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Outline

Structure of the talk:

1. introduction (the sign problem, the chRMT model and its sign problem);
2. methods (complexification, integration manifold optimisation, holomorphic flow);
3. results (with different ansdtze, comparisons with holomorphic flow);

4. discussion and outlook.
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What is the sign problem?
Grand canonical partition function of QCD:

Z= /DUDdJDzZ e~ SWU.¥] = /DU det M[U]e~S&[U]

= /DU e Sert[U] — /DU wlU] .

If w[U] not real and positive <> Seg ¢ R: MC with importance sampling not possible

~ complex action problem.

E.g.
> finite density/bariochemical potential QCD(-like models);
» Hubbard model of condensed matter physics (away from half filling);
> real time dynamics ~ (fle=*# i) = [ Dz Sl
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What is the sign problem?
Q: How to overcome the complex action problem?

A: Simulate what you can and reweight to the original theory!

Expectation value through reweighting (r[¢] real and positive):

/D Olplwlg] /D¢ OIS ¢] drigl (0w,
(O)w = = =
J Do wi¢] fm w9l g) (2),

Complex action problem reduces to the sign problem:
» large fluctuations in % — large cancellations —» large uncertainties (exp. in V, u);

> severity of the sign problem:
w Zw 1~ perfect!
— = —— _—
r/, Zr ~ 0 ~ not so much...

E.g. phase quenched theory r = |w| = detM — |detM]|.
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Fighting the sign problem?

=== original (Im¢ = 0)

Why?: deformed #1
deformed #2
> QCD; deformed #3

» condensed matter physics deformed #4

(Hubbard model);

» neutron stars;

Im¢

» hydrodynamic simulations at
finite density;

> etc.

How?:
N-dim. integral over real fields to

> 2N-dim. stochastic dynamics in the real and imaginary parts of complexified fields
(e.g. complex Langevin);

» N-dim. integral with deformed integration contour/manifold into the complexified
field space.

4/33



Complex contour deformations

Aim:
> searching for theories “closer” to the original theory;
P> with real and positive weights;
» hence acquiring better signal-to-noise ratios in observables.

Set of integration manifolds Mger({p}) parameterised with some finite set of real
parameters {p}:

zZ= /D¢ wlg] = / Ddet w[pdet] = / DX det J(X)w[pger(X)] -

Mef Mef

Phase quenched partition function:

N = [ ox \det J(X)w[qsdcf(xn\ .
Mdet
Severity of the sign problem:

(5). = zagom - <\i§t§ﬁi:j}|>d€f =
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Integration manifold optimisation ~ machine learning

The sign problem is milder if

is maximal!

Zdef({ )

Y. Mori et. al. [arXiv:hep-lat/1705.05605]

Introducing a cost function and minimise it by varying {p}:

F({p}) = —log(e'?) = —log Z + log 208 ({p}) -

One can utilise machine learning algorithms (e.g. gradient descent) and compute
gradients:

F({p}) = Vplog Zpq({p}) = —(VpSerr — Vplog|det T |)pe, -
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Holomorphic flow

A. Alexandru et. al.: [arXiv:hep-lat/1512.08764]
» Specific way of doing contour deformations:

/ D e—Sertl¢]  deformation, / Dy e—Seitlo1]
Mo Maget (tf)

» Defined by the flow equation

dor _ (aseff
dtg - O

> Along the flow

) with initial condition  ¢¢(ts =0) = ¢ .

2

d 1[dS, ds, * ds,
—ReSeg = = |: off ( eﬁ) ] = eff > 0 ~ monotonically increasing;
dte 2| dtg dt do¢
d 1[dS dSeq | * 1 [|dSeq|? |dSeq|?
—ImSeg:—,[ off 7( eff) ] :—[ eoff | off } =0 ~ constant .
dts 2i | dtg dt 2i dos dos

P> ReSeg increases monotonically = Zpq becomes smaller!

> Jacobian: dJ/dt¢ = (HJ)* with Hessian H and detJ (¢t =0) =1
~ very expensive. ..
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Holomorphic flow and Lefschetz thimbles

» Holomorphic flow tends towards the so-called Lefschetz thimbles as ty — oco.
AuroraScience: [arXiv:hep-lat/1205.3996]

» Lefschetz thimbles: a given contour on which ImS.g = constant.

» The thimble is the set of initial conditions for the equation

dor __ (05
dtg 0o

) for which  ¢¢(t; — 00) = ¢,

where
0Sefr
Ot

=0.
Pr=0¢°

Thimble structure of fermionic theories are usually quite complicated.
Not smooth at zeroes of the fermion determinant.

Cancellations between competeing thimbles could become essential.
Not necessarily the “best” contour either.

