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Three problems

, three solutions

> Why there are three generations of matter?

⇒ SU(3)C×SU(3)L×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?

⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?

⇒ (linear) seesaw mechanism
We propose a combined model with smallest possible extension.



Three problems, three solutions

> Why there are three generations of matter?
⇒ SU(3)C×SU(3)L×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?

⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?

⇒ (linear) seesaw mechanism
We propose a combined model with smallest possible extension.



Three problems, three solutions

> Why there are three generations of matter?
⇒ SU(3)C×SU(3)L×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?

⇒ (linear) seesaw mechanism
We propose a combined model with smallest possible extension.



Three problems, three solutions

> Why there are three generations of matter?
⇒ SU(3)C×SU(3)L×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?
⇒ (linear) seesaw mechanism

We propose a combined model with smallest possible extension.



Three problems, three solutions

> Why there are three generations of matter?
⇒ SU(3)C×SU(3)L×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?
⇒ (linear) seesaw mechanism

We propose a combined model with smallest possible extension.



Solution to first problem

> Why there are three generations of matter?
⇒ SU(3)C×SU(3)L×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?
⇒ (linear) seesaw mechanism

We propose a combined model with smallest possible extension.
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First ingredient: SU(3)C×SU(3)L× U(1)X gauge group

Electric charge is defined by Q = T3 + βT8 + QX .
β = ±

√
3: three scalar triplets and one scalar sextet

Pisano and Pleitez (1992), Frampton (1992)
β = ± 1√

3 : three scalar triplets
Georgi and Pais (1979), Singer, Valle and Schechter (1980), Valle
and Singer (1983)
β = 0: new gauge bosons, scalars and leptons with ± 1

2 e charge
and new quarks with ± 1

6 e charge
Hue and Ninh (2016)

We choose β = − 1√
3 , preferring to construct a minimal model

with integer charges for gauge bosons, scalars and leptons.
Triangle anomaly induced by SU(3)L fermion triplets cancels
only if the number of SU(3)L triplets equals the number of
antitriplets. In 331-models this requires that the number of
generations Ng is integer multiple of number of colours NC .
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Number of generations in 331-model

β(αs) =

leading order︷ ︸︸ ︷
−(33− 2nf ) α2

s
12π2 −(153− 19nf ) α3

s
24π2

−
(

2857− 5033
9 nf + 325

27 n2
f

)
α4

s
128π3

⇒ αs(µ2
R) = 1

(33− 2nf ) ln µ2
R

Λ2

≥ 6 generations of colour fermions change the running of QCD
coupling in a way the strong interaction is not asymptotically free
⇒ in 331-models only Ng = 3 is possible.
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Fermion content: SM + ν ′ + NR + U + D1 + D2

Field (i = 1, 2, 3) SU(3)C SU(3)L U(1)X

LL,i =

 νi
ei
ν′i


L

1 3 − 1
3

eR , µR , τR 1 −1
NR,1, NR,2, NR,3 0

QL,1 =

 u1
d1
U


L

3 1
3

QL,2 =

 d2
−u2
D1


L 3 3∗ 0

QL,3 =

 d3
−u3
D2


L

uR , cR , tR , UR 1 2/3
dR , sR , bR , DR,1, DR,2 −1/3

SU(3)L is anomaly free!
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Scalar content

The vacuum symmetry allows us to rotate away one of the vacuum
expectation values (VEV).

η =

 η+

η0

η′+

 , ρ =

 ρ0

ρ−

ρ′0

 , χ =

 χ0

χ−

χ′0


〈η〉 = 1√

2

 0
v ′
0

 , 〈ρ〉 = 1√
2

 v1
0
v2

 , 〈χ〉 = 1√
2

 0
0
u


We assign VEVs with hierarchy v ′, v1 ∼ vSM � u, v2.

SU(3)L × U(1)X
u,v2−−→ SU(2)L × U(1)Y

v ′,v1−−−→ U(1)Q

Minimal scalar content! 2 triplets ⇒ mu,md = 0 (1905.05278)
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Scalar fields

V = µ2
1η
†η + µ2

2ρ
†ρ+ µ2

3χ
†χ+ λ1(η†η)2 + λ2(ρ†ρ)2 + λ3(χ†χ)2

+λ12(η†η)(ρ†ρ) + λ13(η†η)(χ†χ) + λ23(ρ†ρ)(χ†χ)
+λ̃12(η†ρ)(ρ†η) + λ̃13(η†χ)(χ†η) + λ̃23(ρ†χ)(χ†ρ)
+
√

2f (εijkη
iρjχk + h.c.) + (bρ†χ+ h.c.)

