
Regge Trajectories Models
Counting Resonance States

Inside the proton
Relating to Quark Matter Thermodynamics

Hadron Resonances – Quark Matter
viewed by nonlinear Regge trajectories

I. Szanyi1,3,4, T.S. Biró1, L. Jenkovszky2 and V. Libov2

1 Research Centre for Physics, Budapest, Hungary

2Bogoljubov Institute for Theoretical Physics, Kiiv, Ukraine

3Eötvös University Budapest,

4Carlo-Roberto University Gyöngyös

10 October 2023, ELTE Particle Physics Seminar Talk by TSB

Szanyi, Biró, Jenkovszky, Libov Melting Resonances 1 / 29



Regge Trajectories Models
Counting Resonance States

Inside the proton
Relating to Quark Matter Thermodynamics

My recent and previous works
that this talk utilizes

I. Szanyi, T. Biró, L. Jenkovszky, V. Libov: Nonlinear Regge trajectories and
saturation of the Hagedorn spectrum Phys.Rev.C. 107 (2023) 024904

T. S. Biró, Z. Schram, L. Jenkovszky: Entropy production during hadronization of
a quark-gluon plasma EPJ A 54 (2018) 17

T. S. Biró, A. Jakovác: QCD above Tc : Hadrons, partons and the continuum
Phys.Rev.D 90 (2014) 094029

T. S. Biró, A. Peshier: Limiting temperature from a parton gas with power-law
tailed distribution Phys.Lett.B 632 (2006) 247
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Linear Regge trajectory
Strings rotating ends with lightspeed

Mass and angular momentum for homogeneous strings

M =

+L/2∫
−L/2

κdx√
1− v2(x)

, J =

+L/2∫
−L/2

xv(x)κdx√
1− v2(x)

.

Variational minimum, M − ωJ min., at total stretch: v(x) = ωx , v(±L/2) = ±1.

M =
κ

ω

+1∫
−1

dz√
1− z2

, J =
κ

ω2

+1∫
−1

z2 dz√
1− z2

,

Results in
M =

πκ

ω
, J =

πκ

2ω2
, J =

1
2πκ

M2 = αM2.
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Energy-Angular Momentum limit
two massless quarks orbit, interacting by a linear potential

Meson mass ≈ total energy = kinetic + potential:

M = 2|p|+ 2κ|r | ≥ 2
√

2κ|r | · 2|p|

It follows for the angular momentum

J = 2|p| · |r | ≤ M2

8κ
≈ 0.785

M2

2πκ
.
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Nonlinearity in Regge trajectories
α(s) = J/M2 is not constant

Collison of equal mass particles in CMS:
p1 = (

√
s/2, ~q/2) p2 = (

√
s/2,−~q/2)

With impact distance parameter b, orthogonal to ~q:

J = 2
b
2

q
2

=
1
2

bq ∼ b
√

s − 4m2

Several of such threshold contributions deliver another Regge law:

α(s) = λ−
∑

i

ci
√

si − s + . . .
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Many threshold α(s) model
Saturation of Re α and N(m)

α(s) = λ−
∑
si>s

ci
√

si − s + . . . − i
∑
si<s

ci
√

s − si .

The higher s the more terms in the Im part of the sum.

Mass density

ρ(m) = em/TH
d

dm
Reα(m2) = em/TH

∑
si>m2

ci m√
si −m2

.

Max si taken→ max m2 fixed→ ρ(m) = 0 above→ N(m) saturates.

Re α also staurates, after the highest si is surpassed.
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High energy tail properties
What a spectrum are we describing?

Below the saturation of Re α, the exp factor dominates,
N(m) exponentially grows.
Imα(m2) grows like m beyond the highest si .
That means increasing widths of resonances; ending with
a continuum.
An overall positive Reα > 0 version (Jenkovszky)

α(s) =
1

1 + 1
λ

∑
i ci
√

si − s

Szanyi, Biró, Jenkovszky, Libov Melting Resonances 8 / 29



Regge Trajectories Models
Counting Resonance States

Inside the proton
Relating to Quark Matter Thermodynamics

Experimental Mass Spectrum
for linear Regge trajectory model
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Number of resonances below m
In the many threshold modified model
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Unitarity: ”optical” theorem
amplitude, cross section, form factor

S matrix and T matrix: S = 1 + iT , |out >= S|in >

Unitarity: SS† = (1 + iT ) (1− iT †) = 1 + TT † + i(T − T †) = 1

Consequence: TT † = i(T † − T ) = 2 Im T .

