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INTRODUCTION	  



Topological	  excitaOons	  

Order parameter field: 

in space 
(space-time) 

order parameter  
space 

ψ : x → ψ(x)∈ χ

Homotopy classes:  ψ : M → χ{ } / continuous deformations{ }
x ∈M

non-trivial homotopy  
class structure 

•  topologically distinct field  
     configurations 
•  topological excitations 



•  superfluid vortices  

Topological	  defects	  /	  excitaOons	  

Non-trivial structure on higher dimensional surfaces:  

Leslie et al., PRL 103, 250401 (2009) 

Vortices:  

Zwierlein et al.,  Nature 435, 1047 (2005) 

Π1(χ )structure of        on circle (first homotopy group            )   is non-trivial ψ

Πd (χ ) ≠ 0{ }

•  non-abelian vortices, Z2 vortices etc. 

monopoles (defects) 

Can one use cold atoms to create such topological objects? 

't Hooft-Polyakov monopole in SU(2) field theories, e.g. 
‘Hedgehog’ configurations in magnets 



The	  opOcal	  toolbox...	  
Trapping and cooling atoms:  

Laser cooling 
Magneto-optical trapping 
Evaporative cooling 
atomic chips 
...  

T <1µK

Creating potentials, interactions 
Optical lattices 
Feschbach resonances 
low-dimensional structures 
design potentials by holography! 
single atom microscope and manipulation 
.... 

atom cloud with respect to the carrier chip surface is calibrated
by comparing magnetic field simulations with experimentally
measured, position-dependent trap parameters (oscillation frequen-
cies, offset fields).

The nanostructures that we probe with the atom cloud are inte-
grated on a separate ‘nanochip’ (here with height !270 mm) fixed to
the surface of the carrier chip. The carrier chip and the nanochip are
at room temperature. The large scanning area of the carrier chip
allows, in principle, for several nanochips to be mounted at the
same time.

In the following, we image the topography of carbon nanotube
structures on a silicon nanochip surface using the cold-atom
probe tip. The multiwalled carbon nanotubes have been grown ver-
tically on the nanochip by plasma enhanced chemical vapour depo-
sition (PECVD), similar to the procedure in refs 28 and 29.
Scanning electron microscope (SEM) images of the nanostructures
shown in Fig. 2b,c are used for comparison.

Contact mode
The first task of the SPM is to calibrate the position of the nanochip
surface. This may vary from sample to sample, because the
nanochips are mechanically attached or glued to the carrier chip.
The calibration is done by measuring atom losses from the magnetic
trap as a function of cloud–surface separation at three lateral
positions over the nanochip. Atom loss is observed when the
atomic density distribution has a significant overlap with this
surface (contact mode). This three-point measurement allows us
to correctly characterize the plane of the nanochip surface.

The experimental situation is illustrated in Fig. 3a. In the first
step, we prepare an atom cloud at a relatively large distance from
the surface (60 mm) with no observable atom loss (position A).
From this position, the cloud is moved adiabatically (within
300 ms) towards the nanochip surface to a variable turning point,
and is then shifted back non-adiabatically to the start position.
Subsequently, all magnetic fields are turned off and the remaining
atom fraction N(d )/N0 is observed by standard absorption
imaging30. The measured data are plotted as a function of the
cloud’s turning point d with respect to the carrier-chip surface
(Fig. 3b, data set A).
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Figure 1 | Cold-atom SPM. An ultracold atom cloud (shown in yellow) is
confined in a magnetic trap and scanned above a surface in a three-
dimensional volume. By measuring the loss of atoms from the cloud
(contact mode) or changes in the centre-of-mass oscillation of the cloud
(dynamic mode), the topography of the surface is determined.
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Figure 2 | Magnetic conveyor belt for nanopositioning the cold-atom probe tips near nanostructures. a, The carrier chip contains a full set of miniaturized
electromagnets (defined by microfabricated wire patterns) for trapping and excitation-free transport of atom clouds over a surface area of 20 mm2 and a
variable height up to 500 mm above the carrier chip surface. Current-driven conductors on the front (R1, R2, R3) and rear side (A1–A8) of a sapphire
substrate generate magnetic traps for ultracold atoms. The position of the magnetic trap is scanned by changing the current in the conductors12.
Nanostructures under study are implemented on the nanochip, which is attached to the surface of the conveyor belt. b,c, SEM images of vertically grown
carbon nanotube test structures: a carpet of nanotubes (b) and a free-standing nanotube surrounded by lines of nanotubes (c).
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Figure 3 | Coherent control of single spins in an optical lattice. a, By focussing an addressing laser onto single atoms, the energy splitting between two
spin states can be controlled. A microwave source, resonant only with this shifted transition frequency, allows single-site-resolved spin control. b,c, By
moving the addressing beam to different lattice sites, arbitrary spin patterns at the single-spin level can be prepared. Figure reproduced from ref. 88.
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Figure 4 | Realization of a quantum Ising model using a one-dimensional Mott insulator in a strong potential gradient. When exposing a unit-filling Mott
insulator to a potential gradient, neighbouring lattice sites are shifted in energy by 1. For 1 < U, the Mott insulator corresponds to a paramagnetic phase
(a), whereas for 1 > U an antiferromagnetic phase is formed as the ground state of the system (c). A transition between both states occurs around
1 ⇡ U (b). The occupation of neighbouring sites represent pseudo-spins of the system (d). Lower row: direct single-site and single-atom resolved images
of the transition from a paramagnetic to an antiferromagnetic phase. Panel reproduced from ref. 94.

