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In/out states: energy/momentum eigenstates of the full theory

|p1, . . . , pn〉in,out

Transform like free multiparticle states (but are fully interacting states!)

e−iP·a|p1, . . . , pn〉in,out = e−i
∑

j pj ·a|p1, . . . , pn〉in,out
U(Λ)|p1, . . . , pn〉in,out = |Λp1, . . . ,Λpn〉in,out

Correspond to initial/final states of scattering experiments
(time-independent states of non-interacting particles)

Vacuum and one-particle states are stable

|p〉 = |p〉in = |p〉out |0〉 = |0〉in = |0〉out

φin,out|0〉in,out ∈ 1-particle subspace (see lecture 2)

|0〉in,out = |0〉 since translation invariant, and such state is unique
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Associated asymptotic fields

(2 + m2)φin,out = 0 φin,out(x) = e iP·xφin,out(0)e−iP·x

φin,out(x) =

∫
dΩp

{
ain,out(p)e−ip·x + ain,out(p)†e ip·x

}
Full field assumed to interpolate between φin and φout

φ(x)→
√
Zφin,out(x) as x0 → ∓∞ in the weak sense

LSZ condition: for any normalisable |α〉, |β〉 and f , (2 + m2)f = 0

lim
t→−∞

〈α|φf (t)|β〉 =
√
Z 〈α|φfin|β〉

lim
t→+∞

〈α|φf (t)|β〉 =
√
Z 〈α|φfout|β〉

φf (t) ≡ i

∫
d3x f (x)∗

↔
∂ 0φ(t, ~x) φfin,out ≡ i

∫
d3x f (x)∗

↔
∂ 0φin,out(t, ~x)

Field normalisation constant:

〈0|φ(x)|p〉 =
√
Ze−ip·x =

√
Z 〈0|φin(x)|p〉 =

√
Z 〈0|φout(x)|p〉
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S-matrix: transition amplitude from initial to final multiparticle state

Sβα = out〈p′1, . . . , p′n′ |p1, . . . , pn〉in = out〈β|α〉in

α, β should be taken normalisable first,
then take limit of momentum eigenstates

Main properties of the S-matrix

in/out states assumed complete ⇒ Sβα unitary matrix

out〈β| =
∑
α

(Sβα) in〈α| ≡ in〈β|S

δβα = out〈β|α〉out = in〈β|SS†|α〉in ⇒ SS† = 1

out〈β|S†S |α〉out = in〈β|SS†S |α〉out = in〈β|S |α〉out
= out〈β|α〉out = δβα ⇒ S†S = 1
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Poincaré invariant U(a,Λ)†SU(a,Λ) = S

S(Λβ)(Λα) = out〈Λβ|Λα〉in = out〈β|U(Λ)†U(Λ)|α〉in = Sβα

S(aβ)(aα) = out〈β|e
i
∑

j′ p
′
j′ae−i

∑
j pja|α〉in = out〈β|U(a)†U(a)|α〉in = Sβα

stability of vacuum and 1-particle states

S00 = out〈0|0〉in = 〈0|0〉 = 1

Sp′p = out〈p′|p〉in = 〈p′|p〉 = (2π)32p0δ(3)(~p′ − ~p)

S connects in and out fields: since |β〉out complete

out〈βp| = out〈β|aout(p) = in〈βp|S = in〈β|ain(p)S

= in〈β|SS†ain(p)S = out〈β|S†ain(p)S

⇒ S†ain(p)S = aout(p)

⇒ S†φin(x)S = φout(x)
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Reduction formula

out〈β|αp〉in = out〈β|ain(p)†|α〉in
= out〈β|aout(p)†|α〉in + out〈β|ain(p)† − aout(p)†|α〉in

= out〈β − p|α〉in − i

∫
d3x e−ip·x

↔
∂0 out〈β|φin(x)− φout(x)|α〉in

out〈β|αp〉in − out〈β − p|α〉in

use t-independence = −i lim
x0→−∞

∫
d3x e−ip·x

↔
∂0 out〈β|φin(x)|α〉in

+ i lim
x0→+∞

∫
d3x e−ip·x

↔
∂0 out〈β|φout(x)|α〉in

use LSZ condition = − i√
Z

lim
x0→−∞

∫
d3x e−ip·x

↔
∂0 out〈β|φ(x)|α〉in

+
i√
Z

lim
x0→+∞

∫
d3x e−ip·x

↔
∂0 out〈β|φ(x)|α〉in

=
i√
Z

∫
d4x ∂0

{
e−ip·x

↔
∂0 out〈β|φ(x)|α〉in

}
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out〈β|αp〉in − out〈β − p|α〉in