In terms of cross sections:

|out >= eikz + eikr

r f (Ω)

dσ
dΩ

= |f (Ω)|2

σtot = 4π
k f (0)

dσ/dtdt

-t0

dip

“break”

Im h

b

pion clouding
         “atmosphere”

absorptions

0

eBt

Gaussian

Geometrical scaling (GS), saturation and unitarity 
1. On-shell (hadronic) reactions (s,t, Q^2=m^2);

    t   b transformation: 
and dictionary:
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Reggeon (Pomeron, Odderon)
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Threshold Behavior
formula
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Threshold Behavior
α(s)
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Hagedorn Mass Spectrum Forefactor
Deriving ρ(m) ∼ m3
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Number of resonances with mass below m
Saturation
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Inside the proton
mass, spin and pressure

〈p′|Tµν(0)|p〉 = u(p′) [M + J + D] u(p),

with P = (p + p′)/2, ∆ = p′ − p and t = ∆2, s = 4P2.

mass term M = A(t)
PµPν
MN

spin term J = J(t)
Pµσνρ + Pνσµρ

2MN
i∆ρ

pressure term D = d(t)
∆µ∆ν − gµν∆2

4MN
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Generalized Parton Distribution
scatterer distribution in space
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Pressure inside the proton
experimental cross sections
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Pressure inside the proton
R.Fiore, L.Jenkovszky, M.Oleksiienko; arxiv 2112.00605

On matter and pressure distribution in nucleons

D(t) = 18
25

∫ j0(r
√

t)
2t p(r)d3r , Fit to data: D(t) ≈ − 36

25

(
1− t

25

)3

Fit to pressure: p(r) = A(B − r)e−r/a with A = 1GeV/fm4,B = 0.6fm, a = 0.2fm.

Szanyi, Biró, Jenkovszky, Libov Melting Resonances 20 / 29



Regge Trajectories Models
Counting Resonance States

Inside the proton
Relating to Quark Matter Thermodynamics

Lattice QCD
measures pressure inside the proton

Pressure Distribution and Shear Forces inside the Proton
by P.E.Shanahan and W.Detmold.

Phys.Rev.Lett. 122 (2019) 072003
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Mass Spectrum Formula
at finite temperature too
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Improved (generalized) Bag Model
pressure and entropy density for ρ(m) ∼ mk
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Mass Spectrum vs Pressure
Meijer–Bessel transformation
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Lattice QCD EoS
Pressure→ Mass Gap
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Lattice QCD EoS
Pressure→ Mass Gap

Here ρ(m) = 1
Tc

f ( m
Tc
) and p(T ) = κT 4σ(Tc

T ).

Meijer transform (g = Tc/T ) and inverse transform (t = m/Tc):

σ(g) =

∫
ρ(m)

p(m,T )

pSB(T )
dm =

∞∫
0

f (t)
g2t2

2
K2(gt)dt .

f (t) =
2
iπ

∫
σ(z)

I2(zt)
zt

dz.

Here σ = p/PSB
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Lattice QCD EoS
Pressure→ Mass Gap

1 eq.8 squares: numerical
back Meijer trf. from LQCD
data

2 eq.15 cont. line: analytic
formula

3 eq.13 dashed line w dots:
pQCD to 4th order + LL
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Summary

Experimental Regge trajectories in fact are not linear ever.

Bag constant is not a constant, ρ(m) has an m3 factor.

Pressure inside the proton changes sign→ negative at
some temperatures.

Lattice QCD qm data hint for a mass gap in terms of ideal
gas eos.
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Appendix
Mandelstam Variables

For 2→ 2 collisions; last column: equal masses case.

s = (p1 + p2)2 = (p3 + p4)2 = 2m2 + 2E1E2(1− cos Θ12) ≥ 4m2

t = (p1 − p3)2 = (p2 − p4)2 = 2m2 − 2E1E3(1− cos Θ13) ≤ 0

u = (p1 − p4)2 = (p3 − p2)2 = 2m2 − 2E1E − 4(1− cos Θ14) ≤ 0

Adding all six terms:

2(s + t + u) = 3(m2
1 + m2

2 + m2
3 + m2

4) + 2p1p2 − 2p1p3 − 2p1p4 + 2p3p4 − 2p2p4 − 2p2p3

2(s + t +u) = 3(m2
1 +m2

2 +m2
3 +m2

4)+p1(p2−p3−p4)+p2(p1−p4−p3)+p3(p4−p1−p2)+p4(p3−p2−p1)

2(s + t + u) = 2(m2
1 + m2

2 + m2
3 + m2

4).

Property: s + t + u = m2
1 + m2

2 + m2
3 + m2

4 = 4m2;
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