Conceptually, the simplest way to obtain a Landau-like
single-particle spectrum is to consider a bulk (continuous) gas
confined in an isotropic 2D harmonic well, and rotate it at a
frequency close to the trapping frequency. For superfluid atomic
gases in themean-field regime, this technique has already been used
to study vortex physics101,102. In the context of quantum simulation,
one must achieve a quasi-exact balance between trapping and
centrifugal forces. This provides the required massive degeneracy
of the single-particle ground state, with the remaining Coriolis force
taking the role of the Lorentz force on a charge. The Hamiltonian
of the atom gas is then formally identical to that of the electron
fluid of the quantumHall effect and one expects the ground state of
the many-body system to be strongly correlated97. Experimentally,
this route is well-adapted to small samples, say up to ten atoms,

for which the balance between trapping and centrifugal forces
can be performed with the required accuracy. The comparison
with exact diagonalization methods, which can be performed for
up to 10–15 particles, will be essential to validate the concept of
quantum simulation in this framework. It could be performed
for any density-correlation function that will be accessible using a
detection schemewith single atom resolution (Box 2).

Cooling a rotating gas to a very low temperature is only one of
the possible paths that have been proposed to reach a quantum
Hall-like ground state. For a rotating fluid, one can also use a
selective-dissipation process, such as atom loss due to three-body
recombination, to favour some strongly correlated states103. Still
another option is to smoothly vary an external parameter of the
rotating system and rely on the fact that the system remains in
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insulator to a potential gradient, neighbouring lattice sites are shifted in energy by 1. For 1 < U, the Mott insulator corresponds to a paramagnetic phase
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Conceptually, the simplest way to obtain a Landau-like
single-particle spectrum is to consider a bulk (continuous) gas
confined in an isotropic 2D harmonic well, and rotate it at a
frequency close to the trapping frequency. For superfluid atomic
gases in themean-field regime, this technique has already been used
to study vortex physics101,102. In the context of quantum simulation,
one must achieve a quasi-exact balance between trapping and
centrifugal forces. This provides the required massive degeneracy
of the single-particle ground state, with the remaining Coriolis force
taking the role of the Lorentz force on a charge. The Hamiltonian
of the atom gas is then formally identical to that of the electron
fluid of the quantumHall effect and one expects the ground state of
the many-body system to be strongly correlated97. Experimentally,
this route is well-adapted to small samples, say up to ten atoms,

for which the balance between trapping and centrifugal forces
can be performed with the required accuracy. The comparison
with exact diagonalization methods, which can be performed for
up to 10–15 particles, will be essential to validate the concept of
quantum simulation in this framework. It could be performed
for any density-correlation function that will be accessible using a
detection schemewith single atom resolution (Box 2).

Cooling a rotating gas to a very low temperature is only one of
the possible paths that have been proposed to reach a quantum
Hall-like ground state. For a rotating fluid, one can also use a
selective-dissipation process, such as atom loss due to three-body
recombination, to favour some strongly correlated states103. Still
another option is to smoothly vary an external parameter of the
rotating system and rely on the fact that the system remains in
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[Weitenberg, …, S. Kuhr, Nature 471 (2011)] 
Detection 

Time of flight imaging 
Bragg spectroscopy 
Shaking, modulation spectroscopy  
...  
 



Monopoles	  and	  emaOc	  order	  in	  spinor	  condenstates	  ?	  