=
i√
Z

∫
d4x

{
e−ip·x ∂2

0 out〈β|φ(x)|α〉in

− out〈β|φ(x)|α〉in∂2
0e
−ip·x}

=
i√
Z

∫
d4x

{
e−ip·x ∂2

0 out〈β|φ(x)|α〉in

use (2 + m2)e−ip·x = 0 − out〈β|φ(x)|α〉in(~∇2 −m2)e−ip·x
}

integration by parts =
i√
Z

∫
d4x e−ip·x (∂2

0 − ~∇2 + m2) out〈β|φ(x)|α〉in

=
i√
Z

∫
d4x e−ip·x (2 + m2) out〈β|φ(x)|α〉in
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Same for out particle

out〈β|φ(x)|α〉in = out〈γp′|φ(x)|α〉in = out〈γ|aout(p′)φ(x)|α〉in
= out〈γ|aout(p′)φ(x)− φ(x)ain(p′)|α〉in + out〈γ|φ(x)ain(p′)|α〉in
= out〈γ|aout(p′)φ(x)− φ(x)ain(p′)|α〉in + out〈γ|φ(x)|α− p′〉in

out〈β|φ(x)|α〉in−out〈γ|φ(x)|α− p′〉in

= i

∫
d3y e ip·y

↔
∂0

y
out〈γ|φout(y)φ(x)− φ(x)φin(y)|α〉in

= lim
y0→+∞

i

∫
d3y e ip·y

↔
∂0

y
out〈γ|φout(y)φ(x)|α〉in

− lim
y0→−∞

i

∫
d3y e ip·y

↔
∂0

y
out〈γ|φ(x)φin(y)|α〉in

= lim
y0→+∞

i√
Z

∫
d3y e ip·y

↔
∂0

y
out〈γ|φ(y)φ(x)|α〉in

− lim
y0→−∞

i√
Z

∫
d3y e ip·y

↔
∂0

y
out〈γ|φ(x)φ(y)|α〉in

T-ordered ⇒ OK =
i√
Z

∫
d4y ∂0

y
{
e ip·y

↔
∂0

y
out〈γ|T{φ(y)φ(x)}|α〉in

}
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out〈β|φ(x)|α〉in − out〈γ|φ(x)|α− p′〉in

=
i√
Z

∫
d4y ∂0

y
{
e ip
′·y ↔∂0

y
out〈γ|T{φ(y)φ(x)}|α〉in

}
=

i√
Z

∫
d4y

{
e ip
′·y (∂0

y )2
out〈γ|T{φ(y)φ(x)}|α〉in

− out〈γ|T{φ(y)φ(x)}|α〉in(~∇2
y −m2)e ip

′·y}
=

i√
Z

∫
d4y e ip

′·y (2y + m2)out〈γ|T{φ(y)φ(x)}|α〉in

For αp ∩ γp′ = ∅

out〈γp′|αp〉in =

(
i√
Z

)2 ∫
d4x e−ip·x

∫
d4y e ip

′·y

× (2x + m2)(2y + m2) out〈γ|T{φ(y)φ(x)}|α〉in

Repeat for all particles
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LSZ reduction formula

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in

=
n∏

j=1

∫
d4xj e

−ipj ·xj

(
2xj + m2

−i
√
Z

)
n′∏

j ′=1

∫
d4yj ′ e

ip′
j′ ·yj′

(
2yj′ + m2

−i
√
Z

)

× 〈0|T{φ(y1) . . . φ(yn′)φ(x1) . . . φ(xn)}|0〉

if {p′1, . . . , p′n′}∩{p1, . . . , pn} = ∅
otherwise also disconnected pieces

S-matrix from Green’s functions of the interacting fields

Green’s functions symmetric ⇒ manifest crossing symmetry

invariant under rescaling of φ→
√
zφ since also

√
Z →

√
zZ

any local operator O(x) with 〈0|O(0)|p〉 6= 0 can be used
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Momentum space

Gn+n′(y , x) = 〈0|T{φ(y1) . . . φ(yn′)φ(x1) . . . φ(xn)}|0〉

(2π)4δ(4)(p′−p)G̃n+n′(−p′, p) =
n∏

j=1

∫
d4xje

−ipj ·xj
n′∏

j ′=1

∫
d4yj ′e

ip′
j′ ·yj′Gn+n′(y , x)