If detJ # 1: residual sign problem.

vvyVvyyvyy
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Lefschetz thimble: example
» Example with action [arXiv:hep-1lat/2007.05436]

5(z) = ézQ —log[(p? +ip)? + (2 + m)?]

Im(z)
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The Stephanov model

~ chiral random matrix model (Stephanov: [arXiv:hep-lat/9604003]):

Z= /DU detM[Ule sVl

VS.

Z = eNH? /deWT detN7 (D 4 m) e~ NTr(WWT)

where:

> W, WT € CN*N  general complex matrices — 2N? DoF;

Ny : flavour number;
1 : chemical potential;

>
>
> m : quark mass;
>

[arXiv:hep-ph/0003017]

and massless Dirac operator

o~

0 iW+u) € C2Nx2N

iWT 4+ 0
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The Stephanov model

Phase transitions:

» chiral condensate » baryon number density

( ) 1 OlogZ ( ) 1 OlogZ
m, ) = —— ——— np(m, ) = =5
’ 2N 9m 2N dp
N;=2,p=1.0 Ny=2,m=0.2
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The Stephanov model: the phase quenched theory
Phase quenched partition function:

Zpq = N’ /deWT |det™Ns (D 4+ m)| e NTEWWT)

E.g. baryon number density:

N=6,N;=2,m=0.2

Expectation values via 35 .

reweighting 3.0
2.5
N 2.0
<O deth(D+m) > éq 1.5
(0) = et 7 (D+m)| / pq 1.0

< det™f (D+m) > ' 0.5 analytic

|det™f (D+m)| PQ 0.0 ¢+  reweighting from PQ

-0.5

000 025 050 075 100 125 150 175 2.00
7
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The Stephanov model: pion condensation in the PQ theory

Transition to pion condensed phase:

Phase quenched, Ny =2,m =0.2
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The Stephanov model and its sign problem at finite u

Severity of the sign problem (average phase):

0= 5 - (D

© Zpq  \|det™N7 (D +m)|
m=0.2,N;=2
1.0 *sq -4 original, N=2
08 \\:\\ - original, N=4
—~ o ~#- original, N=6
0.6 kRN
=" e
o LA
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~ \\\\ Sm._ S — 6'//.{’:
0.2 = - P s
N =
0.0 - - TR Lol
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

Complex Langevin method does not work for this model:
J. Bloch et. al [arXiv:hep-lat/1712.07514].
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The Stephanov model: integration contour deformations

Complexification:

W =A+1iB — X=a+1i8
wt=AT — ;BT — Y =aT —igT

where A, B € RV*XN and a,8 € CVXN,
—  a,f can be parameterized by A, B and some set of parameters {p}.

Partition functions:
» deformations are chosen such that Z remains invariant,
» while Zpg = Zpq({p}) does not!
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The Stephanov model: Jacobian of contour deformations

We parameterize the deformed integration manifold with the undeformed variables:

z = / dadB e~ Setlnhl — / dAdB detJe Sett(A.B).A(A.B)]
Mdet Maet

where Ser = NTr(XY) — Ny logdet(D +m) and J = S50) € C2N*x2N7,

“New” average phase after deformation:

) = < det™s (D + m) detJ eﬂNImTr()nf)>de
|det™NF (D +m) det.T| PQ

<6i9
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Results: ansatz #1

Motivation:

w© can be transformed out of the Dirac operator via a constant imaginary shift in A:

D— 0 iW 4w\ 0 (iA—B)+p
T \iWwt 4 0 “\GAT +BT) +u 0

The ansatz:

a=A+ikiid
B = B + iksid

with k1,k2 € R and detJ = 1.
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Results: ansatz #

m=0.2,u=1.0,N=2,N;=2

0.40
0.35

0.30

a=A+1ikyid _
B8 = B+ikaid

0.00
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Results: ansatz #2

Motivation:

When p is transformed out of the Dirac operator via A — A + ikid:
Tr(XY) = Tr(AAT + BBT) — Nk? 4 2ikTrA
The ansatz:

a = A+ ipiid 4+ p2TrAid
B=B

with p1,p2 € R and detJ =1+ Npa2.
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Results: ansatz #2

m=0.2,4=10,N=2,N;=2

a = A+ ip1id + p2TrAid
B=B

0.00
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Results: many-parameter ansdtze

20-parameter linear ansatz:

a = (a+bTrA+ cTrB)id + (1 +d)A + B
B=(f+gTrA+hTrB)id+ jA+ (1 +k)B

with a,b,...,k € C and all are zero before contour deformation;

detT = (1 +d)(1+ k) — )™ " [((1+ d) + Nb) (1 + k) + NR) — (e + Ne)(j + Ng)] -

Proper scan is not feasible: too many parameters:

P> too costly to scan,

» impossible to visualize,

but can be handled with the integration manifold optimisation approach.
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Interlude 1: AdaDelta optimisation

Parameter updates are computed with the AdaDelta algorithm [arXiv:1212.5701]:

— i.e. change in parameter vector p at optimisation step t:

2 —
Ap, __VEAPYi1+e

g with gradient g, = V,F(p
T@) te t t P +)

and a decaying average defined as E(m); = vE(m)e—1 + (1 — v)ms.
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Interlude 2: parameter constraints and logarithmic barriers

Possible problems:

P> many-parameter deformation ansdtze do not guarantee the convergence of the
integral,

> |detJ| > 0, otherwise problematic (A, B) — (a, ) mapping.

Finiteness
Constraint via logarithmic barriers:
from the action:

T Modifying the cost function to minimize:
Tr(X(A,B)Y(A,B)=v-M-v" +...

F({r})

v=(Au1,...,AyN, Bi1,..., Byn) € R2N?

and M has details of the quadratic form b

(M = idy N2y on2 for no deformation). N2

1
For the integral to be convergent: ReA; > 0 F({rh) - n [log(|detj|) + Z log(ReAi)}
(i=1,...,2N?) ‘
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Results: many-parameter ansdtze

Interestingly only a single important parameter emerges — Im(a) = k1 =p1
2 m=0.2,u=10,N=2,N;=2
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5015 —— Re(h) Im(d) - Re() Im(j)
§0.|0 — Im(b) Re(e)  -=-- Im(g) Re(k)
[

S 0.05 —— Re(0) Im(e) - Re(h) -~ Im(k)
e
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Results: many-parameter ansdtze

Visible improvement in the sign problem:

m=0.2,u=1.0,N=2 N;=2

0 200 400 600 800 1000
N, opt
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Results: p and N-dependence at Ny = 1 (Im(a) = ki

-4 original, N=2
—-¢-  deformed
-+- original, N=4

—~

5

=10

]

(&)
~~

deformed

original, N=6
¢ deformed

original, N=8
deformed
102 original, N=10
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 - deformed
o
m=02,u=0.7,N;=1
3
¢ deformed
?‘5 B b ¢ original
= 10
= .
% .
J .
~ Ps
=
2 *
10 2 4 6 8
N

26 /33



Results: p- and N-dependence at Ny =2 (Im(a) = k1 = p1)
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Results: improvement on the sign problem (Im(a) = k1 = p1)

Statistical improvement ~ ((eie)de/(ei‘9>‘”igi“al)2
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Results: optimal contour parameters (Im(a) = k1 = p1)

u- and N-dependence:

m:0.2,Nf:1 m:0.2,Nf:2
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Results: holomorphic flow vs. integration manifold optimisation

Q: “Does the two methods find the same deformed contour?”
(aff — A1y = (Tr(ap — A))(t)d" — (o — AYY = ik N§Y

hence: k1 = Im(Tr(as — A))(t)/N.
m=02,N;=2 N=2

1.4 —# - original
12 @~ deformed: ansatz
- F- deformed: flow (t; = 0.04)
10 L deformed: flow (t; = 0.14)
6\ —— deformed: ansatz with k; from flow (tr=10.04) Py
= 0.8 —+— deformed: ansatz with k; from flow (¢; = 0.14) . °
06
<5
~04
0.2
0.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

» The majority of the improvement comes from the constant shift, but there seems to

be more and more as t; is increased. 50,33



Piecewise optimisation of the trace
~ deforming only ¢t = TrA.
Ansatz (8 = B):
t t t . .
A= Sid+ (A— Nid) =Gid+d - a= %id+A,

TrA=0and T =t+ if (t;{yr}, {zx}) where f is some (e.g. linear) interpolation function.

> {yx}: parameters to optimise;
» {z}}: nodes on the original contour.
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Discussion and outlook

Findings:

» The sign problem in theories with a fermion determinant could be improved through
complex contour deformations.

»> Deformations that weaken the sign problem the most (i.e. some constant shift
o 7 - id) has no direct counterpart in full-QCD.

» Still, numerically the improvement appears to be exponential in V' and p.

»> The optimisation method (i.e. machine learning) is an applicable way to find the
optima of the deformation parameters in different dnsatze.

» Results with holomorphic flow demonstrate that there is still more than the constant
shift.

To do:

» We shall use a more realistic toy model of QCD, or continue with chRMT but only
with deformations allowed in full-QCD.

» Planned: applications in heavy dense QCD in 2 and/or 4 dimensions.
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The End

Thank you for your attention.
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