉 . (5.641)

The second term on the left-hand side shows that j5µ is not a conserved quantity.50 Indepen-
dently of the global topological properties of the gauge group, the topological charge density
q(x) ∝ ǫµνρσF

a
µνF

a
ρσ is a non-vanishing local operator, and contributes a nontrivial term to the

Ward identities (even in the Abelian case). We stress again that this term originates from the
non-invariance of the path-integral measure under axial transformations.

On the other hand, q = ∂µKµ, and so we can write Eq. (5.641) as

−∂µ〈(j5µ(x)− 2dRKµ)O〉 = −∂µ〈J5µ(x)O〉 = 〈∆(x)〉 . (5.642)

The current J5µ is now a conserved, but non-gauge-invariant current. After analytic continuation
back to Minkowski space, a careful study shows that J50, and not j50, is formally the local
generator of axial transformations; and that the gauge-invariant vacuum is not invariant under
axial transformations. On the other hand, one cannot define the expectation values on a gauge-
invariant state of J50 times a gauge-invariant order parameter. This means that while axial
symmetry is spontaneously broken, in the sense that the vacuum is not invariant, there is no
need for the appearance of massless bosons, since the relevant expectation values of the order
parameters of the symmetry are not defined, and so Goldstone’s theorem does not apply.51

The Schwinger model The anomalous behaviour of a gauge theory under axial symmetry
transformations has physical consequences. In the case of the physically relevant theories in
four dimensions, these have been confirmed experimentally. An example is the width of the
process π0 → γγ, which due to the axial anomaly is much larger than one would expect. A
model in which the axial anomaly has dramatic consequences is the two-dimensional U(1) gauge
theory of a single massless Dirac fermion, known as the Schwinger model. This is an exactly
solvable model which displays confinement, with fermions and antifermions bound together into
a massive vector particle, which replaces the massless photon, and is the only particle in the
spectrum of the theory. As we will see below, these phenomena (confinement and dynamical
mass generation) can be understood in terms of the axial anomaly.

There are several ways to solve the Schwinger model. Here we follow the method of Roskies
and Schaposnik based on Fujikawa’s treatment of the path integral. The starting point is the
Euclidean partition function

Z =

∫

DA

∫

Dψ

∫

Dψ̄ e−SSchwinger B[f ] ,

SSchwinger =

∫

d2x

(

1

4
FµνFµν + ψ̄ /Dψ

)

= Sg + Sf ,

(5.643)

50If O = O(y1, . . . yn) is a multilocal observable, depending only on the fields at isolated points y1, . . . yn, then
∆(x) is a contact term, given by a sum of Dirac delta functions δ(x − yi) multiplied by regular coefficients that
depend on y1, . . . yn. When writing the left-hand side in the operator language one find the vacuum expectation
value of the time-ordered product of fields. When taking the ∂0 derivative, this acts either on j50, or on θ functions
of the form θ(yi − x)θ(x− yi+1), leading to the appearance of delta functions of the temporal coordinates times
an equal time commutator. On the right-hand side of Eq. (5.641) one has precisely the contact terms generated
this way. If the current were conserved, ∂µ〈j5µO〉 would vanish up to these contact terms; the presence of the
second term on the left-hand side means that ∂µ〈j5µO〉 = 2dR〈q(x)O〉+ contact terms.

51For a detailed discussion of these issues, see F. Strocchi, “An introduction to the non-perturbative foundations
of quantum field theory”.

122



where /D = Dµγµ, µ = 1, 2, with Dµ = ∂µ+ieAµ, γ1 = σ1 and γ2 = σ2, the Abelian field strength
tensor is Fµν = ∂µAν − ∂νAµ.

52 The role of γ5 is played here by γ5 = −iγ1γ2 = σ3. The two-
dimensional Levi-Civita symbol ǫµν reads explicitly ǫ12 = −ǫ21 = 1, ǫ11 = ǫ22 = 0. Finally, B[f ]
is a suitable numerical functional of a gauge non-invariant functional f [A;x], used to impose
a gauge condition. Since the gauge field is Abelian, there is no need for the Faddeev-Popov

determinant. For our purposes it is convenient to use B[f ] = e−
1
2ξ

∫

d2x f [A;x]2 and the Lorenz
gauge functional, f = ∂µAµ, and eventually send ξ → 0, which practically imposes ∂µAµ = 0 in
the correlation functions. This choice is called Landau gauge.