23Na:  
 
 
 

F =1 ψ = (ψx,ψy,ψz )

H =
1
2m

∇ψ
2
−µ ψ

2
+
g0
2
ψ

4
+
g2
2
ψ+F

ψ( )

2

g2 > 0Nematic phase 
 
 
 

ψ+F

ψ = 0

real unit vector 
 

Energy density 
 
 
 

χ = (S2 ×U(1)) / Z2Order parameter space 
 
 
 Π2 (χ ) = Z

monopoles (3D)... 
skyrmion in 2D 

phase 
 

T.-L. Ho, PRL 81, 742 (1998); H. T. C. Stoof et al., PRL 87, 120407 (2001) 

ψ = u ρs e
iφ



•  Spin ice 

Trapping	  monopoles	  and	  skyrmions...	  

•  Unstable superfluid textures succesfully created  

Solid state:  
 
 
 

•  Skyrmion latttice in (helical) magnets (SO coupling!)  

Cold atoms:  
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The spin winding structure around the z axis is expressed
with the opposite phase windings of the jmz # 1i and
jmz # $1i components. Note that the total angular mo-
mentum of this spin texture is zero.

To create a 2D Skyrmion spin texture, we employed a
spin rotation method [15,16,28] as illustrated in Fig. 1. A
quasi-2D, polar BEC confined in an optical dipole trap is
placed on the z # 0 plane and a 3D quadrupole magnetic
field is generated as

~B!r; z" # B0!rr̂$ 2zẑ" % Bzẑ; (4)

where B0 is the radial magnetic field gradient. The z
position of the zero-field center of the quadrupole field is
controlled by the axial bias field Bz. Initially, the spin

vector of the polar BEC is ~d # %ẑ with Bz & B0R> 0,
where R is the radial extent of the condensate. By increas-
ing Bz to Bz ' $jB0Rj< 0, the zero-field point penetrates
through the condensate and the magnetic field on the
condensate rotates by $. In the outer region R> r & rc (
)@j _Bzj=%BB

02*1=2, where%B is the Bohr magneton, and @ is
the Planck constant divided by 2$, the local field direction
changes slowly with respect to the local Lamor frequency

and ~d!r" adiabatically follows the local field direction to
$ẑ. On the other hand, in the center region r ' rc, the

local field rotates so abruptly that ~d!r" cannot follow the

field direction. It is obvious that ~d!0" keeps its direction in

%ẑ. Consequently, the tilt angle #!r" of ~d!r" continuously
changes from#!0" # 0 to#!R" # $, satisfying the bound-
ary conditions of the Skyrmion spin texture.
Bose-Einstein condensates of 23Na atoms were gener-

ated in the jF # 1; mF # $1i state in an optically plugged
magnetic quadrupole trap [29] and transferred into an
optical dipole trap formed by focusing a 1064-nm laser
beam with a 1=e2 beam waist of 1.9 mm (17 %m) in the
y!z" direction. Further evaporation cooling was applied by
lowering the trap depth and a quasipure condensate of
1:2+ 106 atoms was obtained. The condensate was pre-
pared in the jmz # 0i state by using an adiabatic Landau-
Zener radio frequency (rf) sweep at a uniform bias field
Bz # 21 G. The trapping frequencies of the final optical
trap were !!x;!y;!z" # 2$+ !3:5; 4:6; 430" Hz and the
transverse Thomas-Fermi radii of the trapped condensate
were !Rx; Ry" , !150; 120" %m. For a typical atom density
n # 1:2+ 1013 cm$3, the spin healing length &s ,
40 %m [30] which is much larger than the thickness of
the condensate, so the spin dynamics in the condensate is
of 2D character.
For the spin texture imprinting, the quadrupole field was

adiabatically turned on to B0 # 8:1 G=cm in 40 ms with
Bz # 500 mG and the axial bias field was rapidly ramped
to Bz <$500 mG at a variable ramp rate _Bz. Then the
quadrupole field was switched off within 150 %s and the
axial bias field was stabilized to Bz # $500 mG within
100 %s. The structure of the spin texture was determined
by measuring the density distributions n0;-1!x; y" of the
jmz # 0;-1i components after a Stern-Gerlach spin sepa-
ration. After switching off the optical trap, the magnetic
field was adiabatically rotated and a field gradient was
applied for 5 ms in the x direction to spatially separate
the three spin components. Then atoms were pumped into
the jF # 2i state and an absorption image was taken using
the jF # 2i ! jF0 # 3i cycling transition. During the total
15-ms time of flight the condensate expanded transversely
by less than 10% and we assume that the measured density
distributions adequately reveal the in situ spin texture.
Ring-shaped spin textures were observed in the conden-