There are 14 independent real scalar fields (the five complex
neutral scalar fields can be written by their real and imaginary
parts).
Since all Higgs potential parameters are real, there is no
mixing between real and imaginary parts of the neutral scalar
field, allowing us to disentangle the mass matrix to CP-even
and CP-odd part.
From the full Higgs potential we obtained 5× 5, 5× 5 and
4× 4 mass matrices for CP-even, CP-odd and charged scalars.
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There are 4 CP-even, 2 CP-odd and 2 charged scalars
Six eigenvalues of the mass matrices are zero
⇒ massless Goldstone bosons
⇒ massive gauge bosons W±,Z ,V±,Z ′,X 0, and X 0∗.

m2
H1 = 1

2

(
−λ̃23 −

2b
uv2

)( v 2
1

v ′2 u2 + u2 + v 2
2

)
+O

(
v 2

light/v 2
heavy
)

m2
H2 = A−

√
A2 − B +O

(
v 2

light/v 2
heavy
)

m2
H3 = A +

√
A2 − B +O

(
v 2

light/v 2
heavy
)

m2
A1 = 1

2

(
−λ̃23 −

2b
uv2

)( v 2
1

v ′2 u2 + u2 + v 2
2 + v 2

1

)
m2

A2 = −b(u2 + v 2
2 + v 2

1 )
uv2

m2
H±1

= 1
2

(
−λ̃23 −

2b
uv2

) v 2
1

v ′2 u2 + 1
2
(
λ̃12v 2

2 + λ̃13u2)
m2

H±2
= 1

2

(
−λ̃23 −

2b
uv2

)( v 2
1

v ′2 u2 + u2 + v 2
2

)
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Gauge sector
Symmetry breaking pattern in 331-model:

SU(3)L × U(1)X → SU(2)L × U(1)Y → U(1)Q

Covariant derivative:

Dµ = ∂µ − ig3

8∑
a=1

TaWaµ − igx XBµ,

where g3 and gx are the SU(3)L and U(1)X gauge couplings.
Ta = λa/2 are the SU(3)L generators. The SU(3)L gauge
bosons are

8∑
a=1

TaWaµ = 1√
2

 1√
2 W3µ + 1√

6 W8µ W ′+
µ X ′0µ

W ′−
µ − 1√

2 W3µ + 1√
6 W8µ V ′−µ

X ′0∗µ V ′+µ − 2√
6 W8µ

 ,

W ′±
µ = 1√

2
(W1µ ∓ iW2µ), V ′∓µ = 1√

2
(W6µ ∓ iW7µ),

X ′0µ = 1√
2

(W4µ − iW5µ).
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Charged gauge boson masses
4 singly charged gauge bosons: W± and V±.

m2
W± = g2

3
8

[
(2v ′2 + u2 + v2

1 + v2
2 )−

√
(v2

1 + v2
2 + u2)− 4v2

1 u2
]

= g2
3
4 (v ′2 + v2

1 u2

v2
2 + u2 ) +O

(
v2

light
v2

heavy

)

m2
V± = g2

3
8

[
(2v ′2 + u2 + v2

1 + v2
2 ) +

√
(v2

1 + v2
2 + u2)− 4v2

1 u2
]

= g2
3
4 (v2

2 + u2) +O
(

v2
light

v2
heavy

)

Mixing between W± and V±

tan 2θ = − 2v1v2
v2

2 + u2 − v2
1
≈ 0.02 in our model
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Neutral gauge boson masses

5 neutral gauge bosons: γ, Z 0, Z ′0, X 0 and X 0∗.

m2
γ = 0

m2
X = g2

3
4 (u2 + v2

2 + v2
1 )

m2
Z = g2

3
4

(
3g2

3 + 4g2
x

3g2
3 + g2

x

)(
v ′2 + v2

1 u2

v2
2 + u2

)
+O

(
v2

light
v2

heavy

)
,

m2
Z ′ = 3g2

3 + g2
x

9 (v2
2 + u2) +O

(
v2

light
v2

heavy

)

In total, 9 SU(3)L×U(1)X gauge bosons. Note that since X 0 and
X 0∗ are antiparticles of each other, they are identified as physical
neutral nonhermitian gauge bosons, having the same mass.
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Nonstandard interactions in 331FN

Neutrino production and propagation properties are affected via
effective operators

LCC
NSI = −2

√
2GF ε

``′
αβ(νLαγ

µνLβ)(`Lγµ`′L)

which produce distortions to nuclear β decay energy spectrum,
neutrino oscillation events and charged lepton flavour violating
decays.

Gauge boson V± driven operator has effective NSI couplings
|ε| ∼ (mW±/mV±)2.
Charged Higgs H±i driven operator has scalar-scalar form,
which via Fierz transform gains the V-A operator form, with
|ε| ∼ |Y`|2

(
mW±/mH±i

)2
.