The fermionic action is manifestly invariant under the axial transformation ψ = eiβγ5ψ′,
ψ̄ = ψ̄′eiβγ5 , as well as under the vector transformation ψ = eiαγ5ψ′, ψ̄ = ψ̄′e−iαγ5 . A calculation
almost identical to the one done above in four dimensions shows though that the measure is not
invariant under axial transformations, and so axial symmetry is anomalous. To see this we start
directly with the infinitesimal but x-dependent generalisation of the axial transformation,

ψ(x) = (1 + iδβ(x)γ5)ψ
′(x) , ψ̄(x) = ψ̄′(x)(1 + iδβ(x)γ5) , (5.644)

which will allow us both to see the appearance of the anomaly, and to solve the model exactly.
Adopting the same regularisation for the path integral as above, we expand the fermion fields

in the basis of eigenvectors of /D, and include a factor e
/D2

M2 in the sums over modes. For the
integration measure we find

DψDψ̄ = Dψ′Dψ̄′e
−2iTr

(

δβ γ5e
/D2

M2

)

, (5.645)

while the fermionic action changes to

Sf [ψ, ψ̄] = Sf [ψ
′, ψ̄′]−i

∫

d2x δβ(x)∂µ
(

ψ̄′γµγ5ψ′) = Sf [ψ
′, ψ̄′]−i

∫

d2x δβ(x)∂µj5µ(x) . (5.646)

Evaluated on the plane wave basis, the trace in Eq. (5.645) gives

Tr
(

δβ γ5e
/D2

M2

)

=

∫

d2p

(2π)2

∫

d2x δβ(x)e−ip·xtrD

(

γ5e
/D2

M2

)

eip·x

=

∫

d2p

(2π)2

∫

d2x δβ(x)trD

(

γ5e
( /D+i/p)2

M2

)

=

∫

d2p

(2π)2

∫

d2x δβ(x)trD

(

γ5e
−p2+ /D2+2ip·D

M2

)

=

∫

d2p

(2π)2
e−p

2
∫

d2x δβ(x)M2trD

(

γ5e
D2− e

2Fµνσµν+2iMp·D

M2

)

.

(5.647)

In two dimensions

Fµνσµν = 2F12σ12 = −2iF12γ1γ2 = 2γ5F12 = γ5ǫµνFµν , (5.648)

52Instead of x0 → −ixE2, here we are performing the Wick rotation as x0 → −ixE1, and treating the gauge
field and the gamma matrices accordingly. This is immaterial since the Euclidean theory is SO(2) invariant.
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so in the limit M → ∞

lim
M→∞

M2trD

(

γ5e
D2− e

2Fµνσµν+2iMp·D

M2

)

= lim
M→∞

M2trD

(

γ5e
D2− e

2γ5ǫµνFµν+2iMp·D

M2

)

= lim
M→∞

M2trD

[

γ5

(

1 +
D2 − e

2γ5ǫµνFµν + 2iMp ·D
M2

− 2

M2
(p ·D)2 +O(M−3)

)]

= −eǫµνFµν .

(5.649)

Momentum integration becomes trivial, and we conclude

lim
M→∞

Tr
(

δβ γ5e
/D2

M2

)

= − e

4π

∫

d2x δβ(x)ǫµνFµν(x) . (5.650)

In the limit of constant δβ, only exact zero modes contribute to the trace and we recover the
two-dimensional Atiyah-Singer index theorem,

n+ − n− = − e

4π

∫

d2x ǫµνFµν(x) . (5.651)

For our purposes, instead, we write the net effect of the infinitesimal transformation as

DψDψ̄e−Sf [ψ,ψ̄,A] = Dψ′Dψ̄′e−Sf [ψ
′,ψ̄′,A]ei

∫

d2x δβ(x)(∂µj5µ+ e
2π
ǫµνFµν)

= Dψ′Dψ̄′e−Sf [ψ
′,ψ̄′,Aµ]ei

∫

d2x (−j5µ∂µδβ(x)+δβ(x) e
2π
ǫµνFµν) .