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in

=(2π)4δ(4)(p′−p) lim
p2,p′ 2→m2

n∏
j=1

(
p2
j −m2

i
√
Z

)
n′∏

j ′=1

(
p′ 2j ′ −m2

i
√
Z

)
G̃n+n′(−p′, p)

S-matrix = residues of the multi-poles of momentum-space Green’s
functions at p2

j , p
′ 2
j ′ → m2 (on-shell) (physical mass)

m

remove a
√
Z× free propagator

on shell
= full propagator for each particle
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How do we compute Gn? Perturbation theory
φ→

√
Zφin,out (weakly), φ and φin,out obey CCR

Look for U(t) connecting (interacting) φ and (free) φin

φ(t) = U(t)†φin(t)U(t)

π(t) = U(t)†πin(t)U(t)

Free canonical field{
φ̇in(x) = i [Hin(φin, πin), φin(x)] (= i [H(φ, π), φin(x)] 6= i [H(φin, πin), φin(x)])

π̇in(x) = i [Hin(φin, πin), πin(x)] (= i [H(φ, π), πin(x)] 6= i [H(φin, πin), πin(x)])

Interacting (Heisenberg) field{
φ̇(x) = i [H(φ, π), φ(x)]

π̇(x) = i [H(φ, π), π(x)]

H(φ, π) = Hin(φ, π) + [H(φ, π)− Hin(φ, π)] ≡ Hin(φ, π) + HI (φ, π)

Matteo Giordano (ELTE) Advanced field theory Budapest 11 / 19



φ̇in(t) = ∂
∂t [U(t)φ(t)U(t)†]

= U̇(t)φ(t)U(t)† − U(t)φ(t)U(t)†U̇(t)U(t)† + U(t)φ̇(t)U(t)†

= [U̇(t)U(t)†, φin(t)] + iU(t)[H(φ(t), π(t)), φ(t)]U(t)†

= [U̇(t)U(t)†, φin(t)] + i [H(φin(t), πin(t)), φin(t)]

= i [Hin(φin, πin), φin(t)] + [U̇(t)U(t)† + iHI (φin(t), πin(t)), φin(t)]

= φ̇in(t) + [U̇(t)U(t)† + iHI (φin(t), πin(t)), φin(t)]

π̇in(t) = π̇in(t) + [U̇(t)U(t)† + iHI (φin(t), πin(t)), πin(t)]

⇒ δ

δ(φin(t), πin(t))
[U̇(t)U(t)† + iHI (φin(t), πin(t))] = 0

⇒ i U̇(t)U(t)† = HI (φin(t), πin(t)) + E0(t) ≡ H ′I (φin(t), πin(t))

≡ VI (t) + E0(t) ≡ V ′I (t)
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Differential equation

U̇(t) = −iV ′I (t)U(t) U(0) = 1

Set U(t, t ′) = U(t)U(t ′)†, with U(t, t) = 1

∂tU(t, t ′) = −iV ′I (t)U(t, t ′)

We already know the solution

U(t, t ′) = U(t)U(t ′)† = Texp

{
−i
∫ t

t′
dτV ′I (τ)

}
so

U(t) = U(t, 0) = Texp

{
−i
∫ t

0
dτV ′I (τ)

}
= Texp

{
−i
∫ t

0
dτVI (τ)

}
e−i

∫ t
0 dτE0(τ)

U(t)† = U(0, t) = Texp

{
−i
∫ 0

t
dτV ′I (τ)

}
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Plug into Green’s function (t ≥ maxi ti ≥ −t )

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉
= 〈0|T{U(t1)†φin(x1)U(t1)U(t2)†φin(x2)U(t2) . . .U(tn)†φin(xn)U(tn)}|0〉
= 〈0|U(t)†T{U(t, t1)φin(x1)U(t1, t2)φin(x2) . . .