sate after the imprinting process (Fig. 2). The j0i compo-
nent shows a clear density-depleted ring and the j-1i
components occupy the ring region with equal densities.
The radius R$=2 of the ring, characterizing the size of the
spin texture, could be controlled with the field ramp rate _Bz

and the quadrupole field gradient B0, as R$=2 / j _Bzj1=2=B0,
having the same dependence of the critical radius rc of the
adiabatic spin rotation. This validates the aforementioned
qualitative description of the imprinting process. The tilt
angle #!x; y" was reconstructed from n0;-1!x; y" with the
relation cos2# # n0=!n1 % n0 % n$1". When R$=2 <
0:3Rx, j cos#!Rx"j> 0:95, satisfying the boundary condi-
tion of the 2D Skyrmion within our imaging resolution.
When R$=2 , Rx, the outer ring part of the j0i component
disappears and a coreless spin vortex state is formed, where

x

z

(a) (b)

x
zy

FIG. 1 (color online). Illustration of the creation process of a
2D Skyrmion in a spinor Bose-Einstein condensate. (a) A quasi-
2D condensate is prepared in an optical trap and a 3D quadrupole
magnetic field is generated from a pair of coils with opposite
currents. An additional pair of coils provides a uniform bias field
to control the z position of the zero-field center of the quadrupole
field. (b) The zero-field point penetrates through the condensate
and the atomic spin is driven to rotate by the change of the local
magnetic field direction. The tilt angle of the atomic spin
depends on its radial position, resulting in a 2D Skyrmion spin
texture.
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state collapses once field is removed 

Leslie et al, PRL 103, 250401 (2009). 

•  Creation of ‘pseudomonopole’  

Ray et al, Nature 505, 657 (2014) 

LETTER
doi:10.1038/nature12954

Observation of Dirac monopoles in a synthetic
magnetic field
M. W. Ray1, E. Ruokokoski2, S. Kandel1{, M. Möttönen2,3 & D. S. Hall1

Magnetic monopoles—particles that behave as isolated north or
south magnetic poles—have been the subject of speculation since
the first detailed observations of magnetism several hundred years
ago1. Numerous theoretical investigations and hitherto unsuccess-
ful experimental searches2 have followed Dirac’s 1931 development
of a theory of monopoles consistent with both quantum mechanics
and the gauge invariance of the electromagnetic field3. The existence
of even a single Dirac magnetic monopole would have far-reaching
physical consequences, most famously explaining the quantization
of electric charge3,4. Although analogues of magnetic monopoles
have been found in exotic spin ices5,6 and other systems7–9, there has
been no direct experimental observation of Dirac monopoles within
a medium described by a quantum field, such as superfluid helium-3
(refs 10–13). Here we demonstrate the controlled creation14 of Dirac
monopoles in the synthetic magnetic field produced by a spinor
Bose–Einstein condensate. Monopoles are identified, in both experi-
ments and matching numerical simulations, at the termini of vortex
lines within the condensate. By directly imaging such a vortex line,
the presence of a monopole may be discerned from the experimental
data alone. These real-space images provide conclusive and long-
awaited experimental evidence of the existence of Dirac monopoles.
Our result provides an unprecedented opportunity to observe and
manipulate these quantum mechanical entities in a controlled
environment.

Maxwell’s equations refer neither to magnetic monopoles nor to the
magnetic currents that arise from their motion. Although a simple
symmetrization with respect to the electric and magnetic fields, respect-
ively E and B, leads to equations that involve these magnetic charges,
it also seemingly prevents their description in terms of the familiar
scalar and vector potentials, respectively V and A, alone. Because the
quantum mechanical Hamiltonian is expressed in terms of potentials,
rather than electromagnetic fields, this modification immediately leads
to serious theoretical challenges.

In a celebrated paper that combined arguments from quantum
mechanics and classical electrodynamics3, Dirac identified electromag-
netic potentials consistent with the existence of magnetic monopoles.
His derivation relies on the observation that in quantum mechanics
the potentials V and A influence charged-particle dynamics either
through the Hamiltonian or, equivalently, through modifications of
the complex phase of the particle wavefunction. Armed with these
equivalent perspectives, Dirac then considered the phase properties of
a wavefunction pierced by a semi-infinite nodal line with non-zero
phase winding. He discovered that the corresponding electromagnetic
potentials yield the magnetic field of a monopole located at the end-
point of the nodal line. The vector potential in this case also exhibits a
nonphysical line singularity, or ‘Dirac string’, that terminates at the
monopole.