(5.652)

Since γµγ5 = −iǫµνγν , we have

j5µ∂µδβ = −iψ̄ǫµνγνψ∂µδβ = eψ̄γµψ

(

i

e
ǫµν∂νδβ

)

, (5.653)

and so

DψDψ̄e−Sf [ψ,ψ̄,A] = Dψ′Dψ̄′e−[Sf [ψ
′,ψ̄′,Aµ]+

∫

d2x ieψ̄γµψ( i
e
ǫµν∂νδβ)]+i e

2π

∫

d2x δβ(x)ǫµνFµν

= Dψ′Dψ̄′e−Sf [ψ
′,ψ̄′,Aµ+

i
e ǫµν∂νδβ]+i

e
2π

∫

d2x δβ(x)ǫµνFµν [Aα] .
(5.654)

The non-invariance of the action under local axial transformation boils down effectively to a
redefinition of the gauge field. We can then decouple the fermion fields from the gauge field by
means of a suitable finite x-dependent axial transformation, i.e., by iterating the infinitesimal
transformation until the sum β(x) of the infinitesimal transformation parameters satisfies

i
eǫµν∂νβ = −Aµ . (5.655)

For this to be possible, Aµ must satisfy the Lorenz gauge condition, which is the case here.53

To solve Eq. (5.655), contract with ǫρµ to get

ieǫρµAµ = ǫρµǫµν∂νβ = −ǫµρǫµν∂νβ = −δρν∂νβ = −∂ρβ . (5.656)

53Had we worked in a different gauge, it would still be possible to perform an x-dependent vector transformation
on the fermion fields, that effectively changes Aµ → Aµ + ∂µαµ = A′

µ, and one can choose α so that ∂µA
′
µ = 0.
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Taking the divergence we find

✷β = ieǫρµ∂ρAµ =
ie

2
ǫρµFρµ = ieF12 , (5.657)

and so54

β(x) = ie

(

1

✷
F12

)

(x) ≡
∫

d2y G
(2)
0 (x− y)F12(y) , ✷G

(2)
0 (x) = δ(x) . (5.658)

However, in order for the path integral to be properly regularised after we have effectively
changed the value of the field coupled to the vector current in the fermionic action to Aµ +
i
eǫµν∂νδβ, it is this quantity that has to be used in the factor e /D

2
/M2

. This is true at each stage
of the process, and so the effect of the infinitesimal axial transformations builds up nonlinearly
in the anomalous contribution. Let us set β(x) = Nδβ(x) with N large, and suppose we have

made n infinitesimal transformations already, so that Aµ → A
(n)
µ = Aµ + n ieǫµν∂νδβ(x) in the

fermion action. Let us denote by eA[A(n)] the cumulative effect of the non-invariance of the

measure at stage n. At the stage n + 1, it is A
(n)
µ that enters the calculation of the anomaly,

which changes by

δA[A(n)] = A[A(n+1)]−A[A(n)] = i
e

2π

∫

d2x δβ(x)ǫµνFµν [A
(n)
α ]

= i
e

2π

∫

d2x δβ(x) 2ǫµν∂µA
(n)
ν = i

e

2π

∫

d2x 2A(n)
µ ǫµν∂νδβ(x)

=
e2

2π

∫

d2x 2A(n)
µ δA(n)

µ =
e2

2π

∫

d2x δ
(

A(n)
µ A(n)

µ

)

.

