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The Markowitz solution

returns is given by Cj,i,j =1, N.
Find weights w;, normalized as ) ; w; = 1, that the risk
%Zu w; Cjjw; is minimal. The minimal risk solution is given by

-1
Z' CU 01»2

= J —1 —_—
25 G

The solution involves the inverse of the covariance matrix, and
hence, has problems, when Cj; is not invertible:

Wi

9 two assets behave similarly (not distinguishable)
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The Covariance Matrix

and the empirical / noisy one, Cj;:

.
1 1
Cj =D xiexje = = XX,

t=1 T
where
X1 X2 ... X1T
X = e ML XQ_T N channels
XN1 XN2 .- XNT
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The Covariance Matrix

and the empirical / noisy one, Cj;:
1T
Cj = T ZXitht
t=1

@ For T < N the empirical covariance matrix picks up zero modes,
the optimization problem is not solvable!

@ Also, as T > N approaches N, the empirical covariance matrix picks
up larger and larger amount of "noise”, and the estimate is less and
less reliable;
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Regularization

e error of optimization

Zij Wi C,'J('O) wj 1

qo = ~
SO, "1

To reduce error and reach the T < N region a regularization is
introduced (extra knowledge about the system):

@ : > w? is minimized (distribute equally the weights)

® f1: > |w;| is minimized (cancel the "irrelevant” weights)

® [y: > |w;|* is minimized (e.g. o = 3/2 for liquidity problems)
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Optimization as statistical physical problem

minW{EZW;X;t)gth—l—g(vT/')}, S.t.ZW,‘ =N,
ij i
with the asymmetric /1 regularizer

g(w) = ’fthi@(Wi) —772ZW:'9(—W:')- (1)

The partition function with inverse temperature v — 0o is

0N v IS wixixwi+g (W
Z(w) = </Hdw,-e 7(%%”’” virel?) 15 Wi—N)>;.
oi=1 a i ‘

The replica trick takes care of averaging the logarithm of the
partition function, based on the identit

G. Papp,Portfolio Optimization




oi=la=1 a ;
is the partition function of n replicas and equivalent to Z”.

First, using the Hubbard-Stratonovich transformation introducing
an auxiliary field ¢,¢, we linearize the exponent in xj:

1 .
32X W7 X Xje W -3 ¢g,t+’\/’7 D0 Patwixit
a,t i

o0
e hita = /Hd¢at e it,a

Now, the averaging over xj; can be done with the probability
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1 .
Qap = N Z o?wiwP  overlap matrix.
i

o0

- R —13 623 > batQapdre
Zn(W) = / Hdwﬁanbanbd<z>atd>\"’ e %t 2,b,t

_ooisa,b,t
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—oo &t

Replica symmetric ansatz:

Qap = qo + A, C:’abzflo-i-A, a=b>b

Qab = qo, Qab = Go a#b
a+b b - b
b a+b --- b nb
. . =g (14—:)
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— ”(AA+Aqo+A€70) asn—0

o0
Zy(w) = / [ dwidAdgedAdged? o 2 [loB(ttra) + 25 |
_oolsabyt

N"(AA+AqﬁAa°*)‘)7Z A?wiw?— 3 Goo?wPwl+3 Nwi—g (W)
X e ai a,b,i a,i

- 2 :AO-I'ZWI'aWia = —NnAo?w? E A?wi = nNAw
2 a,i

2
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—odas ot

oo

X/deZ efdap(a)Nn[—Aazle—wzow/—26‘]0+)\w—’yg(v_|7)]—%

with r = N/T.
As for n — 0, X" =~ 1+ nlog X — log(X") ~ n(log X),
A -1 90 Yo (AALA .
Z,(#)= | T[dAdgodAdgedr N[5 (o8 A)+ 25 ) +(AAtAaotAdo—)|
o3 byt

oo ~
Nn<log [ dw [—Aa2w2+wza\/—2€1o+)\w—'yg(v'|7)]>
—0

z,0
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Free energy

1 — A . ;
—— (908 +a0A+AA)—=( log [dw e AW twzov =2 Aw () )
v v

zo

Performing the change of variables A — A/, Go — v%Go,
A — vA, X — vA and taking the limit v — oo we finally have in
the saddle point approximation:

F(A 40, A, G0, A) = 5

m‘qu—Aq°+A+mV;"<V(W)>N’

where
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Substituting this back into the potential and performing the double
average over z and o