Both sources for NSI are negligible with our chosen benchmarks for
new gauge bosons and scalars (mV± ,mH±i

> 5 TeV).
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Solution to second problem

> Why there are three generations of matter?
⇒ SU(3)L×SU(3)C×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?
⇒ (linear) seesaw mechanism
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Second ingredient: Froggatt-Nielsen (FN) mechanism

Froggatt and Nielsen (1979)

FN mechanism requires the existence of a SM gauge singlet
flavon, charged under new global1 FN symmetry, U(1)FN.
Imposition of FN symmetry forbids direct Yukawa terms in the
Lagrangian. Instead they are generated as effective couplings.
331-model already contains the needed fields for FN
mechanism: flavon in FN331 is an effective gauge singlet
combination ρ†χ with VEV v2u/2 and FN charge −1.

η ρ χ Lc
α eR µR τR NR,i

QFN −1 1 0 L 10− L 7− L 5− L 0
There will be only one charge assignment we can freely plug
in. We choose this to be the FN charge of lepton triplet, L.
Quark sector studied in Huitu, Koivunen (1706.09463, 1905.05278).

1There are variants where the new symmetry is a local gauge symmetry or a
discrete symmetry.
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Yukawa couplings emerge
The effective operator that generates the Yukawa couplings of the
charged fermions is

∆LY
` = (c f

s )ij︸ ︷︷ ︸
O(1)

(
ρ†χ

Λ2

)(ns
f )ij

ψ̄f
L,i sfR,j + h.c.,

where Λ is the new physics scale and s = η, ρ, χ. The power (ns
f )ij

is positive integer determined by the FN charge conservation:

(ns
f )ij = QFN(ψ̄f

L,i ) + QFN(fR,j) + QFN(s)

The corresponding Yukawa couplings are

(y f
s )ij = (c f

s )ij

( v2u
2Λ2

)(ns
f )ij
≡ (c f

s )ijε
(ns

f )ij ,

and the suppression is provided choosing v2u/2Λ2 ≡ ε < 1.
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Lepton Yukawa couplings and neutrino mixing

Smaller ε provides stronger suppression. FN charge assignment
replaces the arbitrary Yukawa fine-tuning in the SM. We have
chosen ε = sin θC ≈ 0.23 as the suppression factor:

Y` =

 c11ε
9 c12ε

6 c13ε
4

c21ε
9 c22ε

6 c23ε
4

c31ε
9 c32ε

6 c33ε
4

 , Yν =

 c ′11ε
18 c ′12ε

18 c ′13ε
18

c ′21ε
18 c ′22ε

18 c ′23ε
18

c ′31ε
18 c ′32ε

18 c ′33ε
18


These will be diagonalized by biunitary transform:

U`
LY`U`†

R = Y diag
` , U†νYνUν = Y diag

ν

PMNS matrix elements are O(1), since U`
L,Uν ∼ O(1) due to

same FN charge of left-handed lepton triplets.

UPMNS ≈
∼0.9−1.0︷ ︸︸ ︷

cos θ U`
LUν ∼ O(1)
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Second way to generate Yukawa couplings

∆Lν = (cN
η∗)ij

(
ρ†χ

Λ2

)(nη
∗

N )ij

εαβγ L̄αL,i (Lc
L,j)β(η∗)γ + h.c.

Together with the previous effective operators, these produce the
following Yukawa Lagrangian for neutrinos:

LY
ν = eijεαβγ L̄αL,i (Lc

L,j)β(η∗)γ + yN
ij L̄L,iρNR,j + y ′Nij L̄L,iχNR,j + · · ·

The resulting Yukawa couplings are (Q(L̄L,i ) ≡ L)

yN
ij = cN

ij ε
Q(L̄L,i )+Q(NR,j )+Q(ρ) = cN

ij ε
L+1

y ′Nij = c ′Nij εQ(L̄L,i )+Q(NR,j )+Q(χ) = c ′Nij εL

eij = (cN
η∗)ijε

Q(Lc
L,i )+Q(Lc

L,j )+Q(η∗) = (cN
η∗)ijε

2L+1
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Mass generation of heavy neutrinos
The right-handed neutrino singlet NR,i will also have a Majorana
mass term which is generated by the following operator,

∆L ⊃ M0cM
ij

(
ρ†χ

Λ2

)QFN(NR,i )+QFN(NR,j )

(NR,j)cNR,j + h.c.,

M0 is a free parameter. We choose it to be same as the
FN-messenger scale, Λ, in order not to introduce new mass scales
into the model. The Majorana mass term becomes,

LMajorana = 1
2Mij(NR,j)cNR,j + h.c.,

where the Majorana mass matrix is
Mij = ΛcM

ij ε
q(NR,i )+q(NR,j ).