(5.659)

Adding up the variations

A[A(N)]−A[A(0)] =
e2

2π

∫

d2x
(

A(N)
µ A(N)

µ −A(0)
µ A(0)

µ

)

= − e2

2π

∫

d2xAµAµ , (5.660)

since by construction A
(N)
µ = 0. The net effect is then

DψDψ̄e−Sf [ψ,ψ̄,A] = Dψ′Dψ̄′e−Sf [ψ
′,ψ̄′,0]− e2

2π

∫

d2xAµAµ , (5.661)

i.e., fermions and gauge fields are decoupled, but the gauge field has acquired a mass term.
Including the gauge-fixing term, the full action reads now

S =

∫

d2x
1

2
Aµ

[

(

−✷+m2
)

δµν +

(

1− 1

ξ

)

∂µ∂ν

]

Aν + Sf [ψ
′, ψ̄′, 0] , (5.662)

with m = e√
π
(in two-dimensions the electric charge e has dimensions of mass). The particle

spectrum of the theory can be read off the poles of the gauge field propagator after analytic
continuation back to Minkowski space. In momentum space, the kernel to be inverted reads

Kµν = (p2 +m2)δµν −
(

1− 1

ξ

)

pµpν = (p2 +m2)

(

δµν −
pµpν
p2

)

+

(

p2

ξ
+m2

)

pµpν
p2

, (5.663)

54We further impose the boundary condition that G
(2)
0 vanishes at infinity. This removes the remaining gauge

invariance under Aµ → Aµ + ∂µΛ with ✷Λ = 0, not fixed by the Lorenz condition, which should have been done
anyway.
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and so the momentum-space propagator is

K̃µν(p)
−1 =

1

p2 +m2

(

δµν −
pµpν
p2

)

+
1

m2 + p2

ξ

pµpν
p2

→
ξ→0

1

p2 +m2

(

δµν −
pµpν
p2

)

. (5.664)

and in coordinate space

D
(2)
Eµν(x) =

∫

d2p

(2π)2
e−ip·x

1

p2 +m2

(

δµν −
pµpν
p2

)

. (5.665)

Changing the coordinate labeling so that 0 and 1 correspond to time and space both in Euclidean
and Minkowski space, rotating xE0 = eiθx0 and pE0 = e−iθp0 in opposite directions, with
θ ∈ [0, π/2], setting xE1 = x1 and pE1 = p1, and taking into account that for the temporal
component of the gauge field the Wick rotation requires iAE0(xE0) = A0(−ixE0), we find

ei(δµ0+δν0)θD
(2)
Eµν(e

iθx0, x1)

=

∫

d2p

(2π)2
e−i(p0x

0+p1x1) ei(δµ0+δν0)θe−iθ

e−2iθp20 + p21 +m2

(

δµν −
e−i(δµ0+δν0)θpµpν
e−2iθp20 + p21

)

→
θ→π

2

−i
∫

d2p

(2π)2
e−i(p0x

0+p1x1) 1

−p20 + p21 +m2 − iǫ

(

iδµ0+δν0δµν −
pµpν

−p20 + p21 − iǫ

)

=

∫

d2p

(2π)2
e−i(p0x

0+p1x1) i

p20 − p21 −m2 + iǫ

(

ηµν −
pµpν

p20 − p21 + iǫ

)

= D
(2)
Mµν(x

0, x1) ,

(5.666)

which we can write as

D
(2)
Mµν(x

0, x1) = 〈0|T{Âµ(x)Âν(0)}|0〉 =
∫

d2p

(2π)2
e−ip·x

i

p2 −m2 + iǫ

(

ηµν −
pµpν
p2 + iǫ

)

=

(

ηµν −
∂µ∂ν
✷

)∫

d2p

(2π)2
e−ip·x

i

p2 −m2 + iǫ
,

(5.667)

where now all scalar products are understood to be in the Minkowski metric, and ✷
−1 denotes

convolution with the free Minkowskian two-point function. Clearly, the only pole in the integrand
is at p2 = m2.

Via the equations of motion, one shows that the gauge field propagator and the correlation
function of vector currents 〈0|T{ψ̄γµψ(x)ψ̄γµψ(0)}|0〉 are proportional, meaning that {ψ̄γµψ(x)
only excites massive photons out of the vacuum, while fermionic states do not appear in the
spectrum of the theory. This can be interpreted as fermions and antifermions being bound into
a “vector meson”, i.e., the massive photon.
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