. . .× U(tn−1, tn)†φin(xn)U(tn,−t))}U(−t)|0〉

= 〈0|U(t)†T{φin(x1) . . . φin(xn)exp

{
−i
∫ t

−t
dτV ′I (τ)

}
}U(−t)|0〉

→
t→∞
〈0|T{φin(x1) . . . φin(xn)exp

{
−i
∫ t

−t
dτV ′I (τ)

}
}|0〉

× 〈0|U(t)†|0〉〈0|U(−t)|0〉
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in〈pα|U(−t)|0〉 = −i
∫

d3x e ip·x
↔
∂ 0 in〈α|φin(x)U(−t)|0〉

= −i
∫

d3x e ip·x
↔
∂ 0 in〈α|U(x0)φ(x)U(x0)†U(−t)|0〉

= −i
∫

d3x in〈α|U(x0)[e ip·x
↔
∂ 0φ(x)]U(x0)†U(−t)|0〉

− i

∫
d3x e ip·x in〈α|[U̇(x0)U(x0)†,U(x0)φ(x)U(x0)†]U(−t)|0〉

x0=−t
= −i

∫
d3x in〈α|U(−t)[e ip·x

↔
∂ 0φ(x)]|0〉

− i

∫
d3x e ip·x in〈α| [−iVI (−t), φin(x)]︸ ︷︷ ︸

=0

U(−t)|0〉

→
t→∞

−i
∫

d3x in〈α|U(−t)[e ip·x
↔
∂ 0

√
Zφin(x)]|0〉 =

√
Z in〈α|U(−t)a(p)in|0〉 = 0

=⇒ lim
t→∞

U(±t)|0〉 = λ±|0〉
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lim
t→∞
〈0|U(t)†|0〉〈0|U(−t)|0〉 = lim

t→∞
〈0|U(−t)|0〉〈0|U(t)†|0〉

= lim
t→∞
〈0|U(−t)U(t)†|0〉 = lim

t→∞
〈0|U(t)U(−t)†|0〉∗

= lim
t→∞
〈0|Texp

{
−i
∫ t

−t
dτV ′I (τ)

}
|0〉∗

Gell-Mann–Low formula

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉

= lim
t→∞

〈0|T{φin(x1) . . . φin(xn)exp
{
−i
∫ t
−t dτV

′
I (τ)

}
}|0〉

〈0|Texp
{
−i
∫ t
−t dτV

′
I (τ)

}
|0〉

=
〈0|T{φin(x1) . . . φin(xn)exp

{
−i
∫ +∞
−∞ dτV ′I (τ)

}
}|0〉

〈0|Texp
{
−i
∫ +∞
−∞ dτV ′I (τ)

}
|0〉
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Starting point for perturbation theory (drop E0 since it cancels out)

〈0|T{φ(x1)φ(x2) . . . φ(xn)}|0〉

=
〈0|T{φin(x1) . . . φin(xn)exp

{
−i
∫ +∞
−∞ dτVI (τ)

}
}|0〉

〈0|Texp
{
−i
∫ +∞
−∞ dτVI (τ)

}
|0〉

=

∑
N

(−i)N
N! 〈0|T{φin(x1) . . . φin(xn)

∫ +∞
−∞ dτ1VI (τ1) . . .

∫ +∞
−∞ dτNVI (τN)}|0〉∑

M
(−i)M
M! 〈0|T{

∫ +∞
−∞ dτ1VI (τ1) . . .

∫ +∞
−∞ dτMVI (τM)}|0〉

Apply usual machinery of Feynman diagrams

Numerator = all diagrams (connected and disconnected) with N
external sources (= vertex Jφ)

Denominator = vacuum-to-vacuum diagrams ⇒ cancel out
disconnected vacuum bubbles in the numerator
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Putting together LSZ + Gell-Mann–Low ({p′1, . . . , p′n′}∩{p1, . . . , pn} = ∅)

out〈p′1, . . . , p′n′ |p1, . . . , pn〉in

=(2π)4δ(4)(p′−p) lim
p2,p′ 2→m2

n∏
j=1

(
p2
j −m2

i
√
Z

)
n′∏

j ′=1

(
p′ 2j ′ −m2

i
√
Z

)

× {
∑

diagrams with n′ + n legs (−p′, p)}
{
∑

vacuum-to-vacuum diagrams}

=(2π)4δ(4)(p′−p)
{
∑

amputated diagrams with n′ + n legs (−p′, p)}

Z
n+n′

2 {
∑

vacuum-to-vacuum diagrams}
Renormalisation:

renormalised (physical) mass mB = Zmm ⇒ leaves residue Z in prop.

renormalised coupling λB = Zλλ

ZV
λ Z−

E
2 = (ZλZ

nV
2 )VZ−

nV
2
VZ−

E
2 = (ZλZ

nV
2 )V Z−(I+E)︸ ︷︷ ︸

makes all dressed propagators finite

tune ZλZ
nV
2 to reabsorb remaining divergences
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