" Go 1 A—m ) ( A+ )]
V9o = =— W|——= )+ W|—F——= .
v AN~ [ (Ui\/—2CIO aiv/—24o

where
X X x e—t2/2
W(x):/dt\ll(t), \U(x):/dtCD(t), ¢(x):/dt¢(t), o=

Thus the free energy

f=X—Ag—Ago+ (V*)20

0
2r(1+A)
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Unconstrained case: 71 =1, =0

1
A= g > I = 2f, chemical potential
N2igz
r
A = 1 , susceptibility
—r
1 1 timati
dgo = 7 ] ) estimation error
Nz Lo
1
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Weight distribution

0zv/—2Go + A X
= ——— Wlth?’]1=’r]2=0
2Ao?

w can be written as

x Ow ( Z*> - \/—2C70 A
z , Ow =

y Zx = —

2A V=280

and since z is distributed from the normal distribution,

p(w) = NZN< awlz* %V;,)'
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Unconstrained case

d ® N=100 numerics
60 . — replica
J o
%40 |
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No short selling: 71 = 0,7, — o0

A A 1 qo Go 1 A
f=X\—Ag —Agy+ — DN (2 ).
A = Ado q0+2r1+A+ANZ (o—,- =

with the solution:

q0
A= ———— =2f
r(l1+A)2 ’

A =
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Weight distribution

i\ ?
1 Z 1 1 (w—w,

oW V2T U&f)
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Condensation: cancelled assets

()
_ 1 o
v o)

is the number of cancelled
assets.
Above r., wyp = 0, that is
half of the entries are can-
celled.
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Critical point

.
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Zero modes

@ For the unconstrained case as r > 1 zero modes of the covariance
matrix automatically satisfy this condition.

@ For the no short selling constrain, w; > 0 prevents the system to
spread into zero modes only, and up to r = 2 this condition can not
be satisfied generally:

@ One has to find in an N dimensional space a vector w, which is
perpendicular to T random vectors, and has only positive entries:
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Zero modes
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Beyond Gaussian

@ Probability of riskless solution p(N, T) is general, provided the
underlying x distribution is symmetric and continuous;

@ r. = 2 is distribution independent;

@ Going beyond Gaussian analytically may be possible for special
distributions;

© Numerical study is possible (Student): the general behavior is
similar, Gaussian seems to be the most well behaving distribution.
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Conclusions

considered, returns from normal distribution;
@ unconstrained case:

o optimal weight distribution;
® r. = 1 recovered, connection to zero modes, distribution
independence;

@ constrains: no short selling

o first analytical solution of the problem, supported by numerical
calculations;
o r. = 2 found, connection to zero modes, distribution independence;

@ Standard programs automatically make /, regularization in the zero
mode sector, which leads to a dangerous solution not indicating the
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Other risk measures

e}
2

= o | @ VaR,: Value at Risk

= Q

2 VaRgy ° P(VaR.)=1-«

T T © NOT a coherent measure
o ® ES,: Expected Shortfall (CVaR)
o
o | 4' | ° ES, =1 [dyVaR,

006 -002 0.02 0.06 © coherent measure

daily return
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Expected Shortfall

P({wi}, b) = /HdXiP({Xi}) 0 (lo — I({wi}, {xi}))
VaR, = min{l: P{w;}, ) > a}
(1-a)ES, = /de,-p({x,-})/({w,—}, {xi} 0 (I({wi}, {xi}) — VaRa)

Instead, Rockafellar and Uryasev proposed

Falfwh) = e = [ Nidip(x)) (i), ) — 4
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E(e{u}) = (1-a)Te+ > u

t=1

Uz 2 0 A t,

N
ut-l-e-l-ZX,-tW,- > 0 Vt,
i=1

and the partition function modifies accordingly,

0o T 0o N
Z, [{xit}] = /0 H dut/ de 0 (ut + e+ Z x,-7tw,-> e VEle{ut}]
i=1 —o0

i=1
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o = 1 is the minimax risk measure.
For N=2,T =2:

yi = —wxii — (1—=w)xo1 = w(xo1 — x11)

yo = —wxi2 — (1—w)xo2 = w(xo2 — x12)
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—wxi1 — (1—w)x21 = w(xo1 — x11)

—wx12 — (1—w)xp2 = w(x22 — x12)
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2 yi = —wxii — (I—=w)xo1 = w(xo1 — x11)

5 yo = —wxi2 — (1=w)x = w(x — x12)
= 2 Y,
< |
© T
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-1
1 T-1 .
P=57= Zl( k ) w w

k=N— Result depends ONLY on geometry!
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Error of estimation for ES
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Error of estimation for ES
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Error of estimation for ES
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