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Perturbation theory

physical observable perturbative coefficients
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Can we determine all the non-perturbative corrections from the perturbative ones?

analyse this question in toy models



The mathematical challenge
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Related problems
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Definition of the 2D O(N) models in a magnetic field

o) ¢ Integrable description, Thermodynamic Bethe Ansatz (TBA)
o Expansion of the TBA, perturbative coefficient c,
e Analytic structure on the Borel plane from asymptotic ¢,

O4) e median resummation, non-perturbative contributions, trans-series
e analytic considerations

O(3) e resurgence and trans-series in the O(3) model, instantons

o e Solution based on the Wiener-Hopf and full analytic trans-series

Conclusions, outlook



Definition of the O(N) (non-linear) sigma model

N scalar fields in 2D living on the unit sphere CD% + ...+ CD%, =]

magnetic field is coupled the conserved O(N)Achay O,
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Groundstate energy density in integrable models
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Large B expansion of the TBA
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Perturbative coefficients
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Numerical data for O(4)
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Asymptotic behaviour

Borel function
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Conformal mapping vs numerical solution

0

1—v1—-1¢
Conformal mapping maps the t-plane to the unit u-disk u(t) = t

HOEDW N B0 =Y bu@ |
— 1 — |u|=01
n=1 n=1 : ey
“““ LTy

ooxi()
f#Ha) = g [)(1 atypa’+a [ e~ V(0 di

0

(n+1)/2

Compare to numerical solution y(0) = Z s; T5;_,(0/B), T, (x) = cos(n arccos x)
in a Chebyshev basis =1 o o
precision=30 digits
Im(f(+)(a)) = ace™ "+ ae™"c; + c,a + ...)
Re(f ™ (a)) = ~Sla

¢ = 1.70067333(1) e(f (05)> Jreal@) + ae™™(d, + dya + ...)
¢, = — 1.70067333(1) d; = —0.9206(1)

¢, = 0.637752(1) d, = 0.575(3)

¢; = — 0.1727(1)



Asymptotic analysis
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Asymptotics for f(a)

Nnu meri cal fitti N g 2.80308535473939142809960724226717498614747943851074832268840733301275 7308679469635279683810414002887

- e . 8 16
=== for 150 digits pt=— g~ =— for 80 digits
81 en e’r
po =0 for 147 digits b 16 ( 3
L ’ Py =0 7= (3)
Py =— for 144 digits 16 /13
) e<1 35) 61671 3299 3
Pr =\ == — 63 _ 16/ 9 '3
A q0_62ﬂ< 256+853>
http://wayback.cecm.sfu.ca/
projects/EZFace/
A F A7 X
1f 1f A2f
— +i0
co+i0
72 2
imaginary ambiguity f@) == [a J e B(t)dt]
0
A7 dr  3rx 137
Sm(fM () = —ae™* + ae™(——+ —a—-——a’+...)
e? e2  2e2 32¢e2

/

co = 1.70067333
real ambiguity???

S \

¢, = — 1.70067333(1) ¢, = 0.637752(1) c3 = —0.1727(1)



Median resummation and Stokes automorphism
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Comparison with TBA

Median resummation
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Trans-series

Analytic structure of the free energy on the Borel plane

The expansion of the physical observable is a trans-series
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What is the full trans-series? Is it fixed by the perturbative part?
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Asymptotic behaviour in O(3)
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Wiener-Hopf solution
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Trans-series from Wiener-Hopf

after field redefinition and contour deformation (N > 3)
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Full trans-series solution in O(4)
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Conclusions

The integrable description enabled to calculate high number of perturbative coefficient with
high precision in the O(3) and O(4) models

The asymptotic analysis of the perturbative coefficients revealed the analytic structure on
the Borel plane with poles and cuts.

The various alien derivatives with the median resummation provided a trans-series ansatz,
whose leading terms matched perfectly with the numerical solution of the TBA equation in

O(4)

However, it failed to describe the leading real deviation from TBA in the O(3). This might be
related to instantons!

By expanding the integral equation using the Wiener-Hopf method, a trans-series form can
be derived and systematically calculated, which matches in the O(3) model with the
numerical solutions of the TBA equation

The full trans-series solution is determined in terms of the perturbative An’m basis, which
can be explicitly calculated.

The perturbative part completely determines all the non-perturbative corrections in the
O(N>3) models but not in O(3), which might be related to an instanton saddle point