We experimentally create Dirac monopoles in the synthetic electro-
magnetic field that arises in the context of a ferromagnetic spin-1 87Rb
Bose–Einstein condensate (BEC) in a tailored excited state14. The BEC

is described by a quantum mechanical order parameter that satisfies a
nonlinear Schrödinger equation, and the synthetic gauge potentials
describing a north magnetic pole (Fig. 1) are generated by the spin
texture. This experiment builds on studies of synthetic electric and
magnetic fields, respectively E* and B*, in atomic BECs, which is an
emerging topic of intense interest in the simulation of condensed-
matter systems with ultracold atoms15,16. Unlike monopole experiments
in spin ices5,6, liquid crystals7, skyrmion lattices9 and metallic ferro-
magnets8, our experiments demonstrate the essential quantum fea-
tures of the monopole envisioned by Dirac3.

Physically, the vector potential, A*, and synthetic magnetic field,
B1~B+|A1, are related to the superfluid velocity, vs, and vorticity,
V 5 = 3 vs, respectively. (Here B denotes Planck’s constant divided by
2p.) Our primary evidence for the existence of the monopole comes
from images of the condensate density taken after the creation of these
fields (Figs 2 and 3), which reveal a nodal vortex line with 4p phase
winding terminating within the condensate. The images also display a
three-dimensional spin structure that agrees well with the results of

1Department of Physics, Amherst College, Amherst, Massachusetts 01002–5000, USA. 2QCD Labs, COMP Centre of Excellence, Department of Applied Physics, Aalto University, PO Box 13500, 00076
Aalto, Finland. 3Low Temperature Laboratory (OVLL), Aalto University, PO Box 13500, 00076 Aalto, Finland. {Present address: City of Hope National Medical Center, 1500 East Duarte Road, Duarte,
California 91010, USA.
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Figure 1 | Schematic representations of the monopole creation process and
experimental apparatus. a–c, Theoretical spin orientation (red arrows) within
the condensate when the magnetic field zero (black dot) is above (a), entering
(b) and in the middle of (c) the condensate. The helix represents the singularity
in the vorticity. d, Azimuthal superfluid velocity, vs (colour scale and red
arrow), scaled by equatorial velocity, ve. Black arrows depict the synthetic
magnetic field, B*. e, Experimental set-up showing magnetic quadrupole (Q)
and bias field (BX, BY and BZ) coils. Red arrows (OT) show beam paths of the
optical dipole trap, and blue arrows indicate horizontal (H) and vertical (V)
imaging axes. Gravity points in the 2z direction.
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imprinted, unstable 

Skyrmions are generically UNSTABLE, they SHRINK or SLIP OUT of the trap... 
 
 
 

•  Quantum-Hall effect 



Shrinkage:	  Derrick’s	  theorem	  	  

Skyrmions tend to shrink or expand... 
 
Theorem: E[ψ]= ∫ ddx (∇ψ)2 + f (ψ){ }

Skyrmion unstable  
agains shrinkage 

proof: 
ψλ (x) ≡ψ(λ x) Eλ ≡ E[ψλ ]= λ

2−d I1 +λ
−d I2

local minimum  ψ( x)

d 2Eλ

dλ 2
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"
#

$
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&
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< 0

(d − 2)I1 + d I2 = 0
dEλ

dλ
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λ=1

= 0

for d > 2 

ψ

x

•  compactify geometry ! 

ways out:  •  use external non-abelian gauge fields 
•  inhomogeneous potentials 



MOTT	  SKYRMION	  

Stabilizing the skyrmion by an optical lattice... 



MoU	  transiOon	  for	  Bosons	  	  	  	  	  

1ni =

JU <<

UJ <<

Superfluid: 

Insulator: 
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Bosons on an optical lattice: 

1ni =

sx nSFaaSF =+ || 0



Phase diagram 

Phase	  diagram	   1≠in
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Bloch, et al. RMP 
2008 

Bosons in a trap:  

potential )(zV

)(zV

effµ

µ

Shell structure 

Phase	  diagram	  in	  	  a	  trap...	  

effective chemical potential 
varies across the trap ! 