The messenger scale Λ is

Λ =
√uv2

2ε .
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Solution to third problem

> Why there are three generations of matter?
⇒ SU(3)L×SU(3)C×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?
⇒ (linear) seesaw mechanism
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Third ingredient: Linear seesaw mechanism
After spontaneous symmetry breaking, the neutrino mass terms
can be collected, and they form a familiar neutrino mass matrix
without any new input: FN331 already contains the ν mass
generation mechanism.
Akhmedov, Lindner, Schnapka, Valle (1996), Albright, Barr (2004)...

Lm
ν = 1

2

 (νL)c

(ν′L)c

NR

T  0 2(mD)† (mN)∗
2(mD)∗ 0 (m′N)∗
(mN)† (m′N)† M∗

 νL
ν′L

(NR)c

+h.c.

mN
ij = v1√

2
yN

ij , m′Nij = v2√
2

yN
ij + u√

2
y ′Nij mD

ij = v ′√
2

eij

m1,m2,m3: Three light sub-eV-scale neutrinos
m4,m5,m6: Three medium eV or keV-scale neutrinos
m7,m8,m9: Three heavy TeV-scale neutrinos
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Neutrino masses after diagonalization

The light, medium and heavy blocks can be written at lowest order
as:

mlight = 2mD†(m′N†)−1M∗(m′N∗)−12mD∗

−
[
mN∗(m′N∗)−12mD∗ + 2mD†(m′N†)−1mN†

]
mmedium = m′N∗(M∗)−1m′N†

mheavy = M∗.

The order of magnitude of light-, medium- and heavy-neutrino
masses can now be estimated

mlight
ij ∼

v2
light

vheavy
ε2L+2, mmedium

ij ∼ vheavyε
2L, and mheavy

ij ∼ vheavy.
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Example benchmark point

yN
ij = cN

ij ε
L+1 y ′Nij = c ′Nij εL eij = (cN

η∗)ijε
2L+1

We generated all the c matrices
with elements 0.5 < |cij | < 5.
We fit the observed lepton masses,
∆m2

ij and |UPMNS
`i | from neutrino

oscillation data and
m1 + m2 + m3 < 0.12 eV.

v ′ (GeV) 204.117
v1 (GeV) 204.117
u (TeV) 5
v2 (TeV) 5.5

L 9
QFN(eR) 1
QFN(µR) −2
QFN(τR) −4

Active-sterile mixing bounds from β decay kink searches,
0νββ experiments and neutrino oscillation experiments.
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Neutrino masses in FN331

m1 = 1.49 meV, m2 = 8.60 meV m3 = 50.4 meV

∆m2
21 = 7.18 · 10−5 eV2 ∆m2

32 = 2.54 · 10−3 eV2
3∑

i=1
mi = 0.06 eV

m4 = 11.8 eV, m5 = 18.7 eV m6 = 35.1 eV
m7 = 21.1 TeV, m8 = 37.0 TeV m9 = 54.2 TeV

In other benchmarks, m4,m5,m6 ∼ keV, making the
medium-energy neutrinos a dark matter candidate.
TeV scale neutrinos might be responsible for leptogenesis
scenario, producing observed baryon-to-photon ratio
(matter-antimatter asymmetry) of the universe.
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Can we see the medium-energy neutrinos?

m1 = 1.49 meV, m2 = 8.60 meV m3 = 50.4 meV

∆m2
21 = 7.18 · 10−5 eV2 ∆m2

32 = 2.54 · 10−3 eV2
3∑

i=1
mi = 0.06 eV

m4= 11.8 eV, m5= 18.7 eV m6= 35.1 eV
m7 = 21.1 TeV, m8 = 37.0 TeV m9 = 54.2 TeV

In other benchmarks, m4,m5,m6 ∼ keV, making the
medium-energy neutrinos a dark matter candidate.
TeV scale neutrinos might be responsible for leptogenesis
scenario, producing observed baryon-to-photon ratio
(matter-antimatter asymmetry) of the universe.
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Constraints from νe—νs mixing
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Constraints from νµ—νs mixing
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Conclusions

Three problems of the Standard Model can be solved within the
TeV scale, combining three known beyond-the-standard-model
frameworks.

> Why there are three generations of matter?
⇒ SU(3)L×SU(3)C×U(1)X (331-model)

> Why Yukawa couplings are hierarchical?
⇒ Froggatt-Nielsen mechanism

> Why neutrinos are massive?
⇒ (linear) seesaw mechanism

Experimental sensitivities should be constrained by a factor of 10
to probe the medium-massive neutrino sector. Unfortunately not a
candidate for the detected neutrino oscillation anomalies.
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Thank you!
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