ObservaOon	  of	  bosonic	  MoU	  transiOon	  
Interference pattern 

Time of Flight experiment 87Rb Optical lattice 

Condensate 
Condensate with  

Bragg peaks 
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Greiner et al., Nature 415, 39 (2002) 



Optical lattice            Mott insulator core 

MoU	  skyrmion	  

closed geometry + pinning! 



M. P. A. Fisher et al., PRB 40, 546 (1989) 
E. Demler and F. Zhou, PRL 88, 163001 (2002) 
F. Gerbier, PRL 99, 120405 (2007) 

with                                 density 

and                                           spin operators. 

F	  =	  1	  	  Bose-‐Hubbard	  model	  

U2 <<U0 T <<U0 T >> TC ~ z J
2 /U0

parameter range: 



Free	  energy	  funcOonal	  

Hubbard-Stratonovich transformation (in hopping !) 

Nematic interactions (            ) 

2

complex gauge fields is beyond the reach of current
experiments.
Here we propose to stabilize the skyrmion states ge-

ometrically by generating a non-superfluid core at the
center of a trapped nematic superfluid. We suggest to
achieve this by placing the nematic superfluid into a deep
optical lattice, and thus driving the atoms at the center
into a Mott insulating state (see Fig. 1). In this way a
closed two-dimensional superfluid shell is created, which
– unlike open shell configurations – supports topologi-
cally stable skyrmions, anchored by the Mott insulating
core. We compute the free energy of this strongly inter-
acting ’Mott skyrmion’ system numerically, and demon-
strate that the skyrmion texture is indeed stable.
In the skyrmion configuration the superfluid order pa-

rameter acquires a non-trivial, topologically protected
texture, generated virtually by a monopole at the cen-
ter of the trap. As predicted by Jackiw and Rebbi
and Hasenfratz and ’t Hooft [39, 40], the presence of
a monopole can influence the quantum numbers of the
excitations around the monopole – and turns bosonic ex-
citations to fermions, a phenomenon termed ’spin from
isospin’ mechanism. As we show by detailed calculations,
somewhat similarly to the ’spin from isospin’ mechanism,
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alent vacua in quantum field theory [2]. Our proposal
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significant changes in the excitation spectrum of an in-
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We describe a balanced mixture of interacting spin F =

1 bosons using the lattice Hamiltonian Hkin +
!

r Hloc,r

with the kinetic and local parts defined as

Hkin = !J
"

!r,r!"

b†r!br!!, (2a)

Hloc,r = !µ(r)nr +
U0

2
: n2

r : +
U2

2
: !F 2

r : . (2b)

Here the operators b†r! create a boson of spin component
" (" = x, y, z) at the lattice site r, and nr =

!
! b†r!br!

and !Fr =
!

!," b
†
r!
!F!"br" denote their density and mag-

netic moments, respectively. The F j stand for the usual
angular momentum matrices in the " = x, y, z basis,
F j
"# = !i #j"# , and : . . . : refers to normal ordering. The

hopping J sets the kinetic energy of the bosons, while
the e!ect of trapping potential V (r) = m$2

0r
2/2 is in-

corporated in the e!ective position dependent chemical
potential, µ(r) " µ ! V (r). The (normal ordered) in-
teraction term U0 describes the strong repulsion between
lattice-confined bosons, while the second, much weaker
interaction term U2 accounts for the magnetic interac-
tion between them. It is this second term, U2 > 0, which
for 23Na forces the superfluid order parameter "! # $b!%
to stay within the nematic phase, fr " "†

r
!F"r/|"r|2 " 0

(a condition implying equation (1)), once the superfluid
density %r " |"r|2 becomes finite.

In the following we focus our attention onto the regime
zJ/U0 & 0.2 with z = 6 the number of nearest neighbors.
Here, increasing the chemical potential at the center of
the trap beyond some critical value (or equivalently, mak-
ing the trap tighter), the density at the center increases
and finally reaches the first Mott lobe (see Fig. 1b).
For 23Na, in particular, we estimate U0 & 250 nK and
U2 & 9 nK in this regime of interest, and zJ & 50 nK,
as shown in Supplementary Note 1. We also assume that
the temperature is already low enough (T < zJ) to form-
ing a superfluid around the Mott core with typical radius
R, albeit it is well above the magnetic ordering temper-
ature of the Mott insulating core, T > TC ' J2/U0, in
accordance with the temperature range of current exper-
iments. Thus the core is essentially non-magnetic, and
the interplay between the magnetism in the Mott core
and superfluidity can be ignored (see also our discussion
under heading ’Excitation spectrum’).

RESULTS

Stable skyrmion configuration

First, to verify the stability of the skyrmion, we in-
troduced local order parameter fields by performing a
Hubbard-Stratonovich transformation, br ( "r & $b(r)%
(see Methods), and traced out the original boson fields
numerically to obtain the free energy functional

F ({"r}) & !Ja2
"

r,r!,!

"r!#rr!"r!! (3)

+
"

r

Floc

#
%r, f

2
r , µ(r), T

$
.

Here a denotes the lattice constant, and #rr! stands for
the discrete Laplace operator. The first term describes
the sti!ness of the superfluid order parameter, while the
second term incorporates the e!ect of the interaction as
well as that of the confining potential, and has been de-
termined numerically for each lattice point (see Meth-
ods). Its structure follows from the obvious O(3) rota-
tional symmetry and U(1) gauge symmetry of the under-
lying Hamiltonian, equation (2).
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FIG. 2. Inner structure of the skyrmion in the (x, z)
plane. (a) In-trap SF densities of the |+1! (|"1!) bosons
form a vortex (antivortex) around the equator, whereas that
of the |0! condensate in (b) creates a dark soliton at the poles.
(c,d) show in-trap particle densities. SF order of one of the
spin components leads to a local increase of the component’s
particle density at the expense of those of the other two com-
ponents, leading to a specific density structure characterizing
the skyrmion (bottom). This structure gets significantly more
pronounced at lower temperatures. [Physical parameters of
the plot: T/U0 = 0.05, U2/U0 = 0.025, zJ/U0 = 0.18, chem-
ical potential in the middle µmid/U0 = 0.36, and at the edge
µedge/U0 = "0.09.]
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To find the minimum of F ({!r}) we used the imagi-
nary time equations of motions,

!!!!r" =
"F

"!r"
, !!!!r" =

"F

"!r"
. (4)

The dynamics generated by equation (4) drives the field
configuration {!r} towards the minima of the free energy
functional. In particular, for appropriate parameters,
starting from a configuration with a skyrmion texture
imprinted, the field !r is found to relax to a configura-
tion

!r " ei#
!
#(r) r̂,

with r̂ denoting the radial unit vector. We verified by
adding a random component to the initial field configura-
tion that this final state is indeed a robust local minimum
of the free energy, as anticipated.
Fig. 2 displays the superfluid and total densities across

the trap in the usual hyperfine spin basis, F z = ±1 and
F z = 0, where the amplitudes of the various superfluid
components read as !±(r) = ei#

!
#(r)(x̂± iŷ)/

#
2, and

!0(r) = ei#
!
#(r)ẑ. The superfluid density is clearly

suppressed at the center of the trap, where the stabiliz-
ing Mott insulating core is formed, and it lives on a two
dimensional shell around this core. The components !±
form vortices around the equator, while the !0 compo-
nent behaves as a dark soliton, localized at the north and
south poles. The total density of the components of the
superfluid is also distorted and reflects the structure of
the order parameters; the density of $b0% & $bz% is elon-
gated along the z-axis, while that of the other two spin
components, $b±% & $bx%± i$by% is squeezed along it (see
Fig. 2 bottom).

Creation

A possible way to create the skyrmion is to imprint
diabatically a vortex, an antivortex and a dark soliton
into the three spin components [42], and then stabilize
the vortex state by turning on a deep optical optical lat-
tice. Starting with a superfluid with all atoms in the
|!1% state, as a first step, a fraction of the atoms could
be transferred into a vortex state in component |1% us-
ing a so-called " transition. This is possible by applying
a diabatic pulse of a pair of counter-propagating $!,$+

Raman beams of first order Laguerre-Gaussian (LG!1)
and Gaussian density profiles, respectively [37]. This vor-
tex could then be transferred to state |0% by a simple RF
%-shift. As a next step, the creation of an antivortex in
component |1% could be achieved by changing the chiral-
ity of the Laguerre-Gaussian beam from LG!1 to LG+1.
Finally, another laser, perpendicular to the quantization
axis, would be used to imprint the dark soliton into the
remaining atoms in state |!1% [? ].
An alternative and maybe even simpler way to create

the skyrmion could be to imprint three dark solitons in

the x, y, and z directions, respectively, and then mixing
them using an RF %/2-shift.

Excitation spectrum

To study the excitation spectrum of the superfluid
shell, we constructed a two-dimensional e#ective field
theory for the superfluid order parameter &(r), by assum-
ing a thin superfluid shell of radius R. We also neglected
the penetration of the nematic order into the Mott insu-
lator, which is expected to decay abruptly within a few
atomic layers [44], leading to slight renormalization of
the parameters of our model, and presumably negligible
dissipation. Thus, we can describe the superfluid by the
Lagrange density

L = i& !t& + &
"$2

2m
+ µ̃

#
& ! g0

2
|&|4 ! g2

2
(& 'F&)2, (5)

generating the following equations of motion for the order
parameter field,

i !t& =
"
!$2

2m
! µ̃+ g0|&|2

#
& + g2(& 'F&) · 'F&. (6)

Here $2 denotes the two dimensional Laplace operator
on the sphere, µ̃ the e#ective chemical potential of the
superfluid shell, and and g0 and g2 stand for the e#ec-
tive couplings. All of these parameters depend on the
precise width of the superfluid shell as well as on the
lattice parameters. We estimated them from our lattice
computations, as explained in more detail in Supplemen-
tary Note 3.

The excitation spectrum of the condensate is obtained
by linearizing equation (6) around the ground state field
configuration, and then solving the resulting coupled dif-
ferential equations. Equivalently, we can treat the field &
as a quantum field, and obtain the corresponding Bogoli-
ubov spectrum of the condensate (see Methods and Sup-
plementary Note 4). For a uniform, ’skyrmionless’ con-
figuration, & ' #

#0 ẑ, we find that the density (phase)
and spin excitations decouple and the spectrum can be
obtained analytically, similarly to the case of a spatially
homogeneous systems [45]. In the limit of large trap radii
compared to the superfluid and magnetic healing lengths,
defined through (!2

0 ( mg0 #0 and (!2
2 ( mg2 #0, we ob-

tain the spectrum

)ph,l "
1

mR(0

!
l(l + 1) , )sp,l "

1

mR(2

!
l(l + 1) ,

with l = 0, 1, .. the angular momentum quantum num-
ber. Since the spin coupling is much smaller than the
density coupling, g2 ) g0, and thus (2 * (0, spin excita-
tions dominate the low energy excitation spectrum of the
condensate. For a spherical trap every excited state in
the spin sector has a (2l+1)+ 2-fold orbital degeneracy.
The (2l + 1)-fold degeneracy is due to spherical symme-
try and is accidental in the sense that it is lifted once the
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FIG. 3. Excitation spectrum. The left (right) panel visual-
izes the low energy part of the excitation spectrum above the
trivial (skyrmion) ground states in units of !2 = 1/(mR"2),
with the magnetic healing length "2 = 1/

!
mg2#. Due to

the rotational symmetry of the trivial state around ẑ, each
excited state has a 2-fold spin degeneracy in addition to the
(2l + 1)-fold orbital degeneracy. In contrast, spin degeneracy
splits, and only orbital (rotational) degeneracies survive in
the skyrmion sector. The trivial and skyrmion states exhibit
di!erent number of zero modes (Goldstone modes) as well.
Apart from the phase degree of freedom, only two zero modes
exist in the trivial case, since rotations around ẑ in configu-
ration space leave this state invariant. In the skyrmion state,
however, the number of zero modes increases by one, since
rotations around all three spin axes provide a zero mode on
top of the phase mode.

FIG. 4. Di!erence of in-trap absorption images of the
components |±1" and |0", taken along the y axis. Due to
the non-trivial SF configurations of the skyrmion, |±1" (|0")
bosons have higher densities along the equator (poles), see
also Fig. 2. [Densities are shown as percentages of the largest
value of the absorption image of component |0". Physical
parameters: identical to the ones in Fig. 2.]
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FIG. 2. Inner structure of the skyrmion in the (x, z)
plane. (a) In-trap SF densities of the |+1! (|"1!) bosons
form a vortex (antivortex) around the equator, whereas that
of the |0! condensate in (b) creates a dark soliton at the poles.
(c,d) show in-trap particle densities. SF order of one of the
spin components leads to a local increase of the component’s
particle density at the expense of those of the other two com-
ponents, leading to a specific density structure characterizing
the skyrmion (bottom). This structure gets significantly more
pronounced at lower temperatures. [Physical parameters of
the plot: T/U0 = 0.05, U2/U0 = 0.025, zJ/U0 = 0.18, chem-
ical potential in the middle µmid/U0 = 0.36, and at the edge
µedge/U0 = "0.09.]
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